y 


Nrf'^X 


'm. 


'Si'' 


m 


■^^hj% 


^fw 


f      5 


v.. 


^', 


JH0  -■ 


csSSEceKaaaSBol 


Robert  E.  Gross 
Collection 

A  Memorial  to  the  Founder  ^ 

of  the 


Business  Administration  Library 
Los  Angeles 


0.<:x  .X 


o^ 


1 '. -D 


A\y 


THE 

DOCTRINE 


or 


LIFE-ANNUITIES 


AND 


ASSURANCES. 


Printed  by  Richard  Tayior  and  Co.,  Shoe  Lane,  Londo'i 


THE 


DOCTRINE 


OF 


LIFE-ANNUITIES 

AND 

ASSURANCES, 

ANALYTICALLY  INVESTIGATED  AND  EXPLAINED. 

TOGETHER    WITH    S'EVERM.    USF.FUL 

TABLES 

CONNECTED  WITH  THE  SUBJECT: 

AMD    A    VARIETY    Of 

PRACTICAL  RULES 

FOR  THE  ILLUSTRATION  OF  THE  SAME. 


Bv    FRANCIS  BAILY, 

«F  THE  STOCK-EXCHANGE. 


LONDON: 
SOLD  BY  JOHN  RICHARDSON,   ROYAL-EXCll.VNXUv 

18J0. 


PREFACE. 


In   the  year  1808,  I  published  a  treatise  on  the 
Doctrine  of  Interest  and  Annuities,  wherein  I  entered 
into  a  full  investigation  of  all  the  principles  relative  to 
that  science ;  together  with  its  application  in  the  va- 
rious questions  arising  from  any  commercial,  political, 
or  financial  inquiries.     In  the  preface  to  that  work  I 
signified  my  intention  of  prosecuting  the  subject  still 
further,  so  as  to  take  in  the  whole  Doctrine  of  Life- 
Annuities  and  Assurances :  the  present  treatise,  there- 
fore, must  be  considered  as  a  continuation  of  the  work 
above  alluded  to  ;  and  will,  I  believe,  contain  all  that 
is  useful  or  interesting  on  the  science.     The  motives, 
which  induced  me  to  submit  the  former  work  to  the 
public,  were  there  fully  explained ;  and  will  equally, 
if  not  more  forcibly,  apply  to  the  present  treatise. 

The  importance  of  the  subject,  at  the  present  day, 
cannot  be  doubted  ;  since  the  greater  part  of  the  pro- 
perty of  this  kingdom  is,  in  one  shape  or  another, 
connected  with  this  science.     The  present  possessors 
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of  entailed  estates  are,  in  the  common  law,  justlf 
called  tenants  for  life',  and  the  same  appellation  mar 
be  given  to  those  who  hold  by  atrtesy  or  by  dower  j 
marriage  settlements  also,  and  wills,  generally  deter- 
mine the  possession  and  reversion  of  estates  to  par- 
ticular lives:  and  to  these  contingencies  every  freehold 
estate  in  the  kingdom  is  liable.  If  to  these  we  add 
the  immense  number  of  copyhold  estates  determinable 
on  lives,  and  the  estates  possessed  by  ecclesiastical 
persons  of  every  description  (all  of  which  will  probably 
be  ever  subject  to  the  same  tenure),  we  shall  find  that 
the  value  of  the  greater  part  of  the  real  estates  in  this 
country  will  be  determinable  upon  the  principles  laid 
down  in  the  present  work. 

The  incomes,  likewise,  annexed  to  all  places,  civil 
and  military ;  all  pensions,  and  most  charitable  dona- 
tions;— these,  and  others  of  a  like  kind,  are  annuities 
for  life.  Moreover,  the  dividends  arising  from  a  great 
part  of  the  capital  in  the  Public  Funds  are,  by  the 
wills  of  the  donors,  and  from  other  causes,  rendered 
of  the  same  nature.  Besides  which,  many  life-an^ 
nuities  have  been  granted  by  Individuals,  by  Parishes, 
by  Corporate  Bodies,  and  by  the  Government  itself. 
So  that  a  great  part  of  the  personal  estate,  also,  of  this 
country  is  involved  in  a  consideration  of  this  subject. 
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In  addition,  however,  to  the  cases  above  alluded  to, 
there  are  various  other  circumstances  in  which  this 
science  will  be  found  highly  interesting  and  useful. 
There  are  many  parents,  at  the  present  day,  who  are 
desirous  of  providing  Endowments  for  their  children, 
against  they  arrive  at  particular  periods  of  life,  when  a 
sum  of  money  is  most  frequently  wanted:  such  as 
the  time  of  their  apprenticeship,  or  when  they  come 
of  age,  &c.  Several  of  the  Assurance  Offices,  lately 
established  in  London,  have  published  the  rates  at 
which  they  will  guarantee  such  sums:  and  the  present 
work  will  enable  the  public  to  determine  how  far  it 
may  be  prudent  to  accept  them.     See  page  361. 

Another  interesting  part  of  this  subject  is  connected 
with  the  various  establishments  in  this  country,  under 
the  two  general  divisions  of  Societies  for  the  benefit  of 
Old  ^ge,  and  Societies  for  the  benefit  of  tVidows» 
These  establishments,  when  founded  and  conducted 
on  a  true  and  proper  basis,  ought  always  to  be  en- 
couraged :  and  can  only  be  objected  to  when  the  ma- 
nagement of  their  concerns  is  likely  to  fatl  into  the 
hands  of  ignorant  or  designing  men,  who  may  be  in- 
duced to  sacrifice  the  permanent  interest  of  the  society 
to  their  own  immediate  benefit  and  advantage.  The 
ruin  of  most  of  these  societies  may  be  attributed  to 
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their  ignorance  or  neglect  of  the  true  mathematical 
principles  upon  which  they  ought  to  proceed;  and, 
without  an  attention  to  which,  no  establishment  of 
this  kind  can  possibly  flourish. 

But,  the  most  important  branch  of  this  science  isL 
that  of  jissurances:  which  is  still  more  extensive  than 
either  of  those  above  mentioned.  For,  independent 
of  the  different  classes  of  persons  holding  property 
under  the  several  tenures  alluded  to  in  the  beginning 
of  this  preface,  and  whose  incomes  will  consequently 
determine  with  their  lives,  there  is  an  immense  number 
of  other  persons,  in  the  different  departments  of  society, 
subject  to  the  same  contingency.  Every  man  engaged  in 
either  of  the  three  professions^  whose  emoluments  arise 
from  his  own  personal  abilities  and  exertions, — every 
one  pursuing  a  Jiaval  or  military  life,  whose  income 
will  cease  at  his  death, — every  person  engaged  m  ma^ 
nufactures^  commerce,  or  any  other  employment,  whosf 
own  immediate  exertions  are  the  support  of  the  con* 
cern  in  which  he  is  engaged, — these  and  many  others,- 
too  numerous  here  to  insist  on,  wili  often  be  desirous 
of  sacrificing  some  part  of  their  present  emoluments 
and  profits,  not  only  with  a  view  to  secure  a  suitable 
provision  for  their  families  at  their  decease,  but  likewise 
to  render  their  own  lives  more  easy  and  comfortable^. 
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under  the  pleasing  consolation  that  they  have  guarded 
against  one  of  the  great  evils  of  a  premature  death. 

Independent,  however,  of  this  general  view  of  the 
■subject,  there  are  various  other  purposes  for  which 
Assurances  are  effected.     Persons  holding  Leases  on 
lives,  and  paying  2,Jine  on  renewal^,  are  oftentimes  in- 
duced to  insure  a  sum  of  money  upon  those  lives,  in 
order  that  they  may  be  enabled  to  pay  such  fine  whea 
it  becomes  due.     Some  consider  it  a  good  method  of 
securing  a  dubious  or  protracted  debt,  by  assuring  the 
life  of  the  debtor.      Others,  again,  may  be  entitled  to 
an  estate,  or  to  a  sum  of  money,  at  the  end  of  a  given 
term,  or  on  the  happening  of  a  particular  event,  pro- 
¥ided  they  be  then  alive  to  receive  it :  and,  in  order 
to  secure  such  sum  to  their  families,  may  be  desirous 
of  insuring  their  lives  for  such  termy  or  against  such 
contingencij. 

These,  and  a  thousand  other  cases  of  daity  occur- 
rence, render  this  branch  of  the  science  interesting  to 
every  class  of  the  community.  Numerous  Offices 
have  lately  sprung  up,  in  the  metropolis,  for  the  pur- 
pose of  granting  Assurances  on  every  possible  contin- 
gency amongst  lives  in  general ;  and  it  therefore  be-: 
Gomes  every  one,  engaged  in  the  public  business  of  life, 
Co, study  this  subject  with  attention. 
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But,  notwitlistanding  the  importance  and  utility  of 
these  inquiries,  it  is  not  much  more  than  a  century  that 
they  have  been  conducted  in  a  proper  and  scientific 
manner*.  The  celebrated  Dr.  Halley  led  the  way  in 
England;  and  in  his  paper,  inserted  in  the  Philosophical 
Tranmctions  for  1693,  pointed  out  the  true  method 
of  calculating  the  value  of  Annuities  on  Lives,  In  the 
pursuit  of  this  object,  he  assumed  the  rate  of  human 
mortality  for  five  successive  years,  as  observed  at  BreS' 
law ;  and,  from  these  data,  formed  the  ^rst  correct 
table  of  the  value  of  Life- Annuities.  That  table,  hovsr- 
ever,  being  adapted  only  to  e\ery  Jifth  year  of  human 
life,  and  calculated  at  only  one  rate  of  interest,  was 
consequently  very  limited  in  its  application  and  utility. 

The  illustrious  De  Moivre  improved  on  what  Dr. 
llalley  had  begun f.     He  carefully  examined  the  table 

*  Soon  after  the  Revoluiion  in  this  country  many  of  the  loans, 
f«r  the  service  of  Government,  were  raised  upon  Life- Annuities  : 
and  nothing  can  show  more  forcibly  the  low  state  of  the  science, 
at  that  period,  thsin  the  vague  irianner  in  which  the  values  of  such 
annuities  were  estimated. 

•{-  Abraham  De  Moivre  was  born  at  Vitri,  in  Champagne,  in 
1667.  The  revocation  of  the  Edict  of  Nantz,  in  l685,  determined 
him,  with  many  others,  to  take  shelter  in  England  j  where  he 
perfected  his  mathematical  studies,  the  foundation  of  which  he  had 
laid  in  his  own  country,  and  which  have  rendered  him  so  great  an 
ornament  to  the  age  in  which  he  lived.  In  the  latter  part  of  his 
life  he  subsisted  chiefly  by  giving  answers  to  questions  in  Chances, 
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of  observations  given  by  that  celebrated  pliilosopher : 
and,  finding  that  for  several  years  together  the  decre- 
ments of  life  were  uniform,  and  that  it  was  only  in 
youth  and  in  old  age  that  any  considerable  deviation 
occurred,  he  founded  his  ingenious  hypothesis  that  the 
decrements  of  life  are  equal  and  uniform,  from  birth 
to  the  utmost  extremity  of  human  life.  He  was,  at 
first,  inclined  to  compose  a  Table  of  the  values  of  Life- 
Annuities,  by  keeping  close  to  the  table  of  observa* 
tions ;  that  is,  by  dividing  the  whole  extent  of  human 
life  into  several  intervals,  according  to  the  difference 
of  the  decrements  during  those  periods.  But,  before 
he  undertook  this  task  he  tried  what  would  be  the  re- 
sult of  supposing  those  decrements  uniform  from  tlie 
^ge  of  twelve  to  the  utmost  extremity  of  life  :  and  was 
t^atisfied  that  the  excesseSj  arising  on  one  side,  would 

Annuities,  &c:  and  It  is  siiJ  that  most  of  these  solutions  were- 
delivered  at  a  corlee-house  in  St.  Martin's-Lane,  where  he  spent 
the  greatest  part  of  his  time.  His  merit  and  abilities  were  so  well 
known  and  esteemed,  that  the  lloya!  Society  of  London  judsred 
him  a  lit  person  to  decide  ihe  famous  contest  between  Newto.v 
and  Leibnitz,  concerning  the  invention  of  Fluxions.  He  was 
higJily  esteeme-d  by  the  first  of  these  celebrated  philosophers:  and 
it  is  reported  that,  during  the  last  ten  or  twelveyears  of  Newtox's 
life,  when  any  person  came  to  ask  him  for  an  explanation  of  any 
part  of  his  works,  he  used  to  say  '*  Go  to  M.  De  Moivre;  he 
Knows  all  these  things  better  than  I  do!"  He  died  at  the  advanced 
age  of  tighty-stven. 


Xh  PREFACE. 

be  compensated  by  the  defects  on  the  other.  For,  on 
comparing  his  calculation  with  that  of  Dr.  Halley,  he 
found  the  conclusions  to  differ  so  very  little,  that  he 
thought  it  superfluous  to  join  together  several  different 
rules  in  order  to  compose  a  single  one. 

The  first  edition  of  his  ^nimuies  on  Lhes  was 
printed  in  octavo,  in  I7'i4.  By  the  most  simple  and 
elegant  formulas  he  pointed  out  the  method  of  solving 
all  the  most  common  questions  relative  to  the  value 
of  Annuities  on  single  and  joint  hves.  Reversions  and 
Survivorships.  In  the  subsequent  editions  of  that 
work*  he  not  only  corrected  the  errors  into  which  he 


•  *  The  5eco«c?  edition  appeared  in  1743  ;  and  the  third  in  l^SO. 
Since  which  time,  I  believe  there  have  i>een  other  editions:  but 
the  most  improved  copy  is  that  which  is  inserted  at  the  end  of 
his  Doctrine  of  Chances,  3rd  edit.  1756. 

In  the  preface  to  the  second  edition,  here  alluded  io,  he  made 
an  illiberal  and  unjustifiable  attack  on  Mr.  Simpson  j  and  charged 
him  with  mutilating  his  propositions,  obscuring  his  demonstrations, 
and  pirating  his  rules.  But  Mr.  Simpson  effatually  refuted  these 
charges  (in  the  same  year)  in  an  Appendix  to  his  Doctrine  of  An- 
nuities :  at  the  close  of  which  he  exclaims,  in  the  language  of 
coivscious  rectitude,  "  I  appeal  to  all  mankind,  whether,  in  his 
"  treatment  of  me,  he  has  not  discovered  an  air  of  self-sutficiency, 
"  ill-nature,  and  inveteracy,  unbecoming  a  gentleman."  Here 
the  controversy  appears  to  have  dropped.  For,  M.  De  Moivre 
published  the  third  edition  of  Iiis  book,  without  any  further  notice 
of  Mr.  Simpson  :  but  omitted  the  offensive  reflections  which  had 
been  inserted  in  the  preface  to  the  preceding  edition. 
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had  fallen  in  the  first  edition,  but  also  greatly  enlarged 
the  boundariei.  of  the  science,  and  encouraged  other 
mathematicians  to  pursue  the  path  which  he  had  struck 
out  with  so  much  honour  to  himself.  Unfortunately, 
however,  his  hypothesis  will  not  suit  all  circumstances: 
and  more  recent  discoveries,  on  the  rate  of  human  ' 
mortality,  have  proved  that  it  cannot  always  be  safely 
adopted.  Nevertheless  it  is  still  of  great  use  in  the 
investigation  of  many  cases  connected  with  this  subject ; 
and  will  ever  remain  a  proof  of  his  superior  genius  and 
abilities.* 

In  the  year  1742,  Mr.  Thomas  Simpson  published 
the  first  edition  of  his  little  treatise  on  the  Doctrine  of 
Annuities  and  Reversions ;  in  which  he  introduced 
the  method  of  computing  such  values  from  the  real 
observations  of  hfe.  His  rules  upon  this  subject  are 
general,  and  will  apply  to  any  observations :  neverthe- 
less he  confined  himself,  in  his  Tables  and  in  his  Ex- 
amples, to  the  rate  of  human  mortality  in  London  as 
deduced  from  the  observations  of  Mr.  Smart  f.  The 
same  author  prosecuted  this  subject,  by  way  of  Sup- 

*  The  Tables  of  the  value  of  Life-Anwuities,  deduced  from 
M.  De  Moivre's  hypothesis,  will  be  found  at  the  end  of  the  pre- 
sent work  3  being  Tables  XLIX  and  L. 

■\  Mr.  Simpson's  Tables  of  the  value  of  Life-Annuities  will  be 
found  at  the  end  of  this  work  3  being  Tables  XLV  to  XLVIII. 
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plement,  in  his  Select  Exercises  Jor  young  PrqficitiUs 
in  the  Mathematics^  published  in  the  year  1752.* 
This  work,  however,  is,  for  the  most  part,  a  repetition 
of  the  rules  given  in  the  preceding  treatise :  to  which 
are  added  some  new  problems  on  the  subject  of  con- 
tingevt  annuities  and  assurances. 

On  the  style  of  Simpson  (always  simple  and  ele- 
gant) it  is  needless  for  me  to  make  any  observations. 
Wis  works  are  his  best  cominent;  and,  need  only  be 
read,  to  be  admired.  Nevertheless  his  Treatise  on 
Life-Annuities,  together  with  his  Supplement  above 
alluded  to,  are  perhaps  the  most  imperfect  of  his  pro- 
ductions. Although  much  is  there  done,  still  much 
more  remained  to  be  executed.  His  Tables,  being 
deduced  from  the  rate  of  mortality  in  London  only, 
are  found  not  lO  be  sufficiently  adapted  for  general 
use:  and  his  Rules,  being  deduced  partly  from  the 
hypothesis  of  M.  De  Moivre  and  partly  from  real  ob- 
servations, have  been  ascertained  not  to  be  sufficiently 
correct.  Subsequent  improvements  in  the  science  have 
also   shown  that   some  of  his  general  theorems  are 

*  That  part  relating  to  Annuities  lias  lately  been  taken  ont  of 
the  Select  Exercises ;  and,  having  been  printed  separately  in  179'. 
is  now  generally  bound  up  with  his  Doctrine  of  Annuities  and  Rc- 
venions:  the  second  edition  ot'whicii  appeared  in  17/5,  and  which 
contains  the  Appt-ndix  alluded  to  i:i  tlie  note  in  page  xii. 
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erroneous:  and  that  many  cases,  which  frequently  oc- 
cur in  practice,  are  not  even  mentioned  in  either  of 
his  works. 

In  17.53,  Mr.  James  Dodson  published  the  Second 
volume  of  his  Mathematical  Reposltoiy ;  in  which 
are  contained  not  only  the  algebraical  solutions  of  the 
problems  given  by  M.  De  Moivre  in  his  treatise  above 
mentioned,  but  also  several  new  and  useful  Questions 
connected  with  this  subject:  the  Third  volume  of  the 
same  work  appeared  two  years  afterwards  (1755).  In 
the  compass  of  two  small  duodecimo  volumes,  the 
author  has  contrived  to  solve  an  ifnmense  variety  of 
Questions  lelative  to  Annuities,  Reversions,  Survivor- 
ships, and  Assurances.  The  methods  which  he  has 
pursued  in  investigating  these  cases  are,  in  general,  a 
model  of  analytical  reasoning ;  and  afford  an  excellent 
praxis  for  the  young  mathematician.  Nevertheless 
he  is  sometimes  obscure,  from  the  use  of  uncouth 
symbols ;  and  from  the  culpable  practice  of  changing 
the  signification  of  his  characters  during  the  course  of 
the  same  investigation.  In  all  his  solutions  he  adopted 
the  hypothesis  of  his  friend  De  Moivre ;  conceiving 
that  it  would  lead  to  more  accurate  results  than  the 
use  of  the  Table  of  Life- Annuities  formed  bv  Mr. 
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Simpson  (from  the  bills  of  mortality  in  London),  the 
only  one,  at  that  time,  deduced  from  real  observations. 
The  reader  therefore  will  look  in  vain  for  any  correct 
solution  in  the  works  of  this  author :  although  they 
may  be  occasionally  referred  to,  for  the  method  of 
finding  an  approximate  value. 

The  science  remained  in  this  state,  without  mlich 
improvement,  till  the  publication  of  the  first  edition  of 
Dr.  Price's  celebrated  treatise  in  1769.  This  work, 
Entitled  Observations  on  Reversionary  Payments,  b'c, 
was  first  published  with  a  view  to  oppose  and  destroy 
the  injurious  effects  and  evil  intentions  of  a  class  of 
men  (unfortunately  to  be  found  in  every  stage  of  so- 
tiety)  who,  under  pretence  of  establishing  Societies 
for  the  henejit  of  Old  Age,  and  of  Widows,  were  only 
forming  schemes  to  allure,  and  to  defeat  the  hopes 
of  the  ignorant  and  the  distressed.  His  efforts  were 
eventually  crowned  with  success:  and  those  bubble 
societies  have  long  since  met  with  the  fate  which  he 
so  truly  predicted. 

In  this  laudable  pursuit,  Dr.  Price  saw  the  necessity 
of  more  accurate  observations  on  the  mortality  of  hu- 
man life  ;  in  order  to  determine  with  more  correctness 
the  value  of  Life- Annuities,  and  to  show  more  forcibly 
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the  futility  atid  extravagance  of  the  schemes  that  were 
issued  by  those  societies*.  By  the  assistance  of  some 
public-spirited  individuals  he  obtained  correct  registers 
of  the  rate  of  mortality  at  Northampton,  Norwich, 
Chester,  and  other  places  in  England.  But,  still,  the 
computation  of  the  values  of  annuities,  according  to 
these  observations,  was  a  work  so  tedious  and  unplea- 
sant, that  little  hopes  were  entertained  of  profiting  by 
those  researches :  and  Dr.  Price  suffered  three  several 
editions  of  his  treatise  to  pass  over  without  affording 
any  additional  information  on  this  subject.  At  length 
the  fourth  edition  appeared  (1783)  enriched  with  se- 
veral valuable  tables  of  Annuities  on  Single  and  Joint 
lives,  at  different  rates  of  interest,  deduced  not  only 
from  the  probabilities  of  living  as  observed  at  Norlli- 
ampton,  but  also  from  the  probabilities  of  living  as 
observed  in  the  kingdom  of  Siueden  at  largef. 

*  Any  person,  who  will  take  .the  trouble  to  go  through  the  Ex- 
amples inserted  in  Dr.  Price's  treatise,  will  readily  observe  how  in- 
accurately he  was  obliged  to  proceed  in  this  infant  state  of  the 
science.  In  calculating  the  value  oi  deferred  annuities,  (a  case  of 
frequent  occurrence, )  he  was  obliged  to  rake  the  value  of  the  annuity 
from  M.  De  Moivre's  tables,  but,  the  probalUities  of  life  he  de- 
duced from  Dr.  Halley's  table  of  observations  at  Breslaw.  A 
practice  which  gives  an  air  c^  imperfection  to  the  work  at  the  pre- 
sent day;  and  which  ought  to  have  been  removed,  after  the  publi- 
cation of  the  late  valuable  tables. 

f  These  tables  are  inserted  at  the  end  of  the  present  work  j 
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The  great  addition  which  Dr.  Price  has  made  to 
our  means  of  information  respecting  this  science,  and 
the  assiduity  with  which  he  thus  promoted  some  of 
the  best  interests  of  mankind,  deserve  the  highest  com- 
mendation :  and  his  labours  on  this  subject  entitle 
him  to  our  warmest  praise.  The  primary  object,  which 
he  had  in  view,  has  been  fully  answered  5  and  his 
treatise  was  admirably  adapted  to  that  end.  In  every 
other  respect,  however,  it  is  far  from  being  complete : 
and  the  reader  will  look  in  vain  for  the  most  common 
cases  that  occur  in  practice.  Indeed,  those  subjects^ 
which  are  to  be  met  with,  do  not  readily  present  them- 
selves j  owing  to  the  loose  and  irregular  manner  in 
which  they  are  treated.  Dr.  Price's  object  was  not  so 
much  to  insert  what  vras  new,  as  to  illustrate  (by  some 
striking  examples)  a  few  of  the  leading  problems,  with 
a  view  to  oppose  the  pernicious  schemes  that  disgraced 
the  age  in  which  he  lived.  But,  those  schemes  hav- 
ing long  since  vanished,  his  observations  may  now  be 
considered  rather  as  a  beacon  to  posterity*. 


being  Tables  XIV  to  XLIV.  Their  publication  forms  a  new  era 
in  the  science  j  and  has,  in  a  great  measure,  rendered  obsolete  and 
useless  the  preceding  works  of  DeMoivre,  Dodson,  Simpson  and 
Morgan.  This  latter  treatise  had  been  published  about  four  years 
before  this  period  j  as  will  be  mentioned  in  the  sequel. 

*  Any  person,  the  least  acquainted  with  the  subject  of  the  pr<« 
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The  next  treatise  on  this  subject  is  that  by  Mr. 
Morgan,  entitled  The  Doctrine  of  Annuities  and  As" 
surances,  vi\nz\i  appeared  in  1779.  This  author  sets 
out  with  the  vain  attempt  to  render  the  principles  of 
the  science  intelligible  to  persons  unacquainted  with 
mathematics :  but,  after  a  fruitless  effort  for  this  pur- 
pose, he  ultimately  leaves  his  readers  to  pursue  their 
inquiries  by  the  common  and  only  useful  method  of 
analysis.  Besides  some  valuable  observations  "  on  the 
'*  different  methods  of  determining  the  state  of  a  So- 
*'  ciety,  whose  business  consists  in  making  Assurances 
*'  on  Lives,"  that  work  will  be  found  to  contain  a 
variety  of  problems  treated,  for  the  most  part,  in  a 
plain,  easy  and  familiar  manner ;  and  adapted  to  the 
state  of  the  science  at  that  period.  But,  out  of  the 
forty-two  problems  which  that  treatise  contains,  about 
thirty  of  them,  chiefly  relating  to  contingent  annuities 
and  assurances,  are  (owing  to  more  accurate  observa- 


sent  work,  must  be  aware  that  any  additional  Tables  of  the  value 
of  Life- Annuities,  or  any  Observations  on  the  best  method  of  form" 
ing  them,  will  add  greatly  to  our  means  of  information.  It  will 
therefore  readily  be  seen  that  my  remarks  do  not  allude  to  this  part 
of  his  treatise,  which  I  consider  invaluable,  and  of  constant  utility. 
My  observations,  in  the  present  instance,  apply  more  particularly 
to  any  improvement  in  the  analysis  of  the  science ;  and  its  appli- 
cation to  any  practical  cases. 

b2 
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tions  and  a  more  improved  analysis)  jiow  rendered 
totally  unfit  for  general  use.  Mr.  Morgan  himself, 
however,  has  been  the  principal  cause  of  this  revolu- 
tion in  the  science :  but  of  the  7nerit  of  his  improve- 
ments on  this  subject  I  shall  speak  hereafter*. 

The  last  professed  treatise  on  the  science,  which  I 
think  worthy  of  notice  f,  is  Mr.  Baron  Maseres's  Prf 72- 

*  In  Mr.  IVroFgan's  Doctrine  of  Jnnmties  ^c,  we  find  three  new 
tables  of"  the  value  of  Life- Annuities,  deduced  from  the  probabilities 
of  life  as  observed  at  Northampton :  namely,  one  for  Single  lives, 
another  for  two  Joint  lives  whose  ages  are  equal,  and  another  for 
two  Joint  lives  whose  diiierence  of  age  is  sixty  years:  the  interest 
in  each  table  being  at  4  per  cent.  In  this  infant  state  of  the  science, 
every  additional  table  contributed  greatly  to  the  means  of  informa- 
tion on  this  subject. 

It  may  be  here  necessary  to  remark  that  the  fourth  edition  of 
Dr.  Price's  Obs.  on  Rev.  Pay.  (which  first  contained  the  present 
valuable  collection  of  Tables)  did  not  appear  till  four  years  after 
the  publication  of  Mr.  Morgan's  work  above  alluded  to.  So  that, 
till  within  these  thirty  years,  there  existed  only  four  tables  of  the 
value  of  Life-Annuities:  viz.  two  f;)unded  on  M.DeMoivre'a 
hypothesis,  and  two  deduced  from  the  London  observations  j  which 
are  the  Tables  XLYII  to  L  at  the  end  of  this  work.  As  to  the 
table  formed  by  Dr.  Halley,  it  was  too  contracted  for  any  real  use. 

-j-  I  must  not  however  omit  mentioning  the  name  of  Dr.  Waring: 
who,  in  a  small  pamphlet  entitled  On  the  Principles  of  translating 
Algebraic  Quantises  into  Probable  Relations,  t^c  (1792),  has  de- 
voted about  thirty  pages  to  the  consideration  of  the  subject  of  An- 
nuities and  Assurances.  His  style  and  manner,  however,  will  not 
be  much  admired  by  those  who  have  read  the  works  of  preceding 
writers  on  this  subject.  The  formula  in  page  61,  is  taken  frora 
that  pamphlet. 
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cipies  of  the  Doctrine  of  Lfe  Annuities  (1783): 
wherein  this  celebrated  author  has  explained  the  sub- 
ject in  so  familiar  a  manner,  as  to  be  intelligible  even 
to  those  who  are  unacquainted  with  the  Doctrine  of 
Chances,  and  who  have  made  no  great  proficiency  in 
mathematics.  This  treatise,  however,  (although  con- 
sisting of  more  than  700  quarto  pages)  goes  no  further, 
in  the  analysis  of  the  subject,  than  the  first  two  pro- 
blems in  the  present  work:  but  its  value  is  greatly 
enhanced  by  ""taining  a  variety  of  new  Tables  of  the 
value  of  Annuities  on  Single  lives,  and  on  two  Joint 
lives  of  different  ages,  deduced  from  the  probabilities 
of  living  as  observed  by  M.  De  Parcieux  amongst  the 
Government  Annuitants  in  France;  these  being  justly 
considered  by  the  learned  author  as  the  most  proper 
data  whereon  to  found  the  value  of  Life- Annuities*. 
There  are,  moreover,  in  that  treatise  several  interestinp- 
observations  on  the  best  method  of  providing  Annuities 
for  Old  Age,  and  on  various  subjects  of  finance  and 
political  economy ;  which  render  it  particularly  valu- 
able to  those  who  are  desirous  of  information  on  the^e 

*  These  tables  (with  the  exception  of  those  on  Single  lives,  at 
the  several  rates  of  2,  2^,  7,  8,  9,  and  10  per  cent  interest) 
are  inserted  at  the  end  of  the  present  work ;  being  Tables  V  to 
XIII.  The  original  tables,  however,  are  carried  to  six  places  of 
decimals :— a  dubious  effort  I 
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important  questions,  and  will  perpetuate  the  name  and 
abilities  of  this  truly  public-spirited  writer. 

Soon  after  the  publication  of  the  fourth  edition  of 
Dr.  Price's  Observations  on  Reversionary  Payments, 
(which  contained  the  valuable  collection  of  Tables  of 
Life- Annuities,  deduced  from  the  observations  made 
at  Northampton  and  in  Sweden)  Mr,  Morgan  was  en- 
abled to  detect  the  inaccuracy  of  those  rules  which, 
not  only  Mr.  Simpson  and  others  had  given  for  deter- 
mining the  value  of  contingent  annuities  and  assurances, 
but  also  which  he  himself  had  deduced  from  the  same 
principles,  in  his  treatise  above  mentioned:  and  he 
immediately  set  about  to  correct  them.  His  labours, 
on  this  subject,  are  contained  in  the  several  papers 
inserted  by  him  in  the  Philosophical  Transactions  for 
1788,  1789,  1791,  1794  and  1800.  In  the  first 
volume,  here  alluded  to,  he  has  considered  those  cases 
only  in  which  tiuo  lives  are  concerned:  in  the  next 
two  volumes,  his  object  was  to  deduce  the  value  of 
contingent  assurances  in  all  those  cases  where  three 
lives  are  concerned,  and  which  admit  of  a  correct  an- 
swer: and  in  the  last  two  volumes  he  proposed  to 
determine  the  value  of  contingent  annuities  and  as^ 
surances  in  all  the  remaining  cases  of  three  lives. 

Whoever  will  take  the  pains   to  read  over  thos^ 
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papers  with  attention,  must  be  struck  with  surprise  and 
regret  at  the  strange  and  confused  manner  which  Mr. 
Morgan  has  pursued,  in  order  to  obtain  the  solution 
of  the  several  problems  under  consideration.  No  one, 
at  the  present  advanced  state  of  the  science  (with  so 
many  models  of  simplicity  and  elegance  before  him), 
could  expect  to  see  any  mathematical  inquiries  con- 
ducted in  so  loose,  so  obscure,  and  so  extraordinary 
a  manner.  The  investigations  are  tediously  and  un- 
^necessarily  prolix ;  crowded  with  useless  repetitions, 
and  a  variety  of  unmeaning  quantities.  All  which 
might,  indeed,  be  excused,  if  the  resulting  formulce 
had  been  at  once  simple  and  correct :  instead  of  which, 
we  find  the  grossest  errors  committed,  not  only  as  to 
their  ybrm,  but  as  to  their  accuracy.  They  are,  for 
the  most  part,  unnecessarily  long ;  abounding  with 
useless  quantities,  (which  render  their  num.erical  solu- 
tion exceedingly  intricate  and  difficult) ;  and  often- 
times at  variance  with  the  particulars  mentioned  in 
the  investigation  :  which,  together  with  the  erroneous 
manner  in  which  they  are  printed,  renders  them  of 
little  or  no  use  to  the  public.  IMost  of  his  problems 
are  investigated  in  two  different  ways,  and  are  solved 
J)y  the  means  of  tiuo  distinct  formulas :  but,  notwith- 
standing the  similarity  of  these  methods  is  studiously 
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kept  from  the  observation  of  the  reader,  and  although 
these  double  formulae  are,  in  each  problem,  totally  dif- 
ferent in  appearance ;  yet  they  will  be  found  in  all 
cases  to  be  precisely  the  same  disguised  under  different 
symbols  !  A  curious  and  interesting  branch  of  the 
science  has  been  thus  strangely  distorted  and  en- 
veloped in  mystery  ;  a  depraved  taste  in  mathematical 
reasoning  has  been  introduced  ;  and  (what  is,  by  far, 
of  the  greatest  importance)  many  false  solutions  have 
probably  resulted  from  too  great  a  dependance  on  the 
general  formulae*. 

Mr.  Morgan  and  myself  are  the  only  persons  that 
have  ever  yet  attempted  to  give  correct  solutions  in  the 
several  cases  of  Contingent  Annuities  and  Assurances. 
These  cases  have  been  fully  investigated  in  the  fifth 
and  eighth  Chapters  of  the  following  treatise.  But, 
in  conducting  those  investigations,  I  could  not  avoid 
a  frequent  reference  to  the  preceding  labours  of 
Mr.  Morgan  on  tliis  subject :  not  only  with  a  view  of 

•*  The  Philosophical  Tr a ?is actions  not  being  within  the  reach  of 
every  person,  Mr.  Morgan  has  inserted  his  formulce,  for  the  solu- 
tion of  the  several  problems  here  alluded  to,  in  the  last  edition  of 
Dr.  Price's  Ohs.  on  Rev.  Paij.  note  (P).  But,  the  errors  of  the 
original  are  multiplied  in  the  copy:  and  Mr.  Morgan,  if  he  studies 
his  own  reputation  as  a  matherrjatician,  had  better  expunge  them 
altogether  in  future,  than  suffer  them  to  reniajn  in  their  presei^^ 
worse  than  useless  stMte. 
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censuring  the  culpable  method  which  he  has  adopted 
in  pursuing  his  inquiries  ;  but  also,  in  order  to  ob- 
viate any  objection  that  might  be  made  to  my  formulas, 
because  they  do  not  correspond  with  Ms.  It  Is  need- 
less, however,  in  this  place,  for  me  to  add  to  the  com- 
ments which  I  have  already  made  in  the  two  chapters 
above  alluded  to*. 

The  above  are  the  principal  English  f  authors  that 

*  See  the  Observations  in  pages  1Q5,  214,  and  241 ;  also  the 
several  Nolcs  in  pages  186,  187,  210,  257,  259,  201,  263,  273, 
279,  288  and  308 :  wliere  the  charges,  above  insisted  on,  are  fully- 
explained  and  demonstrated.  See  likewise  the  Notes  in  pages 
114,  118,  126  and  137. 

f  With  respect  to  the  foreign  writers  on  this  science,  their 
productions  are  more  numerous  than  ours,  but  their  inquiries  are 
not  so  extensive.  The  subject  of  Life  Annuities  was  treated  by 
Van  Hudden  of  Amsterdam  5  and  liicewise  by  the  celebrated  Jean 
de  Witt,  in  his  treatise  entitled  De  vardye  van  de  lifrcnten  tsfc 
(I671).  M.  Struyck  also  inserted,  in  the  Introduction  to  his  Uni- 
versal Geography  (1740),  some  conjectnres  on  the  state  of  human 
mortality;  and  a  long  treatise  on  the  method  of  calculating  the  value- 
of  Life-annuities.  But  M.  Kerseboom  carried  his  researches  much 
further,  in  his  treatise  published  in  1/48  ;  and  afterwards  in  1752. 

Whilst  these  inquiries  were  pursuing  in  Holland,  M.  De  Par-» 
cieux  was  occupied  with  the  same  subject  in  France.  In  his  Essaij^ 
sur  la  ProhalUilti  de  la  Diiree  de  la  Vie  Hnmaine  ( 1 746)  he  has  en- 
deavoured to  establish  the  rate  of  mortality  which  exists  amongst 
Life- Annuitants  only,  and  has  adopted  it  as  a  proper  standard  for 
determining  the  value  of  Life-Annuities.  But  besides  this  im*, 
portant  point,  he  has  discussed  a  number  of  other  interesting  sub- 
jects connected  witli  this  science  :  and  his  work  will  be  read  with 
jnuch  profit  and  advant.^ge.     In  1779  M,  St.  Cyran  published  hi« 
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have  written  on  the  subject  of  Life-Amiuitles  and 
Assurances.  They  are  few  in  number ;  and  the  whole 
of  their  productions,  taken  collectively,  by  no  means 
contain  a  complete  view  of  the  science.     And,  more- 


Calcul  des  Rentes  Fiageres,  which  contahis  many  useful  and  va- 
luable Tables.  M.  D«  Parcieux  (the  nephew  of  the  preceding 
author  of  the  same  name)  published  also  a  treatise  on  this  subject, 
entitled  Traite  des  Jnnuiies  (ITSl).  But  the  most  useful  work 
on  tills  science  is  that  published  by  M.  Duvillard,  under  the  title 
of  Recherches  sur  les  Rentes  isfc  (17^7). 

The  researches  of  M.  Wargentin  and  M,  Sussmilch  are  well 
known  in  this  country,  from  the  frequent  mention  of  their  labours 
by  Dr.  Price,  in  his  Ols.  on  Rev.  Fay,  The  immortal  Euler  has 
also  condescended  to  illustrate  the  first  principles  of  this  science  in 
u  paper  inserted  by  him  in  the  H'lsloirc  de  I' Acad.  Roy.  de  Berlin 
for  176O:  wherein  a  method  is  given  (similar  to  that  of  Mr,  Simp- 
son) for  determining  the  value  of  an  annuity  on  a  life  one  year 
younger,  from  ihe  value  of  an  annuity  on  a  life  one  year  older. 
The  same  author  has  likewise  inserted,  in  his  Opuscida  Analytka 
(1735),  the  solution  of  a  question  relative  to  Reversionary  An- 
nuities. 

But,  notwithstanding  the  list  of  authors  which  is  here  adduced, 
it  will  be  found  that,  as  far  as  the  analysis  of  the  subject  is  con- 
cerned, the  science  remained  nearly  stationary  under  their  hands. 
Their  inquiries,  in  this  respect,  were  confined  principally  to  the 
method  of  deducing  the  value  of  annuities,  on  single  and  joint  lives, 
from  given  tables  of  observations  j  that  is,  to  such  subjects  as  are 
detailed  in  the  second  Chapter  of  the  present  work.  Those  useful 
and  interesting  parts  ot  the  science  which  relate  to  the  subject  of 
Reversions,  Survivorships,  and  Assurances,  togetlier  with  their 
geveral  applications  to  the  various  purposes  of  life,  do  not  enter 
into  any  of  the  foreign  treatises  which  I  have  had  an  opportunity 
of  seein<!j. 
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over,  the  late  Improvements  have  rendered  them,  in  a 
great  measure,  either  obsolete  or  useless:  and  have 
shown  the  necessity  of  a  general  revision  of  the  sub- 
ject. Under  these  circumstances  I  was  induced  to 
form  a  new  treatise,  which  should  comprehend  not  only 
all  that  Is  useful  and  important  in  either  of  the  pre- 
ceding works,  but  also  such  additional  information  as 
a  more  improved  analysis  and  more  recent  discoveries 
In  the  science  have  been  able  to  afford. 

The  following  is  the  outline  of  my  plan. 

The  First  chapter  contains  a  few  elementary  prin- 
ciples of  the  La7vs  of  Chance ;  some  remarks  on  the 
^Probabilities  of  Life,  with  an  account  of  the  several 
Tables  of  Observations  made  at  different  parts  of  the 
world ;  and  an  explanation  of  the  general  method 
adopted  to  express  those  probabilities  in  all  cases. 
This  preliminary  chapter  will  prevent  much  unneces- 
sary repetition  in  the  course  of  the  work. 

The  Second  chapter  shows  the  method  of  deter- 
mining the  Value  of  Annuities  on  any  Single  or  Joint 
jives ;  on  the  Longest  of  any  number  of  lives ;  &c,  &c. 
The  second  corollary  to  the  first  problem  is  of  con- 
siderable importance  in  enabling  us  to  deduce,  in  a 
very  easy  and  expeditious  manner,  the  value  of  an- 
nuities, oji  any  single  or  joint  lives,  from  real  obser* 
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vations*.  For,  it  should  be  particularly  observed  that. 
Tables  of  such  values  being  once  formed,  the  solutions 
to  the  subsequent  problems  become  extremely  easy ; 
since  the  formulae  are  expressed  in  terms  denoting  the 
value  of  such  annuities. 

The  Third  chapter  contains  the  four  necessary  pro- 
blems for  the  solution  of  all  cases  of  absolute  ReveV' 
sionarij  aimuities :  and  at  the  end  of  that  chapter  I 
have  selected  all  the  possible  cases  of  two  and  three 
lives,  in  order  that  they  may  be  more  easily  referred 
to.  The  formulae  there  given  will  be  found  of  con- 
siderable utility  also  m  enabling  us  to  determine  the 
value  of  the  Fines  that  ought  to  be  paid  for  the  Re- 
newal of  Leasea  held  on  two  or  three  lives :  as  I  have 
fully  explained  in  the  Examples  given  in  page  S97. 

The  Fourth  chapter  comprehends  various  cases  of 
annuities  depending  on  Survivorships  between  two  and 
three  lives.  These  cases  might  have  been  considerably 
augmented,  but  without  any  real  benefit:  since  the 
most  frequent  ones  are  there  inserted  j  and  any  other 
(which  may  arise)  is  easily  solved  by  the  same  method 
of  proceeding. 


^  *  The  Specimen,  inserlod  in  page  36,  is  not  the  same  as  thftt 
given  by  Dr.  Price  in  his  Ohs.  on  Rev.  Pay.,  but  an  improved  lue- 
ihod  deduced  from  the  formula  there  alluded  to. 
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The  Fifth  chapter  relates  to  such  cases  of  Contin- 
gent Reversionary  Annuities  as  could  not,  for  want 
of  some  previous  information,  be  inserted  in  the  two 
preceding  chapters :  and  I  believe  that  the  method  of 
solution,  Vv'hich  I  have  there  adopted,  will  come  nearer 
to  the  correct  value  than  any  that  has  hitherto  been 
published. 

The  Sixth  chapter  treats  of  Assurances :  a  subject 
of  great  importance  and  extensive  utility  at  the  present 
day.  A  full  explanation  of  the  doctrine  is  given  in  the 
two  problems  inserted  in  that  chapter. 

The  Seventh  chapter  contains  the  method  of  deter- 
mining the  value  of  annuities  on  Successive  lives  ;  the 
value  of  Fines  in  Copyhold  estates  held  on  lives ;  the 
value  of  Presentations^  Advowsons,  and  things  of  a 
like  kind.  It  likewise  enables  us  to  determine  the 
value  of  the  Fines  that  ought  to  be  paid  for  Renewing 
or  Exchanging  any  lives  held  on  a  lease  originally 
granted  for  three  lives  and  aftenvards  for  a  number 
of  years  certain:  a  practice  pursued  by  several  cor- 
porations in  this  country*. 

The  Eighth  chapter  is  devoted  to  an  investigation  of 

*  See  some  singular  errors  and  absurdities,  into  v/Iiich  the  Cor- 
poration of  Liverpool  had  fallen  upon  this  subject,  pointed  out  in 
page  413, 
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the  value  of  Contingent  Assurances ;  wherein  I  have 
considered  every  possible  case  in  which  not  more  than 
three  lives  are  concerned.  In  this  branch  of  the 
science  I  flatter  myself  that  I  have  made  considerable 
improvements.  I  have  divested  the  subject  of  all  ex- 
traneous matter;  have  not  introduced  more  cases  than 
were  absolutely  necessary  5  have  exposed  the  singula^ 
formulse  given  by  Mr.  Morgan  (the  only  person  who 
has  preceded  me  in  these  inquiries);  and  have,  for  the 
most  part,  introduced  more  correct  expressions  for  the 
value  of  the  several  cases  there  alluded  to. 

The  three  remaining  chapters  complete  the  analysis 
of  the  science,  and  relate  to  such  subjects  as  could 
not  properly  be  introduced  into  either  of  the  preceding 
ones.  The  Ninth  is  conhned  to  an  explanation  of  the 
celebrated  hypothesis  of  M.  De  Moivre :  wherein  its 
great  utility  and  convenience,  in  many  obvious  cases, 
is  defended  against  the  recent  attacks  of  Dr.  Price  and 
Mr.  Morgan.  The  Tenth  treats  of  the  method  of 
determining  the  value  of  Hfe-annuities  payable  Half- 
yearly  y  Quarterly,  &c:  also  of  the  value  of  life-an* 
nuities  Secured  by  Land:  and  of  the  value  of  Assu- 
rances of  sums  of  money  payable  immediately  on  the 
extinction  of  any  given  lives.  The  Eleventh  shows  the 
method  of  finding  in  Annual  Payments  the  val^e  of 
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any  Assurance  or  of  any  Deferred  Annuity :  pro- 
blems which  will  be  found  of  very  extensive  use  in 
practice. 

The  Twelfth  chapter  contains  a  variety  of  very  useful 
Questions  connected  with  this  subject :  to  which  are 
added  the  Rules  for  the  solution  of  the  same;  and  a 
numerous  collection  of  Examples.  These  are  thrown 
together  into  one  chapter  for  two  obvious  reasons :  in 
the  first  place,  by  being  separated  from  the  body  of 
the  work,  they  do  not  interrupt  the  analytical  fnvesti« 
gations;  and  secondly,  they  may  be  used  (together 
with  the  Tables  which  follow)  by  such  persons  as  arc 
not  acquainted  with  mathematics.  Consequently,  the 
present  work  will  be  accommodated  to  the  use  of  both 
classes  of  readers;  and  (although  some  repetition  is 
unavoidably  occasioned  thereby)  may  be  thus  rendered 
doubly  valuable.  The  questions  in  this  chapter  are 
such  as  most  frequently  occur:  but,  others  of  less 
public  utility,  or  the  solution  to  which  could  not  be 
conveniently  expressed  in  words  at  length,  are  to  be 
met  with  in  the  body  of  the  work,  subjoined  to  the 
respective  problems. 

The  Thirteenth  chapter  shows  the  direct  application 
of  the  sixth,  thirteenth  and  eighteenth  questions,  in 
the  preceding  chapter,  to  some  of  the  most  useful  and 
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important  concerns  of  life :  namely,  to  the  method  of 
forming  the  best  Schemes  for  providing  annuities  for 
the  benefit  of  Old  j4s:e,  and  for  JVidows.  These  ob* 
servations  are  brought  together  under  one  head,  in 
order  that  they  might  not  interrupt  the  regular  ar^ 
rangement  of  the  questions :  and  because  it  gives  me^ 
thereby,  an  opportunity  of  enlarging  more  fully  on 
this  very  interesting  subject. 

The  Last  chapter  contains  an  account  of  the  various 
Societies  or  Companies  that  have  been  formed  in  this 
metropolis  for  the  purpose  of  granting  Annuities, 
Assurances  and  Endowments ;  together  with  a  review 
of  their  several  plans  and  constitutions.  By  this 
statement  the  world  may  be  enabled  to  judge  of  their 
comparative  merits,  and  will  easily  decide  on  their  re- 
spective claims  to  public  patronage.  This  additional 
chapter  cannot  be  considered  foreign  to  the  nature  of 
the  present  work.  For,  after  explaining  the  principles 
of  the  science,  and  aftcx*  entering  at  large  into  the 
value  of  such  subjects,  it  becomes  me  not  only  to 
show  ivhere  z  person  might  apply  who  is  desirous  of 
negotiating  for  such  things,  but  likewise  to  point  out 
those  Offices  at  which  he  may  do  it  with  the  greatest 
security  and  advantage  to  himself.  And  I  am  the 
more  induced  to  do  this,  as  I  have  lately  observed 
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several  mean  attempts  to  mislead  and  deceive  the  pub- 
lic. Uninterested  in^  and  unconnected  with,  any  of 
these  Societies,  I  have  been  anxious  only  to  give  a 
clear  and  unprejudiced  account,  deduced  from  their 
own  plans  and  proposals,  as  submitted  by  them  to  the 
public*.  At  the  end  of  this  chapter  I  have  also  inserted 
a  brief  account  of  the  recent  plan,  adopted  by  Go- 
vernment, for  converting  the  3  per  cent  stocks  into 
Life-Annui;;ies.  The  propriety  and  advantage  of  a 
measure  of  this  kind,  I  had  suggested  in  my  Doctrine 
of  Interest  and  Anniikiei. 

Respecting  the  Tables  of  Observations,  and  of  Life- 

*■  Wliilst  the  present  work  was  at  the  pres'?,  I  struck  off  500 
copies  of  this  Fourteenth  Chapter,  which  I  pubhshed  as  a  pamphlet, 
in  a  separate  form,  under  the  titie  of  An  Account  of  the  several 
Llfe-Axsurance  Cv/npunies  established  in  London.  The  whole  im- 
pression has  been  already  sold:  bull  may  probably  reprint  it  at 
fome  future  opportunity. 

From  the  tenor  of  that  pamphlet  many  persons  have  imagined 
that  I  have  given  an  unqualified  appiobation  of  the  plan  and  con- 
Stituwi  of  the  Equitable  Society:  whereas  my  intention  wai 
merely  to  represent  it  as  the  most  equitable  and  advantageous  so- 
ciety noiu  existing.  The  exclusion  (except  in  very  rare  instances) 
of  persons,  assured  for  a  term  of  years,  from  the  benefits  of  the 
Society,  as  well  as  the  use  of  disproportionate  rates  for  a  particulat 
class  of  the  assured,  are  not  consonant  to  the  original  views  and  in- 
tentions of  the  >'ociety.  Moreover,  the  long  interval  between  each 
division  of  profits,  as  well  as  the  mode  of  dividing  those  profits,  are 
not  such  as  (in  my  opinion)  ouglit  to  be  adopted  by  any  new  society : 
alrl.ough  \vQ  might  justly  pai.ise  before  any  alteration  could  ba 
safely  proposed  for  the  adoption  of  the  Equitable  Seeiety  in  m 
present  stale.  ,c 
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Annuities  deduced  therefrom,  which  are  inserted  at 
the  end  of  this  work,  I  can  only  obseiTe  that  they  are 
a  collection  of  all  that  have  hitherto  been  published, 
in  this  country,  on  the  subject :  and  that  they  are  here 
carefully  reprinted  from  the  authorities  mentioned  in 
the  note  in  page  41.  The  necessity  of  other  tables  I 
have  often  had  occasion  to  mention ;  but  I  fear  it  will 
be  long  before  I  shall  be  able  to  congratulate  the  pub- 
lic on  this  point.  It  consequently  becomes  the  more 
necessary  to  have  all  those,  which  do  exist,  brought 
into  one  view,  in  order  that  they  may  be  more  con- 
veniently consulted.  The  Tables  of  the  value  of  As- 
surances for  Single  and  Joint  Lives,  according  to  the 
observations  made  by  M.  De  Parcieux  and  in  Sweden,, 
Jiave  been  calculated  expressly  for  this  work;  and  will 
be  oftentimes  found  extremely  useful. 

It  now  remains  only  to  explain  and  to  justify  the 
method  of  notation  adopted  throughout  the  present 
work :  and  (since  it  is,  for  the  most  part,  novel  m.  its 
r.ature)  to  obviate  any  objections  that  may  be  made  to 
its  introduction  into  the  analytical  science.  It  is  need- 
less for  me,  at  the  present  day,  to  point  out  the  great 
advantage  attending  a  convenient  and  simple  notation : 
since  it  is  notorious  to  every  one,  conversant  with  ma- 
thematics, that  some  of  the  greatest  improvements  in 
the  science  (and  in  the  most  abstruse  parts  of  it,  too) 
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have  arisen  from  this  very  source.  The  expressions 
for  the  probabilities  of  life,  inserted  in  §  23,  are  an 
improvement  on  the  method  adopted  by  Mr.  Simpson. 
For,  he  denotes  the  probabilities  of  the  life  A  con- 

i      II     ni 

tinuing   1 ,  2,  3,  &c,  years,  by  the  characters  a,  a,  a, 

I  II        in 

Sec  :  whereas  I  make  a,  a,  a,  kc,  to  denote  the  num- 
ber of  persons  living  at  the  end  of  those  years,  whereby 

the  probabilities  of  the  Hfe  A  continuing   ] ,  2,  3,  &c 

I      II      III 

years,  will  be  represented  by  the  fractions  — ,  — ,  — ' 
Sec.  This  method  of  denoting  those  quantities  keeps 
the  several  parts  disfincf,  which  will  be  found  of  con- 
siderable use  in  many  of  the  investigations  which  arise 
in  the  progress  of  the  work.  In  the  next  place,  I  have 
selected  the  Greek  characters  a.,  /3,  y,  to  denote  the 
number  of  persons  living  at  an  age  n  years  older  than 
A,  B,  C,  respectively ;  whereby  the  solutions  of  all 
cases  relative  to  Deferred  or  Temporary  annuities  are 
rendered  extremely  simple,  and  easily  to  be  remem- 
bered :  all  the  investigations  of  such  cases,  by  pre- 
ceding authors,  being  rendered  extremely  confused 
and  unscientific,  for  Vv'ant  of  gome  general  principle  of 
this  kind*.  I  cannot  anticipate  any  objection  to  this 
measure. 

*  See  particularly  tlie   methods  pursued    by    Dr,  Pr'u-e  and 
Mr.  Morgan  in  Ols.  on  i?<  v.  Pay.  notes  (B),  (C)  and  (D). 

c2 
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Throughout  the  whole  of  this  work  I  have  uni- 
formly  represented  the  lives,  which  are  the  subject  of 
discussion,  by  the  Roman  capitals  A,  B,  C,  &c ;  re- 
serving the  Italic  capitals  -^,  B,  C,  &c,  to  denote  the 
value  of  an  annuity  on  those  lives.     This  improve- 
ment, though  apparently  trifling,  is  however  more  cor- 
rect than  the  uniform  practice,  hitherto  pursued,  of 
making  the  same  letters  denote  two  different  quantities 
in  the  same  investigation.     I  have  also  adopted  a  more 
accurate  mode  of  expression,  when  speaking  of  the 
value  of  annuities  on  Uvea,   than  has  hitherto  been 
followed  by  preceding  authors.     I  never  use  the  am- 
biguous phrase  the  value  of  a  life,  when  I  mean  to 
express  the  value  of  an  annuity  on  such  life:  neither 
do  I,  when  speaking  of  more  than  one  life,  leave  it 
doubtful  whether  the  expression  alludes  to  ihe  joint 
lives,  or  to  the  longest  of  such  lives.     These  vague 
and  equivocal  expressions  ought  to  be  banished  from 
all  true  science ;  and,  they  would  scarcely  have  been 
considered  worthy  of  refutation,  had  they  not  been 
so  generally  adopted  by  every  author  who  has  hitherto 
written  on  this  subject   (not  excepting  even  the  ac- 
curate Simpson  himself) :  whereby  a  vicious  and  cor- 
rupt mode  of  expression  has  been  introduced,  without 
any  corresponding  advantage  to  compensate  for  so 
gross  an  error. 
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Since  every  series,  which  expresses  the  value  of  an 
annuity  on  the  whole  continuance  of  life,  may  be  di- 
vided into  two  parts,  which  (separately  taken)  denote 
the  value  of  a  Deferred  and  Temporary  annuity,  and 
since  those  cases  are  of  frequent  occurrence,  it  becomes 
exceedingly  desirable  to  be  enabled  to  express  such 
partial  series  by  some  general  character.  The  method 
which  I  have  adopted  has  been  to  enclose,  in  a  paren- 
thesis, the  value  of  an  annuity  on  the  given  lives ;  and 
to  affix  the  Roman  letter  d  or  t  (according  as  the 
annuity  is  Deferred  or  Temporary),  in  order  to  show 
that  the  series,  represented  by  the  quantity  within  such 
parenthesis,  is  not  complete.  This  plan  I  have  found, 
in  a  variety  of  cases,  extremely  useful  and  convenient. 
See  pages  43  and  45. 

In  deducing  the  value  of  Deferred  annuities,  how- 
ever,  in  any  practical  questions,  it  is  always  requisite 
to  know  the  value  of  similar  annuities  on  the  same 
number  of  lives  older  by  the  given  term  than  such 
lives :  it  is  therefore  useful  to  be  enabled  also  to  de- 
note the  value  of  such  annuities  by  some  convenient 
expression ;  as  well  in  order  to  avoid  circumlocution 
as  to  render  the  resulting  formulas  more  simple  and 
.elegant.    Such  values  I  have,  throughout  the  following 
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work,  denoted  by  affixing  the  small  Italic  letter  "  to 
the  characters  denoting  the  value  of  annuities  on 
the  given  lives.  Whereby  these  new  values  may  be 
easily  distinguished  from  the  values  of  annuities  on 
the  original  lives ;  and  their  meaning  may  be  easily 
retained  in  the  memory.     See  page  43. 

With  respect  to  the  new  characters  introduced  in 
the  twenty-seventh  and  twenty-ninih  Problems,  (see 
pages  186,  189,  190,  and  211)  they  are  adopted 
more  for  the  sake  of  a  convenient  reference  than 
for  any  analytical  purpose.  With  this  view,  I  have, 
in  the  use  of  them,  chosen  such  as  will  most  readily 
assist  the  memory :  the  life  on  which  the  assurance  is 
made  being  always  expressed  by  the  largest  letter ; 
the  smaller  ones  being  added  merely  to  denote  the 
number  and  value  of  the  lives  on  which  the  contin- 
gency depends.  Thus,  the  value  of  an  assurance  on 
the  life  A,  provided  he  dies  the  first  of  two  lives  A  B, 
is  denoted  by  ^{[^ :  but,  if  it  depends  on  his  dying  the 
first  of  three  lives  A  B  C,  it  is  denoted  by  ^/l^^.  In 
like  manner,  the  value  of  an  assurance  on  the  life  B, 
provided  he  dies  the  first  of  tivo  lives  B  C,  is  denoted 
by  JJ^ :  but,  if  it  depends  on  his  dying  the  first  of 
three  lives    ABC,  it  is  denoted  by  I}'^^.     For  a 
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similar  reason  also  I  have,  in  the  thirty-fifth  Problem, 
(see  page  240)  denoted  the  value  of  an  assurance  on 
the  decease  of  A  or  3,  provided  -either  of  them  be  the 
first  that  dies  of  three  lives  ABC,  by  the  character 
^^^.  It  will  be  found  that  many  of  the  problems  in 
the  eighth  chapter  may  be  expressed  in  a  very  simple 
manner  by  means  of  these  symbols ;  which  can  be 
my  only  apology  for  introducing  them.  Mr.  Morgan 
(who  is  the  only  person,  besides  myself,  that  has  at- 
tempted to  give  correct  solutions  to  such  problems) 
has  arbitrarily  adopted,  in  his  formulae,  the  unmeaning 
letters  E,  1\  M,  Q,  &c,  to  denote  the  values  here  al- 
luded to.  But,  when  compound  quantities  are  repre- 
sented by  more  sim.ple  expressions,  those  characters 
ought  to  be  preferred  which  will,  most  readily  an-! 
with  the  least  effort  of  memory,  bring  to  our  recol- 
lection the  original  quantity  intended  to  be  expressed*: 

*  This  principle  has  guided  me  in  the  choice  of  the  characters 

inserted  in  the  Scholium  to  the  first  Lemma  in  the  fifth  chapter 

(seepage  11 6).      I  mention  these  things  merely  to  obviate  the 

objections  of  some  hyper-critics,  who  may  probably  complain  of 

the  work  as  being  disfigured  by   Greek  characiers,  and  uncouth 

syvilols. 

■  Si  forte  necesse  est 

Indiciis  monstrare  recentibus  abdita  rerum, 

Fingere  cinctatis  non  exaudita  Cethegis 

Continget;  dabiturque  licentia  surata  pudenter. 

Hor. 
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and  I  should  have  been  much  better  satisfied  if  I  couU 
have  pursued  the  same  plan  in  the  thirty- ninth  and 
subsequent  Problems. 

Such  is  the  nature  of  the  present  work,  which  will 
most  probably  terminate  my  labours  on  this  subject. 
Much  of  my  time  is  taken  up  in  answering  ques- 
tions, which  are  laid  before  me  for  solution,  rela- 
tive to  Annuities  and  Assurances.  Those  solutions 
are  oftentimes  diiferent  from  such  as  arise  from  the 
ordinary  rules  and  methods  laid  down  by  preceding 
writers :  and  it  is  on  this  account  that  I  have  been 
more  particular  in  my  inquiries  on  this  subject ;  as 
well  as  desirous  of  explaining  the  cause  of  the  difference, 
in  order  to  remove  any  doubt  as  to  their  accuracy  or 
propriety.  The  theorems,  from  which  my  practical 
rules  are  deduced,  are  strictly  and  mathematically 
demonstrated  in  the  course  of  the  present  work : 
and  in  the  numerical  enunciation  of  those  rules 
(when  applied  to  the  solution  of  such  cases  as  are 
submitted  to  my  consideration)  I  discard  the  m- 
discriminaie  use  of  the  Life-Annuity  Tables,  deduced 
from  the  Nortkampion  Observations ;  so  generally 
adopted  by  the  different  Assurance  Offices^  and  so 
much  recommended  by  their  immediate  supporters. 
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The  motives,  which  have  influenced  me  to  this  deter- 
mination, it  is  unnecessary  here  to  enter  into :  since 
they  are  fully  explained  in  the  course  of  the  present 
work.  And  1  can  only  add  that  they  will  continue 
to  be  my  rule  of  conduct,  as  long  as  1  am  appealed  to, 
by  the  public,  as  an  arbiter  on  these  subjects. 


Office,  No,  13,  Angel-Court, 
Thfogmorlori'  Street, 
Feb.  12,  1810. 
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CHAPTER  I. 


On  the  Lmvs   of  Chance;    and  the  Prohahility   of 
Human  Life. 

§  1.  It  is  not  my  intention  here  to  enter  into  a  full 
investigation  of  the  nature  and  laws  of  chance,  but 
merely  to  explain  those  principles  of  the  doctrine 
which  a,re  more  essentially  connected  with  the  subject 
of  the  present  work ;  in  order  to  prevent  any  mis- 
'understanding  in  the  terms  which  are  occasionally 
made  use  of. 

§  2.  The  prohahility  of  the  happening  of  any 
event  is  to  be  understood  as  the  ratio  of  the  chances, 
by  which  that  event  may  happen,  to  all  the  chances 
by  which  it  may  either  happen  or  fail :  and  it  may  be 
expressed  by  a  fraction  whose  numerator  is  the  number 
of  chances  whereby  the  event  may  happen,  and  whose 
denominator  is  the  number  of  chances  whereby  it  may 
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either  happen  or  fail.  Thus,  if  there  be  a.  chances 
for  the  happening  of  any  event,  and  /'  chances  for  its 
not   happening ;    then   will    the    probability   of  such 

event  taking  place  be  truly  represented  by  -tt* 

§  3.  In  like  manner,  the  probability  of  any  event 
failing  (or  of  its  not  happening)  may  be  expressed  by 
a  fraction  whose  numerator  is  the  number  of  chances 
whereby  it  may  fail,  and  whose  denominator  is,  as 
before,  the  whole  number  of  chances  whereby  it  may 
either  happen  or  fail.     Thus,  the  probability  of  the 

above  event  failing  will  be  truly  expressed  by  -— -,• 

§  4.  Since  the  sum  of  the  two  fractions,  repre- 
senting the  probabilities  of  the  happening  and  of  the 
fiuling  of  any  event,  Is  equal  to  unity;  it  follows  that, 
one  of  them  being  given,  the  other  may  be  found  b)"^ 
subtraction.  Thus,  the  probability  of  an  event  hap- 
pening being  denoted  by  ——  ,  the  probability  of  the 
same    event    failing    will   be   truly    represented    by 

1 -7  =  — -— ,  ;  and  vice  versa, 

a-\-b        a-j-  0  ^ 

§  5.  If,  upon  the  happening  of  an  event,  a  person 
be  entitled  to  a  given  sum  of  money,  his  expectation 
of  receiving  that  sum  has  a  determinate  value  before 
the  happening  of  the  event  j  and  such  value  Is  ascer- 
tained by  multiplying  the  present  value  of  the  sum 
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expected  by  the  fraction  which  represents  the  probabi- 
lity of  obtaining  it.  Thus,  if  a  person  has  a  chances 
of  obtaining,  and  h  chances  of  losing  a  certain  sum 
of  money,   the  present  value  of  which  is  equal  to  ^, 

then  will  s  x  -^777  denote  his  expectation  of  receiving 

such  sum,  and  will  be  the  true  value  of  his  interest 
therein*. 

*  These  principles  msy  be  more  familiarly  explained  by  the 
following  example.  Suppose  that  a  person  has  3  chances  in  5  to 
obtain  ;^"100,  the  present  value  of  his  expectation  is  the  product  of 
;^100  by  the  ffaction  ^,  and  Consequently  it  is  worth  £60.  For, 
supposing  that  an  event  may  equally  happen  to  any  one  of  5  dif- 
ferent persons,  and  that  the  person  to  whom  it  does  happen  should, 
iti  consequence  of  it,  obtain  the  sum  of  ;^100,  it  is  plain  that  the? 
rfght  which  each  of  them  in  particular  has  upon  the  sum  ex- 
pected is  1  of  ^100  J  which  right  is  founded  on  this  principle, 
that  if  the  5  persons  concerned  in  the  happening  of  the  event 
shonld  agree  not  to  stand  the  chance  of  it,  but  to  divide  the  sum 
expected  among  themselves,  then  each  of  them  must  have  -J  of 
;^100  fur  his  pretension.  Now,  whether  they  agree  to  divide  that 
sum  equally  among  themselves,  or  rather  choose  to  stand  the 
chance  of  the  <;vent,  no  one  has  thereby  any  advantage  or  disad- 
vantage, since  they  are  all  upon  an  equal  tooting:  and  consequently 
each  person's  expectation  is  worth  ^  of  ^100.  I^t  us  further 
suppose  that  two  of  the  five  persons  concerned  in  the  hapneni;'g 
of  the  event,  should  be  willing  to  resign  their  chance  to  one  of 
the  other  three  ;  then  the  person  to  whom  these  two  chances  are 
thus  resigned  has  now  3  chances  that  favour  him,  and  consequently 
he  has  now  a  right  triple  of  what  he  had  before,  and  therefore  his 
expectation  will  in  such  case  be  worth  |-  of  ;!^'100,  Now,  if 
we  consider  that  the  fraction  f  expresses  the  probability  of 
obtaining  the  sum  of;^IOO,  and  that  f  of  100  is  the  same  as 
^  X  100,  we  must  naturally  fall  into  the  conclusion  laid  dowa 

B  2 
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§  6,  The  probability  of  the  happening  of  several 
events,  that  are  independent  of  each  other,  is  equal  to 
the  producL  of  the  probabiHties  of  the  happening  of 
each  event  considered  separately.  Thus,  if  the  pro- 
bability of  the  happening  of  the  first  of  any  number 

of  independent  events  be  denoted  by -, ;  that  of  the 

second,  by  — — , ;  that  of  the  third,  by -.;  &;c,  &c: 

-'c  +  a  •'    e+y 

then  will    — ,— ,  X  — r-,  X  - — ~.X  &c,  denote  the  pro- 

a-\-b        c  -\-d        e  +f  '  *■ 

bability  of  the  happening  of  all  those  events.  And 
this  expression,  multiplied  by  the  present  value  of 
the  given  sum,  will  denote  the  value  of  the  expecta- 
tion of  receiving  such  sum  on  the  happening  of  all 
those  events*. 

in  the  text,  that  the  expectation  of  receiving  any  sum  is  deter- 
niineil  by  multiplying  such  sum  by  the  probability  of  obtaining"  it: 
and  though  this  method  of  reasoning  is  deduced  from  a  particular 
case,  it  will  easily  be  perceived  that  it  is  general,  and  applicable 
to  any  other  case.     See  De  Moivre's  Doctrine  oj  Chances,  p.  3. 

*  For  example:  Suppose  that,  in  order  to  obtain  /1 100,  two 
events  must  happen,  the  first  whereof  has  3  chances  to  happen 
and  2  to  fail,  and  the  second  whereof  has  4  chances  to  happca-) 
and  6  to  fail :  the  value  of  the  expectation  will  in  sftch  case  be 
f  X  -fV  ^  1^^  ==  ^4  pounds.  The  demonstration  of  which  will 
be  very  easy  if  it  be  considered  that,  supposing  the  first  event  had 
happened,  ihe  expiictation  (then  depending  entirely  upon  the  se- 
cond) would,  before  the  determination  of  the  second,  be  worth 
-j^jj-  X  100  =  40  pounds..  We  may  therefore  look  upon  the  happening 
of  the  first  as  a  condition  of  obtaining  an  expectation  worth  ;^40  ; 
but,  tlie  probability  of  the  first  event  happening  has  been  sup- 
posed -J,  wherefore  the  expectation  sought  for  is  to  be  estimated 
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§  7.  By  a  similar  method  of  reasoning  it  will  be 
evident  that  the  probability  of  the  failing  of  any  num- 
ber of  independent  events  is  equal  to  the  products  of 
the  probability  of  the  failing  of  each  event  considered 
separately.  Thus,  if  the  probability  of  the  failing  of 
the  first   of  any  number    of    independent  events    be 

denoted  by  — -j  j  that  of  the  second,  by  —    , ;   that 

f  h  A 

of  the  third,  by  ~-/.  &;c,  &c :  then  will  — — ,  x  --^ 

f 
X  -^'f  X  &c,  denote  the  probability  of  the  failing 

of  all  those  events.  And  this  expression,  multi- 
plied by  the  present  value  of  the  given  sum,  will  de- 
note the  value  of  the  expeclation  of  obtaining  such 
sum  on  the  failing  of  all  those  events. 

§  8.  Moreover,  the  probability  of  the  happening 
of  either  of  any  number  of  independent  events  is  dc"- 
noted  by  the  difference  between  unity  and  the  ex- 
pression mentioned  in  the  last  article.      For^   since 

- — z  X ,  X  -— ..  X  &c,  denotes  the  probability  that 

a  +  i        c-\-d        e+J  ^  ■' 

any  given  number  of  events  shall  fail,  it  follows  (from 

S  4)  that   1 '—J  X  — —,  X  -{-.  X  &;c,  will  denote 

the  probability  that  they  shall  not  all  fail ;  but   that 

by  |-  X  1%  =  100 ;  that  is,  by  the  product  of  the  two  probabi- 
lities of  happening,  multiplied  by  the  sum  expected.  The  same 
method  of  reasoning  may  be  applied  to  the  happening  of  three, 
or  any  other  number  of  events,  as  may  be  seen  more  at  large  in 
the  authors  who  have  treated  on  this  subject. 
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some  one  or  other  of  them  will  happen.  And  this 
expression,  multiplied  by  the  present  value  of  the 
given  sum,  will  denote  the  value  of  the  expectation 
of  receiving  such  sum,  on  the  happening  of  either  of 
those  events. 

§  9.  In  like  manner,  if  the  expectation  of  re- 
ceiving any  sum  depends  upon  the  happening  of  any 
number  of  independent  events,  and  upon  the  failing 
of  any  number  of  other  independent  events,  its  value 
will  be  equal  to  the  present  value  of  such  sum,  multi- 
plied by  the  probability  of  all  the  former  happening, 
and  also  by  the  probability  of  all  the  latter  failing. 
And  from  these  principles,  we  may  determine  the 
value  of  an  expectation  depending  on  the  happening 
or  failing  of  as  many  independent  events  as  may  be 
assigned.  >    • 

§  10.  Hitherto  I  have  considered  only  such  events 
as  are  independent  of  each  other :  but,  if  we  wish  to 
determine  the  probability  of  the  happening  of  two 
events  that  are  dependent  on  each  other*,  we  must 
multiply  the  probability  of  the  happening  of  one  of 

*  Two  events  are  independent^  when  they  have  no  connection 
with  each  other,  and  the  happening  of  one  neither  forwards  nor 
obstructs  the  happening  of  the  other  :  as  the  continuance  or  failure 
of  any  given  hves.  On  the  other  hand,  two  events  may  be  con- 
sidered as  dependent,  when  the  probability  of  cither's  happening 
is  altered  by  the  happening  of  the  other;  as  the  continuance 
or  failure  of  the  same  life  in  different  periods  of  its  duration ; 
see  §  2.  • 
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them,  by  the  probability  which  the  other  will  have  of 
happening  when  the  first  is  considered  as  having  hap- 
pened:  and  the  same  rule  will  extend  to  the  happen- 
ing of  as  many  events  as  may  be  assigned. 

§11.  If  there  are  several  expectations  upon  se- 
veral sums,  it  is  evident  that  the  expectation  upon  the 
whole  will  be  equal  to  the  sum  of  the  expectations 
upon  each.  But  if  only  one  sum  is  to  be  received  on 
the  happening  or  failing  of  the  given  events,  the  me- 
thod of  determining  the  value  of  the  expectadon  will 
be  somewhat  altered.  The  process,  however,  which 
is  to  be  pursued  in  such  cases  will  be  more  fully  ex- 
plained in  the  course  of  the  present  work:  what  has 
been  already  said  being  merely  introductory  to  the 
various  probabiliues  and  condngencies  that  occur  in 
the  following  sheets, 

§  12.  Now  with  respect  to  the  probability  that  a 
'person  of  a  given  age  will  or  will  not  live  to  any  other 
given  age,  or  till  a  certain  sum  of  money  granted 
him  becomes  due,  it  is  obviously  in  all  cases  a  matter 
of  very  great  uncertainty,  and  will  be  often  very  dif- 
ferent in  different  persons  of  the  same  age.  The 
chance  which  a  man  of  thirty  years  of  age,  who  is  in 
good  health  and  lives  a  temperate  and  quiet  life  in 
the  country,  has  to  live  twenty  years,  or  till  he  is 
fifty  years  of  age,  is  evidently  much  greater  than  that 
of  another  mau  of  the  same  age,  and  of  the  same 
degree  of  health  and  vigour  of  body,  who  lives  in  a 


S  LAWS  OF  CHANCE,  AND  Cli.  I. 

great  city  and  In  scenes  of  riot  and  dissipation ;  and 
it  is  likewise  greater  than  that  of  another  man  of  the 
same  age  and  of  the  same  degree  of  health  and  vigour, 
but  who  is  going  into  an  unhealthy  climate  to  which 
he  has  not  been  accustomed  :  and  still  more  evidently 
it  is  greater  than  that  of  another  man  of  the  same  age 
who  is  of  a  weak  and  sickly  constitution,  or  who  by 
his  daily  occupation  is  exposed  to  many  dangers  of 
his  life  from  which  the  generality  of  mankind  is  ex- 
empt ;  as  is  the  case  with  soldiers  and  sailors  in  time 
of  war  or  actual  service.  These  are  circumstances 
beyond  the  reach  of  calculation ;  and  all  that  can  be 
done  by  any  general  rules  upon  this  subject  is  to  esti- 
mate the  degree  of  probability  with  which  it  may  be 
reasonably  expected  that  a  person  of  any  given  age 
will  live  to  any  other  given  age^  upon  a  supposition 
that  he  has  neither  a  better  nor  a  worse  chance  of  so 
doing  than  the  majority  of  other  persons  of  the  same 
age.  This  medium  or  average  chance  of  living  is 
determined  by  tables  that  exhibit  the  number  of  per- 
sons which^  out  of  a  certain  number  of  children  born 
(usually  not  less  than  a  thousand),  are  found  by  a  long 
series  of  observations  to  be  living  at  the  end  of  every 
subsequent  year  of  human  life  to  its  extreme  period : 
which  period  in  some  of  the  tables  is  carried  to  86, 
and  in  others  to  more  than  90  years.  The  instances 
of  the  prolongation  of  human  life  to  100  years,  or 
more^  are  so  few  that  they  are  not  thought  to  be 
worth  attending  to  in  forming  any  general  rules  on 
this  subject. 
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§  13.  Various  observations  on  the  mortality  of 
human  life  have  been  made  by  different  persons,  and 
in  different  places ;  and  several  tables  of  the  kind 
above-mentioned  have  been  calculated  and  formed  by 
the  different  writers  on  this  subject,  such  as  Dr.  Hal  ley, 
Mr.  Thomas  Simpson,  M.  Kersseboom,  M.  De  Par- 
cieux.  Dr.  Price,  M.  Susmilch,  M.  Wargentin,  M, 
Muret,  and  others.  But  the  same  table  of  the  proba- 
bilities of  life  will  not  suit  every  place:  for,  long  ex- 
perience has  shown  that  all  places  are  not  equally 
Wealthy;  or  that  the  number  of  persons  who  die 
annually  is  different  in  different  places.  Dr.  Halley 
formed  his  table  from  observations  on  the  births  and 
burials  of  the  inhabitants  of  the  city  of  Bredaw  (the 
capital  of  the  duchy  of  Silesia  in  Germany),  during  a 
series  of  five  years;  viz.  from  1687  to  1691.  Mr. 
Thomas  Simpson,  from  observations  on  the  bills  of 
mortality  in  London  for  ten  years,  from  1728  to  1737*. 
M.  Kersseboom,  from  the  registers  of  certain  assignable 
annuities  for  lives  in  Holland^  which  had  been  kept 
there  for  one  hundred  and  twenty-five  years,  and  in 
which  the  ages  of  the  several  people  dying  in  that 
period  had  been  truly  entered.  M.  De  Parcieux,  from 
a  similar  use  of  the  lists  of  the  tontines  in  France, 

*  In  Table  I,  at  the  end  of  the  present  work,  the  column  de- 
noting the  probabilities  of  life  in  London,  is  not  the  one  here  men- 
tioned j  but  a  more  correct  one  formed  by  Dr.  Price,  from  the 
bills  of  mortality  for  ten  years,  from  1759  to  1768.  The  same 
author  likewise  formed  one  from  the  bills  of  mortality  for  ten 
years,  from  1771  to  l/SO. 
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the  numbers  of  which  were  verified  by  the  Nccrologes, 
or  mortuary  registers,  of  several  religious  houses  of 
both  sexes*.  Dr.  Price,  from  a  register  of  mortahty 
kept  at  Northampton,  for  forty-six  years,  from  1735 
to  1780:  the  same  author  has  also  formed  a  table 
from  a  similar  register  kept  at  Norwich  for  thirty  years, 
from  1740  to  1769:  another  from  a  similar  register 
kept  by  Mr.  Gorsuch  at  Holy  Cross  near  Shrevvbury, 
for  thirty  years  from  1751  to  1780:  another  from  a 
similar  register  kept  by  Dr.  Aikin  at  fFarrington  in 
Lancashire,  for  nine  years,  from  1773  to  1781 :  an- 
other from  a  similar  list  kept  by  Dr.  Haygarth  at 
Chester,  for  ten  years,  from  1772  to  1781  :  another 
from  the  register  of  mortality  at  Vienna,  for  eight 
years;  another  from  the  register  of  mortality  at  Ber- 
lin, for  four  years,  from  1752  to  1755:  another 
from  a  similar  register  at  Brandenburgh,  for  fifty 
years,  from  1710  to  1759:  each  of  the  last  three 
being  from  tables  given  by  M.  Susmilch :  also  an- 
other from  the  tables  of  mortality  at  Stockholm,  for 
jiine  years,  from  1755  to  1763,  as  given  by  M.  War» 


*  In  the  table  alluded  to  in  the  last  note,  the  column  denoting 
the  probabilities  of  life  in  France,  is  not  the  one  given  by  M,  De 
Moivre  and  Mr.  Ferguson  ;  but  a  more  correct  one  published  by 
M.  Florencourt  at  the  end  of  his  Treatise  on  Political  Aritinaietick. 
Referring  however  to  the  last  note,  it  may  be  necessary  here  to 
remark  that  in  Tables  III  and  XLV  I  have  preserved  the  original 
values  as  given  by  M.  De  Parcieux  and  Mr.  Simpson ;  because, 
the  Life  Annuity  Tables  being  deduced  therefrom,  I  consider  tlien^ 
9.S  the  most  proper  to  be  u^cd  in  conjunction  therewith, 
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gentin :  and  another  from  seven  different  enumerations 
of  the  whole  population  of  the  kingdom  of  Sweden,, 
each  repeated  at  the  end  of  three  years,  viz.  in  1757, 
1760,  1763,  1766,  1769,  3772,  and  1775.  M. 
Muret  formed  his  table  from  registers  kept  in  forty- 
three  parishes  in  the  district  of  Vaud  in  Switzerland, 
for  ten  years,  from  1756  to  1765. 

§  1 4.  All  these  tables  differ  from  each  other ;  and 
in  many  cases  so  m.aterially  as  to  leave  us  in  great 
doubt  whether  the  subject  has  attained  that  degree 
of  accuracy  and  correctness  to  which  it  is  capable  of 
being  carried.  It  should  be  observed  that  there  are 
two  sorts  of  data  for  forming  tables  of  the  probability 
of  the  duration  of  human  life:  one  is  furnished  by 
the  registers,  or  bills  of  mortality,  which  show  the 
numbers  dying  at  all  ages ;  the  other,  by  the  propor- 
tions of  deaths  at  all  ages  to  the  numbers  living  at 
those  ages,  as  discovered  by  surveys  or  enumerations. 
Those  tables  wliich  are  deduced  from  the  former  of 
these  data  are  correct  only  when  there  is  no  consider- 
able fluctuation  among  the  inhabitants  of  a  place,  and 
when  the  births  and  burials  are  equal :  for,  when 
there  are  more  removals /row,  than  to  a  place,  and  the 
births  exceed  the  burials  (as  is  almost  always  the  case 
in  country  parishes  and  villages)  tables  so  formed  give 
the  probabilities  of  living  too  low:  and  when  the 
contrary  happens  (as  is  generally  the  case  in  cities  and 
large  towns)  they  give  the  probabilities  of  living  tpo 
high.      But  tables  formed  from  the  latter  of  thesQ 
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data  are  subject  to  no  errors :  they  must  be  correct 
■whate\'^r  the  fluctuations  are  in  a  place,  and  how  great 
soever  the  inequalities  may  be  between  the  births  an4 
the  burials. 

§  15.  Most  of  the  tables  above-mentioned  have 
been  deduced  from  the  former  of  these  data ;  and  in 
most  of  them  due  allowances  have  been  made,  as  far 
as  circumstances  would  admit,  for  the  fluctuations 
arising  from  emigration  &c.  But  I  believe  there  are 
no  observations  extant  which  will  enable  us  to  form 
tables  from  the  latter  of  these  data,  except  those 
published  by  M.  Wargentin*  of  the  population  of  the 
kingdom  of  Sweden:  and  it  is  much  to  be  regretted 
that  similar  observations  are  not  made  in  other 
countries. 

§  16.  It  is  a  singular  circumstance  that  not  only 
dio  females  live  longer  than  males,  but  married  women 
live  longer  than  single  women.  All  the  tables  of  ob- 
servations intimate  this :  but  the  facfe  has  been  more 
fully  confirmed  by  the  observations  made  by  Dr.  Aikin 
at  fVarrington,  and  by  Dr.  Haygarth  at  Chester ;  each 
of  whom  kept  distinct  registers  of  the  rate  of  mor- 
tality amongst  males  and  females.  Similar  registers 
also  were  kept  at  Stochholm  :  and,  in  the  enumeration 
of  the  whole  population  of  the  kingdom  of  Sweden^ 
this  circumstance  was  particularly  attended  to.     These 

*  In  the  Memoirs  of  the  Academy  of  Sciences  at  Stockholm,  i« 
1770. 
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latter  observations  therefore  being  formed  on  such 
unerring  principles,  furnish  sufficient  data  for  calcu- 
lating distinct  tables  of  the  value  of  annuities  on  lives 
among  males  and  females,  taken  separately  or  con- 
junctly :  and  which  tables  might  be  applied  with  good 
effect  in  determining  the  value  of  annuities  or  assu- 
rances where  the  lives  of  luidoics  are  concerned*. 

§  1 7.  The  tables  of  observations  most  used  in  this 
country  at  presenu,  are  those  which  were  formed  by 
Dr.  Price  from  the  bills  of  mortahty  at  Northampton : 
but  they  derive  their  importance  principally  from  those 
numerous  tables  of  the  value  of  annuities  on  single 
and  joint  lives,  which  are  computed  therefrom ;  and 
which  aflbrd  great  facility  to  the  solution  of  the  va- 
rious cases  connected  with  this  subjectf.  In  every 
other  point  of  viev^-  it  must  appear  extremely  incorrect 
to  take  the  rate  of  mortality  in  one  particular  town, 
as  a  criterion  for  that  of  the  whole  country.  The  ob- 
servations ought  to  be,  made  on  the  kingdom  at  large, 
in  the  same  manner  as  in  Sweden ;  more  particularly 
■A9.^  in  the  real  business  of  life,  the  calculations  are 
general  and  uniform,  and  adapted  to  persons  in  every 
situation.  But  till  the  legislature  thinks  proper  to 
adopt  some  efficient  plan  for  furnishing  these  data  J, 

•*  Spc  Tables  XIV  to  XXIV. 

t  See  Tables  XXV  to  XLIV. 

+  By  virtue  of  an  Act  of  Parliament  which  passed  in  1600,  a 
survey  was  made  of  the  population  of  this  kingdom  in  the  follow- 
ing year :  but,  from  the  manner  in  which  tiiaL  suiv'ey  was  formed 
and  conducted,  it  has  aftbrded  little  or  nT)  information  respecting 
the  subject  of  the  present  work. 


I'i  LAWS  OF  CPIANCEj  AND  Ck.l* 

we  must  rest  contented  with  the  laudable  exei'tlons  of 
public-spirited  individuals ;  and  avail  ourselves  of  the 
best  light  which  they  afford  us  on  this  subject. 

§  IS.  With  respect  to  the  several  tables  of  mor- 
tality above-mentioned,  I  do  not  think  that  any  of 
them  (with  the  exception  of  those  given  by  M.  Kersse- 
boom,  and  M.  DeParcieux)  afford  the  proper  grounds 
for  calculating  the  value  of  annuities.  For,  it  is  evi- 
dent that  no  person,  iii  an  ill  state  of  health,  or  who 
is  conscious  of  any  thing  in  his  constitution  that  might  ^ 
tend  to  the  shortening  of  life,  would  give  that  value 
for  an  annuity  which  the  tables  indicate :  neither  am 
I  inclined  to  think  that  he  would  become  a  purchaser 
at  all.  The  liveS;,  therefore,  of  such  persons  as  do 
become  annuitants  will  consequently  be  good  lives :  or 
a  certain  part  only  of  the  general  mass  of  mankind. 
The  principles,  upon  which  M.  Kersseboom  and 
M.  De  Parcieux  have  formed  their  tables,  enable  u's  to 
ascertain  pretty  accurately  the  rate  of  mortality  am.ong 
this  class  of  people :  and  therefore  form  a  proper  basis 
for  determining  the  value  of  annuities, 

§  1 9.  The  same  observations  may  be  applied,  with 
nearly  the  same  propriety,  to  the  method  of  computing 
the  value  of  assurances* ,     Yor,  it  is  well  known  that 

*  This  fact  13  indubitable:  for  "  during  the  last  33  years,  from 
''January  1768  to  January  1801,  the  number  of  assurances  oa 
*'  single  lives  [at  the  Equitable  Society]  has  t>een  83,201  ;  of 
"  which  number  sixty  thousand  five  hundred  and  ninety-sevea 
"  have  been  on  the  lives  of  persons  vmder  50  years  of  age,  among 
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the  assurer  endeavour?  to  guard  as  much  as  possible 
against  a  bad  life:  and  the  law  of  the  land  justly 
punishes  any  fraud  in  this  respect.  Nevertheless,  as 
avarice  or  negligence  may  induce  a  relaxation  of  duty, 
the  lives  on  which  assurances  are  made  are  more  liable 
to  be  mixed  than  those  on  which  annuities  are  granted. 
In  either  case,  however,  we  might  often  deduce  a  more 
correct  value  from  knowing  the  situation  of  hfe,  the  re- 
sidence, and  mode  of  living  of  the  parties  concerned. 

§  20.  But  in  many  Instances,  both  of  annuities 
and  assurances,  the  ages  and  conditions  of  the  lives 
are  so  involved  that  we  must  proceed  upon  general 

*'  whom  the  deaths  have  hctn  fewer  than  those  in  the  Northamp- 
"  ton  table  in  the  proportion  of  four  to  seven  /"  (See  Dr.  Price's 
Ols,  on  Rev.  Pay.  vol.  ii.  p.  443.)  No  fact  can  more  clearly 
show  the  inaccuracy  of  those  tables  for  general  use  ?  and  though 
it  may  be  prudent  for  an  Insurance  company  to  adopt  them,  as 
well  as  to  make  tise  of  the  lowest  rate  of  interest  in  calculating 
the  values  of  annuities  therefrom  (whereby  large  profits  are 
secured  to  the  society)  }  yet  the  public,  who  have  no  interest 
therein,  and  who  occasionally  seek  for  informaiion  on  this  head, 
should  be  cautious  in  using  them,  unless  they  appear  to  be  appli- 
cable to  the  case  in  question.  The  grounds,  on  which  the  cal- 
culations are  made,  ought  to  be  as  correct  as  the  present  state  of 
information  will  allow,  in  order  that  the  public  may  be  satisfied 
with  the  accuracy  of  the  result.  The  contrary  ,ho\vever  is  the  fact : 
and  Dr.  Price  himself  has  at  length  acknowledged  it ;  although  in 
rather  a  surreptitious  manner.  He  introduces  M.  Kersseboom's 
and  M.  De  Parcieux's  tables  of  ob  nervations  in  order  "  that  nothing 
"  on  this  subject  may  be  wanting;"  as  if  it  were  a  work  of  su- 
pererogation, and  not  one  of  the  most  essential  as  well  as  one  of 
the  most  valuable  parts  of  his  treatise. 
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principles,  without  reference  tp  the  particular  situation' 
of  the  parties:  and  therefore,  were  it  on  this  ground 
only,  it  would  be  extremely  desirable  to  ascertain  the 
rate  of  mortality  in  the  kingdom  at  large.  It  would 
enable  us  to  determine  how  far  the  tables,  now  in  use, 
might  be  depended  upon ;  and  furnish  the  basis  for 
others  more  numerous  and  comprehensive. 

§  21.  For  the  information  of  the  reader  I  have 
inserted  a  comparative  view  of  all  the  principal  tables 
that  have  been  given  of  the  rate  of  mortality  in  dif- 
ferent parts  of  the  world;  being  Table  I.  at  the  end 
of  this  work.  The  first  column  shows  the  ages,  and 
the  other  columns  the  number  of  persons  living  at 
those  ages,  out  of  1000  born*  at  the  different  places 
mentioned  at  the  head  of  each  column:  and  these 
places  are  arranged  according  to  their  degree  of  mor- 
tality amongst  them.  London  and  other  cities  are 
therefore  placed  first ;  and  the  rest  in  their  order,  as 


*  The  original  tables  commence  with  numbers  differing  from 
each  other ;  but  are  here  reduced  to  the  same  number  at  the  be- 
ginning, viz.  1000  :  by  which  mean  we  are  enabled,  by  in- 
spection, to  compare  the  numbers  together  at  any  age,  and  imme- 
diately perceive  the  relative  degrees  of  mortality  at  the  several 
places  given.  I'he  reader  will  observe  that  I  have  given  other 
tables  of  the  probabilities  of  life  for  France,  Sweden,  Northampton 
and  Londo7i,  together  with  the  decrements  or  number  of  persons 
dying  annually  j  which,  being  on  a  more  enlarged  scale,  may  be 
used  with  greater  accuracy  in  (he  solution  of  the  several  problems 
which  occur  in  the  present  work.  These  Tables  are  III,  XIV, 
XXY,  and  XLV. 
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nearly  as  possible,  to  the  most  healthy,  which  are  the 
country  provinces.     This  table  will  consequently  serve 
to  illustrate,  in  a  striking  manner,  the  great  difference 
between  the  duration  of  life  in  large  cities  and  in  the 
country :  for  it  will  be  seen  that,  in  proportion  as  we 
recede  from  the  former,  the  probability  of  life  is  greater, 
and  the  chance  of  arriving  at  old  age  is  considerably 
increased.     Thus,  it  appears  that,  out  of  a  thousand 
persons  born  at  Vienna,  not  half  of  them  live  to  be 
two  years  of  age ;  whereas  at  Norwich,  that  number 
will  hve  to  be  eight  years  of  age ;  and  at  Holy  Cross, 
they  live  to  be  above  twenty-seven  years  of  age ;  whilst 
in  the  province  of  Vaud  in  Switzerland,  they  live  to  be 
forty-one  years  old.      It  will  also  fully  confirm  the 
observation,  which  has  been  made  in  §  18,  respecting 
the  probability  of  living  amongst  those  persons  who 
purchase  annuities  on  their  own  lives :  for  it  appears 
from  the  observations  of  M.  De  Parcieux  that   the 
chance  of  living  amongst  a  set  of  government  an- 
nuitanls  is  in  almost  every  period  of  their  existence 
much  greater  than  amongst  an  equal  number  of  indif- 
ferent persons  living  in  the  most  healthij  part  of  the 
globe :  and  which  consequently  shows  that  the  North- 
ampton tables  are  a  very  inaccurate  index  of  the  rate 
of  mortality  amongst  a  set  of  persons  who  purchase 
annuities  on  their  own  lives. 

§  22.  But,  however  inaccurate  these  tables  of  ob- 
servations may  be,  or  however  inapplicable  to  existing 
circumstances,  the  subject  of  the  present  work  is  not 

c 
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at  all  affected  thereby.  For,  since  the  principles  here 
laid  down,  and  the  rules  thence  deduced,  are  all 
treated  generally^  -without  illusion  to  any  particular 
table  of  observations,  the  reader  may  apply  them  to 
any  of  the  tables  above  mentioned ;  or  to  any  others 
which  may  be  hereafter  found  to  be  more  correct,  or 
more  suited  to  any  given  circumstances. 

§  23.  In  any  table  of  observations,  therefore, 
which  expresses  the  number  of  persons  living  at  every 
age  of  human  hfe,  let  the  number  of  the  living  at  the 
age  of  A  be  denoted  by  a  ;  and  those  answering  to 

the  next  succeeding  ages  in  the  table,  by  «,  «,  a,  &c, 
respectively.  Further  j  let  the  number  of  the  living 
at  the  age  of  B  be  denoted  by  h ;  and  those  answering 

to  the  next  succeeding  ages  in  the  table,  by  h,  b,  b, 
&c,  respectively.  Again  ;  let  the  number  of  the  living 
at  the  age  of  C  be  denoted  by  c ;  and  those  answer- 

ing  to  the  next  succeeding  ages  in  tlie  table,  by  c,  c,  c, 
&c,  respectively.  In  like  manner,  let  the  number  of 
persons  living  at  the  end  of  w  years  from  the  age  of 
A  be  denoted  by  a ;  and  those  answering  to  the  next 

succeeding  ages  in  the  table,  by  or,  a,  «,  &c.  Also 
let  the  number  of  persons  living  at  the  end  of  ??  years 
from  the  age  of  B  be  denoted  by  (3 ;  and  those  an- 
swering to  the  next  succeeding  ages  in   the  table  by 

13,  {2i  /?,  &c.  Moreover,  let  the  number  of  persons 
living  at  the  end  of  ??  years  from  the  age  of  C  be 
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denoted  by  y ;  and  those  answering  to  the  next  sue- 

/    II    III 
ceeding  ages  in  the  table  by  y,  7,  7,  &c.     And  so  on 

for  any  other  lives.     Then,  considering  that,  out  of 

a  persons  alive  at  the  age  of  A,  only  a  of  them  will 
be  aUve  at  the  end  of  the  year,  it  is  evident  that  the 
number  of  chances  for  the  life  of  A  continuing  one 

year  will  be  a  ;  and  that  the  whole  number  of  chances 
for  its  living  or  dying  will  be  a :  consequently  the 
probability  that  A  will  live  to  the  end  of  the  first  year 


will  be  denoted  by  — .     And  by  a  similar  method  of 

reasoning  it  will  be  seen  that  the  probability  of  his 
living  to  the  end  of  the  second  year  will  be  denoted 

by  — ;  and  of  his  living  to  the  end  of  the  third  year, 


by  — ;  and  so  on :  for,  a,  a,  &c,  will  be  respectively 


a 
a 

the  number  of  chances  for  the  life  continuing  2,  3, 

&c,    years,    and  a  will  still  be  the  total  number  of 

chances  for  his  living  or  dying  in  any  year.     In  like 

manner,  the  probability  oi  the  life  B  continuing  1, 

2,  3,  &c,  years,  will  be  respectively  represented  by 

-T-,  -r-,  -Ti  &c :  and  that  of  the  life  C,  by  — ,  —  , 
b      b      b  ^  ^    ^    c  ^   c 


— ,  &c,  respectively:  (See  §  2).  By  a  similar  me- 
thod of  reasoning  it  will  be  found  that  the  probability 
of  the  life  A  continuing  ??,  (ji  +  0)  (^  +  2),  (n  +  3), 


a,       a.        a, 

3 


&c,  years  will  be  respectively  denoted  by  — ,  — , 

c  2 
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III 

— ,  &c:  and  that  the  probability  of  the  life  B  con- 
tinuing the  same  periods  will  be  rcEpectively  denoted 

/       It      III 
by£^  L^  A^  ^^  &c:  and   that   the   probability  of 

the  life  C  continuing  the  same  periods  will  be  re- 

.'  II       :\i 

'Y       "Y        'Y       "^y       •> 

spectively  denoted  by  — ,  — ,  — ,  — ,  &c. 


§  24.     Moreover,  the  probability  of  any  two  lives, 
A  and  B,  continuing  in  being  together  for  I,  2,  3,  &c, 

;    /  ini  t!l  'II 

years,  will  be  respectively  denoted  by  -y ,  -^  ,  — ^-, 

III      II  II  II 

&c :  and  that  of  three  lives  A,  B,  C,  by  -  ,— ,  — ;— , 

'  •'     avc        a  a  c 

III  III  III 

°  ,  respectively:  (See  §  6).  Further,  the  proba- 
bility of  any  two  joint  Hves  A  and  B  continuing  in 
being  together  for  ti,  {n-\-  l),{n-{-2),  {n  -j-  3),  &c, 

years,  will  be  respectively  denoted  by    y,   -  ,  ,  — v-j 

III  III 

--jr-,  Sjc:  and  that  of  three  lives  A,  B,  C,    for  the 


//   '/   ;;       ///  /'/  ;// 


,       oi8y     a.  By     o.  ^  y     a  By   ^      ^ 

same  terms,  by  -—,  -—-,  -^,  -^-^-,&c.* 

'     ■'     avc        avc       avc        avc  ^ 


*  I  would  here  observe  that,  when  several  lives  are  involved  in 
a  question,  A  is  generally  supposed  (unless  otherwise  expressed) 
to  be  the  youngest ;  B  older  than  A ;  C  older  than  B ;  and  so  on. 
This  rule,,  however,  is  dispensed  with  iu  the  fifth  and  eighth  chap- 
ters of  the  present  work. 
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§  25.  This  being  premised,  it  is  evident  (from  §  4) 
that  the  probability  of  A  dying   before  the  end  of 


the  first  year  will  be  denoted  by  1  —  — ;,    For,  since 

—  denotes  the  probability  of  his  living  to  the  end  of 

that  period,  if  we  subtract  this  value  from  unity  it  will 
give  the  probability  of  his  not  living  so  long.  And 
by  a  similar  method  of  reasoning  it  will  be  found  that 

(i ],    (l ],  &c,  will  denote  the  probability 

of  the  same  life  dying  before  the  end  of  the  second, 
third,  &c,  year,  revSpectively.  In  like  manner  the  pro- 
bability of  the  life  B  or  C  failing  in   1,2,  3,  &c, 

years,  will  be  respectively  represented  by  (l — r-), 
(1-1).    (1-4).   ^'c:  or     (1-1),     (1-^), 

III 

( 1  —  — ] ,  he.  Moreover,  the  probability  that  either 
of  two  lives  A,  B,  or  of  three  lives  A,  B,  C,  will  fail 

ah 

in   1,  2,  3,  &c,  years,  will  be  denoted  by    (l—  — ), 


//  II  til  :n  )  I  I 

a  b\     I ,       a  b\     .  /,        abc 


II II  n 
ahc\ 


[I T ' ,  I  1  —  -  -y    ,  &c :  or   1  1 r-  )  ,      1 - ) , 

in  III  ;ii 

(l  — "  -7—} J  &^c,  respectively.     And  universally,  if  we 

subtract  from  unity  the  probability  of  the  lives  conti- 
nuing together  to  the  end  of  the  given  term,  the  re- 
mainder will  express  the  probability  that  they  shall  not 
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all  continue  together  to  the  end  of  that  period  ;  but 
that  one  or  other  of  them  will  die  previous  thereto. 


§  26.  But,  the  probability  that  all  the  lives  A,  B, 
C,  &c,  shall  fail  in  one  year  will  (by  §  6)  be  denoted 

by    (l--^)  ^  (^-t)  >^    (l--^)  X  &c;  intwo 

II  II  II 

years,  by   (l--^)  X    [l-'l)  X  {l~-f)    X   &c  j 

;;/  /'/  ;// 

in  three  years,  by   (l — -)  x  (l  — -r;  X  (l— —  ) 

X  &c,-&c.  And  the  probability  that  this  event  shalj 
not  happen,  but  that  some  one  or  other  of  the  live^ 
shall  continue  in  being  to  the  end  of  the  first,  se- 
cond, third,  &c,  year,  will  (by  §  8)  be  represented 

^y^-i^-i)  x{i-*)x  (l-i-)x&c,  W 

II  II  II  III 

(i-:)x(i-i)x(i-i)x&c,,-(i-|) 

///  /// 

/ 

X  (l—  ^)  X  (l  — — )  X  &c,  &c,  respectively. 

§  27.  Hitherto,  in  deducing  the  probability  of  a 
life  failing  in  any  given  time,  I  have  had  regard  only 
to  such  event  taking  place  at  any  lime  before  the  end 
of  that  period :  but  if  we  wish  to  determine  the  pro- 
babihty  of  the  life  failing  in  any  particular  year  the 
exegesis  will  be  materially  different.  The  probability 
that  A  will  die  in  the  second  year,  after  having  out? 
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If 

lived  the  first  year,  is  evidently  equal  to  1 7-  == 

a 

I     II  II 

-—•',  because  --  will  then  denote  the  probability  of 
a  a 

its  living  to  the  end  of  that  year,  and  this  value,  being 
subtracted  from  unity,  will  give  the  probability  of  its 
then  dying  in  that  year :  but  since  this  event  noiu  de- 
pends upon  its  living  through  the  preceding  year  (the 

I 

probability  of  which  is  -'-)    the  value   above  found 

must  be  multiplied  by  such  probability,  in  order  to  give 
its  true  value :  whence,  the  present  value  of  the  pro- 
bability that  the  life  A  will  fail  in  the  second  year,  is 


a-^a  a  o — a 


truly  denoted  by x  —  = .    In  like  manner 

"'  ^        '  a  a 

a 

the  probability  of  its  failing  in  the  third  year  is  ex- 

/;     ///  //  II     III 

pressed  by  -^-  x  —  =  -^-~'-  and  so  on  to   the  n^^ 


(n-fl)^  {n  +  2y^,  {n-\-sy'\  &c,  years;   when   the 
probabilities  of  the  given  life  A  failing  in  those  years 


a — a.     a  —  a,     a  —  a     a  —  a. 


Will  be  respectively  - —  , , , ,  &c  :   and 

^  ''        aaaa 

where  a  denotes  the  number  of  persons  living  at  the 

end  of  n—  1  years  from  the  age  of  A.  The  same  ob- 
servations will  apply  to  the  case  of  any  number  of  joint 
lives  :  for,  by  pursuing  the  same  method  of  reasoning, 
it  will  be  found  that  the  present  probability  of  either  of 
the  three  lives  A,  B,  C,  failing  in  the  second  year  will 
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111  I!  II  II  III  III  II  II  II 

,        1        ^i«        ahc  —  ahc         ale         ah  c  —  a  b  c 

be  denoted   by  —- —  x  -  ,  -  =  , ;    ^n 

•'  '  i  '  all  c  ab  c 

ab  c 

II  'I  II     III  III  III         II II  II  II  II  II     III  III  in 

,1       ,!•»  1         abc  —  abc  ab  c  ahc  —  ale 

the  third  year,  by  X      ,     = , ; 

J         ^       J  urn  ^     abc  abc        * 

ale 

and  so  on  to  the  rz'^,  (72  +  T  "^   (72  +  2)"^,  (n-\-S  y\ 
he,  year ;  when  the  probabilities  of  the  lives  failing 

alSv— a/3y      n         'A' 
in  those  years  respectively  vj^iii  be j , — —, -, 

a  V  c  a  V  c 


III       II  I!  II       II   n  II      III  i>i  III 


—  — ^,  ,  ---^t  &c:    and  where   a/S-y    de- 

abc  ale  ,  \  ^1 

note  the  number  of  persons  living  at  the  end  of  n —  \ 

years  from  the  ages  of  A,  B,  C,  respectively. 
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CHAPTER  II. 

On  Life  Annuities  in  general, 

5  28.  JL  HE  method  of  derermining  the  present  vaUie 
of  any  annuity  is,  to  find  the  present  value  of  each 
year's  rent  as  it  becomes  due;  and  the  sum  of  all  these 
will  be  the  total  present  value  of  the  annuity  required. 
Such  value  will  in  all  cases  depend  on  the  annual  rate 
of  interest  concerned  ;  and  throughout  the  whole  of 
the  present  work  I  have  denoted  this  annual  rate  by 
^*  :  consequently  the  amount  of  c£l  at  the  end  of  a 
year  will  be  denoted  by  (l-j-^);  and  the  present 
value  of  c£l  certain  to  be  received  at  the  end  of  1,2, 
3,  &c,  years  will  be  respectively  denoted  by  (l  H-^)~', 
(l  +  ^)~",  (1+^)"%  &c.t     The  sum  of  which  con- 

*  The  ajinual  rate  should,  ia  all  cases  of  compound  interest, 
be  carefully  distinguished  from  the  nominal  rate  :  but,  such  annual 
rate  may  always  be  expressed  in  terms  of  the  nominal  rate,  as  I 
have  distinctly  shown  in  another  work.  See  Doctrine  of  Interest 
and  /innuilies,  p.  It). 

-f  As  we  shall  often  have  occasion  in  the  course  of  this  treatise 
to  find  the  present  value  of  ^l  certain  to  be  received  at  the  end  of 
any  number  of  years,  and  also  the  present  value  of/"l  pet  annum  for 
any  number  of  years,  at  different  rates  of  interest;  I  have  (in  order 
to  avoid  the  necessity  of  referring  to  any  other  woik)  inserted  at 
the  end,  two  tables,  which  show^  the  values  here  alluded  to  :  being 
Tables  LVIII  and  LIX^  at  the  end  of  this  work. 
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tinued  to  n  terms,  or  (I  -f-  ^)~^  -f  (1  -f-  p)'*  n^  (I  -f  {T^ 
+ (1  -h  e)"^"=r  lnii±iL_!'^  will  denote  the 

present  value  of  an  animiiy  oi  £,\  per  annum  for  n 
years :  and  if  this  series  be  continued  to  infinity,  the 

sum  of  it,  or  — ,  will  express  the  present  value  of  the 

perpetuity  of  the  same  annuity.  The  principles,  on 
which  these  observations  are  founded,  have  been  fully 
explained  in  my  treatise  on  the  Doctrine  of  Intei  est 
and  jinnuities ;  but  I  have  thought  it  necessary  to 
mention  them  here,  in  order  to  prevent  circumlocution 
in  the  investigation  of  the  following  problems. 

§  29.  In  life  annuities,  however,  the  rent  of  each 
year  is  to  be  received  only  on  certain  contingencies ; 
consequently  the  present  values  above  mentioned  must 
be  diminished  in  proportion  to  the  probability  of  re- 
ceiving them  :  and  the  sum  of  such  values,  for  each 
successive  year,  will  be  the  total  present  value  of  the 
life  annuity  required.  Throughout  the  whole  of  this 
work  I  have  supposed  the  annuity  to  bec£l  per  annum  ; 
in  which  case,  the  present  value  deduced  will  denote 
the  number  of  years  purchase  that  such  annuity  is 
worth:  and  v^hich,  being  multiplied  by  any  other  an- 
nuity, will  give  the  present  value  of  such  other  annuity 
accordingly. 
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PROBLEM  I. 

§  30*.  To  find  the  valuef  of  an  annuity  granted 
upon  any  number  of  lives;  that  is,  for  as  long  as  they 
^hall  all  continue  in  bein^  together. 

SOLUTION. 

Let  A,  B,  C,  &C5  be  the  lives  upon  which  the  an. 
nuity  is  granted ;  and  let  the  probability  of  each  life 
continuing  1,  2,  J,  kc,  years,  be  as  denoted  in  §  23: 
then  it  will  follow,  from  what  has  been  said  in  §  24, 
that  the  probability  of  all  the  livts  continuing  to  the 

ft  h  c  \SC 

end  of  the  first  year  will  be     ,  t"^.  •   ^^hich,   being 

*  This  fiixKlamenta!  proposition^  upon  which  the  whole  doctrine 
of  annuities  in  a  great  measure  depends,  may  be  found  in  most 
authors  who  have  treated  on  this  subject.  In  the  investigation  of 
the  subsequent  Problems  and  tiieir  Corollaries,  I  shall  refer  to  the 
similar  poposiiions  in  the  works  of  the  live  following  authors  : 
viz.  Simpson's  Doctrine  of  Annuities  and  Reversions,  1/75 5  and 
his  Supplem.nt  to  the  same,  1 79!.  De  Moivre  s  Doctrme  of 
Chances,  3rd  edit.  IJ56.  Dudson's  Mathematical  Repository. 
Dr.  Price's  Observatinns  on  Reversionary  Payments,  dihedit.  1S03. 
Morgan's  Doctrine  of  .nnuitits  and  Assurances,  1779'  '^'^'^  li'S 
papers  in  tjie  Philosophical  Transactions  for  I788,  1780^  ^79-* 
1794,  and  180O.  Whereby  the  reader  may  the  more  readily 
compare  them  together,  and  judge  of  the  respective  merits  of  the 
rules  vvliich  they  have  given  tor  the  solution  uf  the  same. 

■\  By  the  term  value,  I  mean  the  number  of  years  purchase 
that  the  annuhy  is  wonh,  agreeably  to  what  i  have  just  observed. 
This  mode  of  expression  will  be  used  throughout  the  present 
Vvork. 
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multiplied  by  (l-j-^^)"',  or  the  present  value  of  ^1 
certain  to  be  received  at  the  end  of  one  year,  will 

produce  , ^t — r—^:y-  for  the  present  value  of  the  first 

^  {l-\-0  aoc&c  ^ 

year's  rent;   or  the  expeciatlon*   of  receiving  such 

sum  on   the  contingency  that  all  the  lives  continue 

to  the  end  of  the  first  year.     In  like  manner,  since  the 

probability  that  all  the  lives  will  continue  to  the  end 

;'  I!  II 

CI  b  c  t^  c 

of  the  second  year  is  -r- ,  if  this  expression  be 

multiplied  by  (1  +  e)"%  or  the  present  value  of  ^1 
certain  to  be  received  at  the  end  of  two  years,  it  will 

"    "   "    5^ 

produce  ,        .j    .   -.  .    for  the  present   value  of  the 

second  year's  rent ;  or  the  expecialion  of  receiving 
such  sum  on  the  contingency  that  all  the  lives 
will  continue  to  the  end  of  the  second  year.  By 
the  same  method  of  reasoning  it  will  be  found  that 

mm  til 

'^- — :« — j — c:r  ^"^'iH  denote  the  present  value  of  the 

{l-\-  c)*  ah  c&c  ^ 

third  year's  rent ;  or  the  expectation  of  receiving  such 
sum  on  the  contingency  that  all  the  lives  will  continue 
to  the  end  of  the  third  year.  And  in  this  manner 
we  must  proceed  for  all  the  subsequent  years  of  hu- 
man life,  the  sum  of  all  which  termsf,  or  —7 — r-f-  X 

"  SeeCh.  !.  §  5  and  6. 

f  When  the  sum  of  this  series  is  to  be  determined  in  numbers, 
the  terms  of  it  must  be  carried  to  the  extinction  of  the  oldest  life 
C,  involved  in  the  combination;  at  which  period  all  the  subse- 
quent terms  vanish  because  y,  y,  &:c,  become  equal  to  nothing. 
This  observation  will  apply  to  all  cases  of  combined  lives. 
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\   abc^c    .    ah  else    ,    abclse    ,  apvtSTc   j     ... 

LTr+  J)  +  0  + f r  +  (iTf )'  -^ ^» J  »'" 

be  the  total  present  value  of  the  annuity:  where  n 
in  this  case  denotes  the  number  of  years  between  the 
age  of  the  oldest  of  the  given  lives,  and  the  age  of 
the  oldest  life  in  the  table  of  observations. 


COROLLARY    I. 


5  31.  Now,  when  only  one  life  A  is  concerned,  this 


series  will  become  — 

a 


HI 


(i  +  f)      (i  +  f)'     (1  +  ?)' 
when  two  lives,  A  and  B  are  concerned,  it  will  be> 

ti  I  II II  iiii'i  "1 

au        ,        ab         .         ah         .    ^  tt 

if  we  make  the  italic  capitals  A^  B,  C,  &c,  to  denote 
the  value  of  an  annuity  on  any  single  life  A,  B,  C, 
kc;  and  AB,  AC,  BC,  &c,  to  denote  (he  value  of 
an  annuity  on  any  two  joint  lives  AB,  AC,  BC,  &c ; 
and  ABC,  &c,  to  denote  the  value  of  an  annuity  oa 
any  three  joint  lives  ABC,  &c :  then  in  the  case  of  a 
single  life,  we  shall  have 

■^L(n-i)  ^-  (T+Tr + (-'-+1?  ■■'•  ^M  '^  ^ 

r"       /  H  III  ~j 

6cc  he  'S:c  •  &c  t 
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and  in  the  case  of  two  joint  lives,  we  shall  have 

"11  ■■  'I  III    ;>  "~1 

If       ab  a  I-        .        a  I  „  .„ 


r—        ;  I  :,  II  hi  III 


^[(1 +V  +  (T+l)^  +  0  +  ^)3  +  ^^^  J  =  ^^ 

&c  kc  &c  S:c: 

and  in  the  esse  of  'hree  joint  lives,  we  shall  have 

ij      ale      ,       ttbc      ,      ahc        ,„  ^rtn 

&:c  &c  &c  &c. 

COROr  1  ARY    IT. 

§  32.  Although  there  is  no  method  of  summing  up 
these  terms,  or  of  abridging  the  general  expression  above 
p-iven  for  finding  the  value  of  annuities  on  single  and 
joint  lives,  but  each  respective  term  must  be  actually 
reduced  to  numbers,  and  the  whole  of  them  added 
tQo-ether  in  order  to  determ.ine  the  total  value  of  the 
annuity  ;  yet  in  finding  the  value  of  annuities  on  a 
number  of  single  or  joint  lives,  that  is  on  lives  of 
several  successive  ages,  the  process  may  be  consider- 
ably abridged  by  deducing;  the  value  of  an  annuity 
on  the  next  younger  life  from  the  value  of  an  annuity 
on  a  life  or  lives  ^ach  one  year  older.  For,  let  ABC 
denote  the  value  or  an  annuity  on  any  number  of  joint 
lives  A,  B,  C* :  and  ABC  the  value  of  an  annuity 

*  Tn  the  iVi^-estlgstion  I  shall  confine  the  case  to  three  joint 
lives:  but  it  is  easy  to  see  that  the  n;iethod  is  general,  whatever 
nvimber  be  taken. 
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on  the  same  number  of  joint  lives  each  one  year 
younger  than  A,  B,  C  ;  and  let  a  b  c  &c  be  the  num- 
ber of  persons  hving  at  the  ages  of  those  younger 
lives,  as  found  in  any  table  of  observations :  then,  for 

a  h  c        .        a  i  c       , 
"I     77"; — ^  ~r 


the  very  same  reason  that  —j- 


ab  c 


III  III  III 

ab  c       .     g 
-\-  &C 


+T) 


—  ABC^  we  shall  have  ~A  7r  -A  + 

abc\    (1  •'   --^    ' 


(i  +  f) 

tiplying  the  first  equation  by  abc,  and  the  latter  by 

{\  -\-  a)  a  b c,  vi'e  have 
III 
III  II II II 

whence   ^ BC  Cl  4-  p)  abc  —  abc  —  y^BC  X  abc. 
Ill  ^    I  /  I 

Consequently  y^BC  =  (l-fyif5C)  X  ^^^(l  +  e)"^- 

/  /  I 
whence  the  following  rule  for  finding  the  value  of  an 

annuity  on  any  single  life,  the  principle  of  which  it  is 
easy  to  apply  to  the  case  of  any  joini  lives.  Begin 
with  the  oldest  life  in  the  table  of  observations';  add 
unity  to  the  value  of  an  annuity  on  that  life  (usually 
equal  to  0)  and  multiply  the  sum  by  the  expectation 
of  a  life  one  year  younger  receiving  oi'l  at  the  end  of 
a  year  J  the  product  will  be  the  value  of  an  annuity 
on  the  life  one  year  younger:  this  value  being  sub- 
stituted for  the  value  of  an  annuity  on  the  oldest  hfe, 
and  the  process  repeated,  will  give  the  value  oi  an 
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annuity  on  the  next  youngest  life;  and  so  on  till  we 
come  to  the  age  of  the  given  life.  Now,  though  the 
method  of  deducing  the  value  of  an  annuity  on  any 
given  life  by  means  of  this  formula  is  rather  more  la- 
borious than  finding  the  numerical  value  of  each  term 
of  the  series  given  in  the  last  corollary  ;  yet  ,the  pre- 
sent formula  has  this  advantage,  that  the  several  steps 
of  the  process  give  the  values  of  annuities  on  lives  of 
all  the  ages  between  the  given  life  and  the  oldest  life 
in  the  table  of  observations ;  whence,  the  calculation 
of  the  value  of  an  annuity  on  lives  of  all  those  ages 
becomes  scarcely  more  troublesome  than  the  calcula- 
tion of  the  value  of  an  annuity  on  the  youngest  life. 

§  33.  Example  1 .  Let  it  be  required  to  find  the 
value  of  an  annuity  on  a  liie  aged  90  years,  allowing 
interest  at  the  rate  of  5  per  cent  per  annum,  and  ac- 
cording to  the  probabilities  of  Hfe  in  general  as  ob- 
served in  Siveden. 

Tlie  value  of  an  annuity  on  a  life  aged  96  is  evi- 
dently equal  to  0 : 

aged  95,  =        (1+0)       X   y  X  '9524  =-4762 

94,  =  (H--4762)  X  y   X  -9524  =-5624 

93,  —  (l-f  5624)  X  ~  X  -9524  =  '6764 

92,  ~  (I -f -6764)  X  ^1  X  -9524== '8363 

91,  :=  (I +-8363)  X  ?J   X  -9524=  1-1 129 


90,  ^  (I -[-^•1129)  X  ^     X  -9.524=:  1-4129 
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whence  it  appears  that  the   value  required  is  equal 
to  1-4129*. 

§  34.  Example  2.  What  is  the  value  of  an  an- 
nuity on  the  joint  lives  of  a  man  aged  90,  and  a  wo- 
man aged  84;  reckoning  interest  at  4  per  cent  and 
the  probabilities  of  living,  among  males  and  females 
resprciiidy,  as  observed  in  Sweden  ? 

'^ij  beginning  with  the  oldest  life  in  the  table  of 
observations,  joined  to  another  v.hose  difference  of 
age  is  6  years,  it  will  be  found  that  the  value  of  an 
annuity  on  two  similar  joint  lives  aged  95  and  89  is 
equal  to  0 : 

94and88=      (l  +  O)     X  \    ^   l^X '9615  =  '1S4^S 
93  and  87=  (H--1845)X  ^^j^-^  X -961 5= -3496 

10  V  120 

92  and  86  ;=  (l  +  -3496)X  — ^^-j^  X -9615  = '5827 
91  and  85  =  (1  +  -5821)  X  4P^^  X  -96 15== -7507 

'^         20  X  224 
Id  V  '294. 

90and84=:  (l  +  -7507)X  r^^~  X  •9615==-8629 

Jb  X  299 

Whence,  the  value  of  the  annuity  required  is  equal 
to  -8629.1 

*  Dr.  Price  has  given  incorrect  values  for  annuities  on  lives  in 
general,  according  to  the  table  of  observations  for  Sweden.  See 
Obs.  on  Rev.  Pay.  vol.  ii,  p.  422.  He  has  taken  a  iriean  between 
the  value  of  annuities  on  male  and  female  lives,  which  is  evidently 
erroneous. 

t  In  Tables  XVII  to  XXIV  at  the  end  of  this  work,  the  value."? 
^re  deduced  from  the  probabilities  of  living  amongst  n:ales  and 

D 
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§  35.  But  the  best  mode  of  computing  the  values 
of  annuities  is  by  means  of  logariihms  :  and  the  me- 
thod of  doing  this  will  be  sufficiently  evident  from  an 
inspection  of  the  formula  in  page  31,  and  from  the 
principles  which  have  been  just  laid  down.     For,  since 

JBC=i  {i~{-  JBC)  X  ^]'  (\  +e)"',  it  is  manifest 
III  a  li  c 

I  I  I 

that  Log.  ^B  C  —  Log.  a  +  Log.  b  -\-  Log.  c  -{-  Log. 

Ill  '' 

(1  +  ^y  -f  Log.  (1  -h ^BC)  -  [Log.  a  +  Log.  b  + 

Log.  c]:    whence   the  calculations,   which  appear   so 

laborious  and  intricate  when  2  or  3  joint  lives  are  in- 
volved, are  reduced  to  the  simple  operations  of  addi- 
tion and  subtraction. 

§  36.  In  calculating  the  values  of  annuities  ac- 
cording to  this  method,  the  following  directions  should 
be  observed.  Begin  with  the  oldest  life,  C ;  and 
"5;vrite  down  horizontally  on  a  paper  (divided  into  co- 
lumns as  in  the  annexed  specimen)  the  logarithms  of 
the  number  of  persons  living-  at  the  end  of  n,  (il  —  i), 
(ii — 2),  &c,  years  from  birth  ;  n  denoting  the  number 
of  years  between  birth  and  the  age  of  the  oldest  life  in 
the  table  of  ob^servations.  Then,  proceeding  to  the  next 
oldest  life  B,  write  down  in  a  similar  manner,  under  the 
former,  the  logarithms  of  the  number  of  persons  living 

females  collectively :  but  it  would  be  very  desirable  to  have  tables 
of  the  values  of  annuities  on  joint  lives,  where  the  ages  of  the 
two  sexes  are  kept  distinct  from  each  other.  See  the  note  to  the 
gecond  example  in  Question  IV,  Chapter  XII. 
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at  the  end  of  {n—  A),  (7?— A~l),  (w— A--2),  &c, 
years  from  birth :  A  denoting  the  difference  of  age 
between  B  and  C.  And  so  on  to  the  next  oldest  life, 
according  to  the  number  of  joint  hves  required.  Add 
these  several  perpendicular  values  together,  and  write 
down  under  each  of  them  the  logarithm  of  (1  +  ^)~^« 
This  being  done,  the  subsequent  operations  become 
extremely  easy,  as  will  sufficiently  appear  from  the  fol- 
lowing specimen,  which  shows  the  method  of  obtain- 
ing the  values  of  annuities  on  two  joint  lives  of  all 
ages  whose  difference  of  age  is  10  years;  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living  as 
at  Northampton, 
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§  37.  In  taking  out  these  logarithms  from  the 
Tables,  the  decimal  parts  only  are  to  be  retained  :  and 
the  same  observation  will  apply  to  che  addition  and 
subtraction  of  the  logarithms  in  the  specimen.  No 
error  is  likely  to  arise  from  thus  omitting  the  index, 
because  in  the  last  logarithms  resulting  from  the  pro^ 
cess  (and  which  are  the  logarithms  of  the  values  of 
the  annuity  required  in  line  L)  the  index  when  posi- 
tive never  exceeds  1  ;  and  when  negative  it  cannot 
well  be  mistaken. 

In  every  column,  the  numbers  in  the  lines  D,  E,  F^ 
G,  H,  I,  K,  L,  show  the  process  for  finding  the  value 
of  the  annuity :  and  are  all  that  are  required  for  that 
purpose.  The  last  line  L  shows  the  logarithms  of 
such  values :  and  the  natural  numbers  corresponding 
to  those  logarithms  (that  is,  the  true  values  of  the 
annuity  required)  are  set  down  in  the  line  S.  The 
reason  for  their  being  thus  kept  detached  will  appear 
in  the  sequel ;  v/hen  I  come  to  notice  the  subsequent 
lines  M,  N,  O,  P,  Q,  R  :  and  which,  for  the  present^ 
we  must  suppose  not  to  be  in  existence* 

§  38.  This  specimen  may  be  accommodated  to 
the  calculation  of  the  values  of  annuities  on  single 
lives,  by  striking  out  the  logarithms  in  the  line  E  and 
F.  Or,  it  may  be  accommodated  to  the  calculation 
of  the  values  of  annuities  on  any  ihtee  joint  lives 
ABC,  if  to  the  logarithms  iu  the  lines  D  and  E  we 
add  (in  order  to  obtain  the  line  F)  the  logarithms  of 
the  number  of  persons  living  at  the  end  cf  {71 —  c). 
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{n—  ^  —  1),  (7i—  ^  —  2),  &c  years  from  birth  :  5  de- 
noting the  difference  between  the  age  of  A  and  C. 
Hence  it  is  evident  that,  by  this  method,  the  compu- 
tations of  the  values  of  annuities  on  any  two^  three, 
OY  four  joint  lives,  are  nearly  as  easy  as  the  computa- 
tions of  the  values  of  annuities  on  any  single  lives : 
and  that  the  principal  labour  will  consist  in  taking  out 
the  logarithms  of  the  number  of  persons  living  at  the 
respective  ages;  and  in  finding  the  natural  numbers 
corresponding  to  the  values  in  the  line  L. 

§  39.  It  is  obvious  that  an  error  in  any  one  of 
the  numbers  will  cause  an  error  in  all  the  subsequent 
numbers:  and  therefore,  since  the  detection  of  an 
error  at  the  end  of  the  process  might  be  attended 
with  infinite  trouble,  it  would  be  a  great  satisfaction 
to  be  enabled  to  prove  the  accuracy  of  the  numbers 
in  each  column,  as  we  go  on.  A  method  of  doing 
this  has  been  pointed  out  by  Mr.  Morgan,  in  his 
Doctrine  of  Annuities,  &c,  page  58  j  from  which  I 
have  deduced  the  following  rule. 

§  40.  In  the  horizontal  line  M  write  down  the 
logarithms  of  (I  +  0~^"~^~'\  (^  +  e)~^"~'~'\ 
( ^  "T  ^,)*~^'^~^~    J  &rc*:  5  denoting  the  difference  of 

*  The  best  and  most  expeditious-  method  of  finding  the  subse- 
quent logarithms  of  these  quantities,  after  having  obtained  the  lo- 
garithm  of  (1  -f-  f-)  ~   '"  ~    J  is  to  add  thereto  the  logarithm 
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age  between  the  oldest  and  the  youngest  life  involved. 
Add  these  to  the  logarithms  in  the  line  K  and  set  dowii 
the  sum  of  them  in  the  hne  N :  add  them  also  to  the 
logarithms  in  the  line  I,  and  ^et  down  the  sum  of 
these  in  the  hne  O.  Next  take  our  the  natural  num- 
bers* to  the  logarithms  thus  set  down  in  the  lines  N 
and  O ;  and  place  these  in  the  lin^s  P  and  O  respec- 
tively. Then  if  the  natural  number  in  the  line  Q,  iii 
any  column,  is  equal  to  the  sum  of  the  natural  num- 
bers in  the  lines  P  and  O,  in  the  preceding  column, 
all  the  values  thus  far  have  been  correctly  determined^ 
But,  if  the  first  5  or  6  figures  of  such  number  in  O 
do  not  atiree  with  the  first  .5  or  6  fi.;2:ures  of  the  num- 
ber  in  the  line  R,  in  the  preceding  column,  it  will 
show  that  there  is  some  inaccuracy  in  the  numbers 
employed  since  the  last  proof:  and  consequently,  a 
revision  of  the  process  from  that  point  becomes  ne- 
cessary.f 

of  (l  +  f)   for  each  succeeding  year.     Thus,   in  the  preceding 

specimen,  the  logarithm  of  (1  +  f)~'-"~^~'^,  or  T  1  04)-**, 
is  equal  to  •552l{j5i5  and  the  logarithm  of  r04  is  equal  to 
•0170333;  th-jrefore  -0170333  added  continually  to  •5o2l6'6l,  will 
give  all  the  subsequent  values  in  the  line  M. 

*  In  order  to  take  out  these  logarithms  in  a  proper  manner, 
it  might  seem  necessary  to  retain  the  indices  of  the  lor;arithms 
throughout  the  whole  process:  but,  after  a  short  trial,  the  com- 
putist  will  lind  that  he  is  not  likely  to  be  led  into  any  error  by 
omitting  them,  and  that  it  will  save  much  tuiio  and  labour  if 
he  reject  them  altogether. 

-f  In  revising  the  process  here  alluded  to,  it  will  be  necessary 
to  examine  the  numbers  in  the  lines  N,  P,  R,  S^  in  the  preceding 
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§  41.  Now,  though  the  labour  of  computing  the 
values  of  annuities  on  any  lives  is  somewhat  increased 
by  this  method  of  proceeding,  yet  the  additional  trouble 
is  more  than  compensated  by  the  satisfaction  which 
results  from  a  knowledge  of  the  accuracy  of  the  values 
obtained ;  as  well  as  by  the  time  and  labour  which  are 
saved  in  consequence  of  detecting  every  error  as  it 
arises. 

§  42.  I  have  entered  thus  fully  into  the  best 
method  of  deducing  the  values  of  annuities  on  single 
and  joint  lives,  because  we  are  still  in  want  of  many 
accurate  tables  upon  this  subject,  not  only  to  complete 
those  we  are  already  possessed  of;  but  more  particu- 
larly some  new  ones  founded  on  the  probabilities  of 
life  in  this  country  as  observed  amongst  annuitants 
only^  and  also  on  the  probabilities  of  life  as  observed 
in  the  kingdom  at  large.  Such  tables  would  be  ex- 
tremely valuable  for  general  use ;  but  the  trouble  of 
calculating  them,  even  with  the  aid  of  logarithms,  is 

column;  the  numbers  in  the  lines  D,  E,  F,  in  the  subsequent 
column;  and  the  numbers  in  the  lines  G,  H,  I,  K,  L,  M,  O,  Q, 
'm  the  column  where  the  proof  is  found  to  fail. 

Dr.  Price  observes  (Obs.  on  Rev.  Pay .  vol.  i.  p.  218)  that  in 
calculating  the  last  value  (that  is,  when  wc  come  to  the  age  of  the 
youngest  life  in  the  table  of  obser\  ations)  this  proof  will  change 
into  a  new  proof,  veriiying  all  the  preceding  values.  This,  how- 
ever, is  not  the  case:  the  rule  which  he  has  given  for  this  purpose 
is  still  the  same  proof  ditferently  worded;  and,  in  common  witk 
each  proof  in  its  respective  column,  verifies  all  the  preceding 
values. 
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SO  great  that  few  individuals  (were  they  possessed  of 
sufficient  data^  whereon  to  proceed)  would  be  dis- 
posed to  undertake  so  laborious  a  task :  and  it  unfor- 
tunately happens  that  those  Societies^  whose  province 
it  seems  more  peculiarly  to  be  to  patronize  an  under- 
taking of  that  kind,  would  find  little  interest  in  giving 
the  public  any  additional  information  on  this  subject. 

§  43,  At  the  end  of  the  present  work  I  have  in- 
serted a  collection  of  ail  the  tables  of  the  values  of 
annuities  on  single  and  joint  lives,  that  have  hitherto 
been  published*  :  from  which,  the  computist  may 
select  such  as  appear  to  relate  more  particularly  to 
the  cases  laid  before  him.  Or,  he  may  occasionally 
make  use  of  them  all,  according  to  the  condition, 
situation,  and  circumstances  of  the  parties  concerned. 
The  use  and  application  of  these  tables  will  be  more 
fully  explained  in  the  last  chapter. 

COROLLARY    Ill.f 

§  44.  By  means  of  the  general  expression  in  the 
problem,  for  finding  the  value  of  an  annuity  on  any 

*  Tables  V  to  XIII  are  (by  permission  of  Baron  Maseres) 
taken  from  his  valuable  Treatise  on  Annuities:  Tables  XVI  to 
XXIV,  and  from  XXVII  to  XLIV  are  taken  from  Dr.  Price's  Ob- 
jeryaifows  on  J?eu, Pay .  vol. ii. edit.  1 803  :  TablesXLVII  and  XLVIH 
are  taken  from  Mr,  Simpson's  Treatise  on  Annuities.  Table  XLIX 
is  taken  from  Mr.  Dodson's  Mathematical  Repository,  vol.  ii :  and 
Table  L  is  taken  from  Dr.  Price's  work  above  mentioned. 

f  Price,  Note  (B).     Simpson's  Sup,  Prob.  IS. 
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given  lives,  we  may  determine  the  value  of  a  Deferred 
life  annuity;  that  is,  of  an  annuity  which  is  not  to 
commence  till  the  end  of  a  given  number  of  years 
(  =  «)  provided  the  given  lives  are  then  in  being,  and 
to  continue  from  that  period  to  the  extinction  of  such 
given  lives.     For,  let  A,  B,  C,  &c,  be  the  given  lives; 

/      ;;     m  i       ii      iii  i     ii    ill 

andleta,  a,  a,  a,  &c;  (3,  [3,  fi^,  (3,  &c;  y^y^y,-/^  kc;Szc 
denote  the  number  of  persons  living,  according  to  any 
table  of  observations,  at  the  end  of  ji,  (ji  -\-l)j(n-\-  2), 
(w-fS),  Sec,  years,  from  the  several  ages  of  A,  B,  C, 
&c,  respectively,  as  explained  in  §  23:  then  will  the 
value  of  an  annuity  on  the  Hves  ABC&c,  be  ex- 
pressed by  the  following  series,  — v-t-t-  X      —, — — r  + 

*  •'  °  abc  C5C         L  (^  +    ) 

abc  <3c        abc  Z3c  apy  C5>c  o.py  '^^ 


III  nt  III 


(l+f)  (1  +  ?) 


4"  °^      5  -f  2cc     ;    where   the  first  part  is  to  be 

(1  +  ?)"'"  J 

continued  to  n  terms,  and  where  the  latter  part  (or 

that  which  is  deferred)  is  to  be  continued  to  the  ut- 
most extent  of  human  life.     Consequently  this  latter 


m  I'l  III 


apy  C5 c  apy  tie     . 

('l+f)  (!+.') 


part,  or  the  series  —, — t-t  X 

*  ^  n  tic    <SC 

will  express  the  value  of  an  annuity 
to  be  entered  on*  at  the  end  of  n  years ;  and  the  sum 


*  The  first  payment  of  which,  however,  will  not  take  place  till 
the  end  of  the  (;i+  1)"  year.  See  my  Doctrine  of  Interest  ajid 
Annuities,  p.  G5,  note. 
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of  which  I  shall  denote  by  (^BCkc)  .*  Now,  if 
we  have  tables  of  the  values  of  annuities  on  single 
and  joint  lives  of  all  ages,  we  may  easily  deduce  the 
value  of  this  series  ( without  the  actual  calculation  of 
each  separate  term)  from  the  value  of  an  annuitij  on 
the  same  number  of  lives  each  n  years  older  than  the 
given  lives.  For,  if  this  latter  value  be  denoted  by 
A  BC'hc,]  we  shall    have,    according  to  the  prin- 

*  Care  should  be  taken  not  to  mistake  the  new  character,  here 
introduced,  for  the  index  of  the  quantity  within  the  vinculum. 
In  the  doctrine  of  annuities,  the  notation  is,  in  several  instances, 
different  from  that  of  the  common  analysis  of  quantities  :  for  in- 
stance, the  juxtaposition  of  the  letters  ABC  &c,  does  not  denote 
the  multiplication  of  the  quantities  represented  by  those  letters, 
because  those  letters  jointly  represent  but  one  quantity  5  neither 
does  A  ,  as  used  by  Mr.  Morgan,  denote  the  x\h  power  of  an 
annuity  on  the  life  of  A.  These  new  methods  of  notation,  after 
a  proper  explanation,  do  not  cause  any  ambiguity;  as  will  be 
readily  felt  by  those  who  are  acquainted  with  the  Differential  and 
Integral  Calculus :  and  witii  respect  to  the  symbol  here  intro- 
duced, I  would  observe  that  (similar  to  the  like  character  in  the 
Differential  Calculus)  it  does  not  altogether  represent  a  quantity, 
but  merely  an  operaiion.  This  operation  consists  in  substituting, 
for  the  value  of  an  annuity  on  the  given  lives  within  the  vinculum, 
the  value  of  an  annuity  on  the  same  number  of  lives  each  older 
by  the  given  term,  and  in  multiplying  the  same  by  the  expectation 
that  the  original  lives  will  receive  ^^"1  at  the  end  of  that  term. 

f  I  would  here  observe  that  I  denote  the  value  of  ;in  annuity  on 
a  life  n  years  older  than  A,  B,  C,  Sec,  by  the  characters  A\  R,  C, 
&c:  and  on  two  joint  lives,  eich  n  yeais  older  than  AB,  AC,  BC, 
&c;  by  the  characters  J'B\A''C%  E'C,  &c:  and  on  three  jnini 
lives,  each  n  years  older  than  Ai  C,  5:c,  by  A^E'C,  i<c. 
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ciples    laid     down    In   the     problem,    AB  Che  = 

therefore,    multiplying  both    sides    of   this  equation 
by    ^|1^  (H-^)""",   we   produce  J'BCkc  X 

"■^J^'  (1  +p)~"  ^  iABCkcfi-  whence  the  fol- 
lowing  general  rule. 

§  45.  i^/;/6?  i'Ae'  z;«/we  o/rt??.  annuity  on  the  same 
numbe?-  of  lives,  each  as  many  years  older  than  the 
given  lives  as  are  equal  to  the  number  of  years  du- 
ring which  the  annuity  is  deferred;  Jind  also  the  ex- 
pectation* of  the  given  lives  receiving  Jj\  at  the  end 
of  that  term:  the  product  of  these  two  quantities  will 
be  the  value  required,^ 

*  The  expectation  of  receiving  any  sum  of  money  at  the  end 
of  any  given  term  is  equal  to  the  present  value  of  such  sum  mul- 
tiplied by  the  probability  that  the  given  lives  will  continue  in  being 

,      ,  ,       afoylifc       .         s— "       r.      >^, 

so  long:   that  is,  equal  to  —  r^r^  -  X  (1  +  f)       -      See  Chap.  T, 

§  5  and  6. 

f  The  periods  for  which  any  annuity  may  be  deferred,  and  the 
variety  of  ages  with  which  the  same  may  be  combined,  would 
render  it  an  endless  labour  to  compute  a  table  of  the  value  of  de- 
ferred life  annuities  to  suit  evc-ry  case.  Mr.  Baron  Maseres  has 
given  a  partial  table  of  this  kind,  which  shows  the  present  value 
of  annuities,  on  single  lives,  to  commence  at  the  end  of  thirtij 
years,  adapted  to  every  ag#f  from  3  to  64  years,  founded  on 
M.  De  Parcieux's  tables  of  observations,  and  at  the  several  rates  of 
3§,  4,  4~,  and  5  per  cent  interest.  See  his  Doctrine  of  Annuities, 
p.  283  to  2S7. 
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For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  VI  in  Chapter  XII, 


COROLLARY    IV.* 

§  46.  By  the  help  of  the  series  in  the  last  corollary 
we  may  determine  the  value  of  a  Te7nporarij  life 
annuity ;  that  is,  of  an  annuity  which  is  to  commence 
immediately,  but  to  continue  only  for  a  given  number 
of  years  {=^n)  which  is  less  than  that  to  which  it  is 
possible  that  the  given  life  or  lives  may  extendi,  and 
then  to  cease.     For,  supposing  every  i.ning  to  remain 

as  in  the  last  corollary,  it  is  evident  that  the  first  n 

'III 
ab c  ijfc 


terms  of  the  series  there  given,  or  — ,  -r—  x     —  + 

will  be  the 


fib  c  (3  c  ^.    a  b  c  Iffc  _.  '^  P  y  ^'c 

value  of  the  temporary  annuity  required,  and  which 
I  shall  denote  by   (^^BC&c)  .|     Now  by   means  of 

*  Simpson's  Snp.  Prob.  6.  De  Moivre,  Piob.  26,  Morgan, 
Prob.  4.     Dodson,  vol.  iii.  Ques.  2^  7)  and  10. 

f  This  is  always  understood  in  cases  of  this  kind  :  and  it  may- 
be here  useful  to  remark  that  the  term  during  which  it  is  possible 
any,  given  life  maybe  prolonged  is  equal  to  the  difference  between 
the  age  of  that  life,  and  the  age  of  the  oldest  life  in  the  table  of 
observations.  In  the  case  of  joint  lives,  it  is  equal  to  the  difference 
between  the  oldest  of  such  joint  lives,  and  the  age  of  the  oldest 
}ife  in  the  table  of  observations. 

J  Agreeably  to  what  has  been  said  in  the  note  in  page  43,  the 
reader  must  be  careful  not  to  mistake  this  ciuuacter  for  the  index 
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the  tables  above  mentioned,  we  may  easily  deduce  the 
value  of  this  series  without  the  actual  enumeration  of 
its  several  terms :  for,  it  is  evident  on  inspection  that 
the  value  of  the  first  n  terms  of  the  series  in  the  last 
corollary  is  equal  to  the  value  of  the  whole  series 
miiius  the  sum  of  all  the  terms  after  the  n*^  term. 
But  the  sum  of  all  the  terms  after  the  n^  term  has 
been  found,  by  the  last  corollary,  to  be  equal  to 
(^ABChc)  :  consequently  the  sum  of  the  first  n  terms 
is  equal  to  ABCkz  —  ^ABChc)  j  whence  the  fol- 
lowing rule. 

§  47.  Find  the  value  of  an  annuity  on  the  given 
lives  deferred  during  the  'given  period,  and  deduct 
this  value  from  the  value  of  an  annuity  on  the  given 
lives:  the  difference  ivill  be  the  value  required. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  VII  in  Chapter  XII. 

COROLLARY    V. 

§  48.  By  a  similar  method  of  reasoning  we  may 
find  the  value  of  a  Deferred  and  Temporary  life  an- 
nuity; that  is,  of  an  annuity  which  is  not  to  com- 
mence till  the  end  of  a  given  number  of  years  (  =  7?), 

of  the  quantity  within  the  vinculum.  For,  the  symbol  here  intro- 
duced denotes  also  rather  an  operaimi  to  be  performed :  and 
which  operation  consists  in  substituting,  for  the  original  quantity, 
the  difference  between  such  quantity  and  the  new  one  found  by 
the  method  laid  down  in  the  note  above  alluded  to. 
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and  then  to  continue  only  during  another  period  (=  v\ 
which  is  less  than  that  to  which  it  is  possible  the  given 
lives  may  the}i  be  prolonged.  And,  from  what  has 
been  said  in  the  third  corollary,  the  truth  of  the  fol- 
lowing rule  will  be  evident. 

§  49.  From  the  value  of  an  aniauty  on  the  given 
lives,  deferred  for  the  term  n,  subtract  the  value  of 
the  same  annuity  on  such  lives,  deferred  for  the  term 
(«  -\-  v) :  the  difference  -will  be  the  sum  of  the  required 
V  terms  of  the  series,  or  the  value  of  the  annuity 
proposed. 


COROLLARY    VI.* 

§  50.  If  the  annuity  is  to  be  enjoyed  for  a  term  cer- 
tain (  =  n),  and  after  that  during  the  continuance  of 
any  given  lives,  its  value  will  be  expressed  by  the  fol- 
lowing series  T--—r+7--Ti+7— —3+ — ~A- 


^  (i+?)  '  (i  +  ?r  '  (1  +  ?) 


ale  is'c 


/  '  /  //  /■•  1/  III  I'  III 


n 


a  (oy  &c    .    a  |3  y  iSfc     .    a  /3  7  tfc         ^ 
n — ::+CCC 


,  n  +  1    '  ,  M  -(-  2     '  .  7i  +  3 


But,  the  first  n  terms  of  this  series,  or  — 


n 


to  the  present  value  of  an  annuity  of  ,£l  per  annum 
fpr  n  years ;  and  the  remaining  part  of  the  series  is, 

*  Morgan^  Prob.  15. 
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by  the  third  corollary,  equal  to  (^BCkc)  :  whence 
the  following  rule. 

§  51.  To  the  present  value  of  an  annuity  certain 
for  the  given  term,  add  the  value  of  an  annuity  on  the 
given  lives  deferred  for  that  term :  the  sum  will  he 
tJie  ansiver  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXII  in  Chapter  XII. 


COROLLARY    VII. 

§  52.  If,  in  the  general  expression  for  the  value 
of  an  annuity  on  a  single  life  A,  we  suppose  ^  to 
vanish,  or  that  money  does  not  bear  any  interest ; 
then  will  such   expression  be  reduced  to  the   series 

—(a  -\-a-\-a-\-  &c),  and  which  is  the  value  of  an  an- 
nuity on  the  life  A  considered  as  a  yearly  annuitant 
without  interest  of  money:  whence  the  following  rule. 
Divide  the  sum  of  all  the  living,  at  every  age  after  the 
age  of  the  given  life,  by  the  number  of  persons  living 
at  that  age  J  and  the  quotient  will  be  the  value  re- 
quired. 

In  a  subsequent  chapter  I  shall  show  that  we  must 
add  ^  or  -f  to  the  value  thus  found,  in  order  to  obtain 
the  value  of  a  similar  annuity  on  the  life  A  considered 
as  a  half  yearly  or  quarterly  7Lm\\n\.diliX* '.  but  wheii 

*  See  Chapter  X, 
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the  life  is  considered  as  a  momently  annuitant,  we 
must  add  4-  to  such  value.  In  this  last  case  the  re- 
quired value  coincides  with  the  sums  of  the  probable 
lities  that  such  life  will  attain  to  the  end  of  the  V^,  2"'^, 
3'''*,  &C,  moments  from  the  present  time  to  the  end  of 
its  possible  existence:  and  is  the  same  with  what  is 
denominated,  by  writers  on  this  subject^  the  Expecta' 
tion  of  Life-,  or  the  number  of  years  which,  taking 
.  lives  of  the  same  age  one  vi^ith  another,  any  one  of 
those  lives  may  be  considered  as  sure  of  enjoying ; 
those  who  live  beyond  that  period,  enjoying  as  much 
more  in  proportion  to  their  number,  as  those  who  Jail 
short  of  it  enjoy  less.  Consequently  the  rule  for 
fmding  the  Expectation  of  Life  will  be  as  follows. 

§  53.  Divide  the  sum  of  all  the  living,  at  every 
age  after  the  age  of  the  given  life,  by  the  number  of 
persons  living  at  that  age:  ha  f  unity  added  to  the 
quotient  ivill  be  the  value  required. 

§  54.  As  we  may  sometimes  have  occasion  to  deter- 
mine this  value  in  order  to  compare  the  probabilities  of 
life,  or  the  values  of  annuities,  according  to  different 
tables  of  observations,  as  well  as  for  various  purposes  of 
approximation  to  be  explained  hereafter,  I  have  here  in- 
serted the  rule  for  finding  such  values  according  to  any 
table  of  obser'^atlons.  But  in  Table  II  at  the  end  of 
the  present  treatise,  I  have  given  the  Expectation  of 
Life  for  every  ffth  year  as  deduced  from  the  several 
tables  of  observations  mentioned  in  page  9 :  and  m 

s 
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Tables  IV,  XV,  XXVI  and  XLVI,  I  have  given  the 
Expectations  of  Life  for  everi/  year,  as  deduced  from 
the  tables  of  observations  immediately  preceding*. 

PROBLEM  Il.t 

§  55.  To  find  the  value  of  an  annuity  granted 
upon  the  longest  of  any  number  of  lives;  that  is,  for 
as  long  as  any  one  of  them  is  in  existence. 

SOLUTION. 

Let  A,  B,  C,  Sec,  be  the  lives  upon  which  the  an- 
nuity is  granted^  and  let  the  probability  of  each  life 
continuing  1,2,  3,  &c,  years,  be  as  denoted  in  §  23: 
then,  the  probability  that  some  one  or  other  of  these 
will  live  to  the  end  of  the  first  year  will  (by  §  26)  be 

expressed  by  1  — (l  — -^)  X  (l  —  y)  X  (l  — -7)  X  &c 

/        /        /  I /       I t       I  t  III 

a    .    h    .    c    .     „  ah       a  c        Ic        „        ,    ah  c    , 

—  — y---\ yuc —   -„-^ &c  +  -y--h 

a    '     0        c  ab        ac        be  a  be 

vcc  ;  which,  being  multiplied  by  (1  +  f)~',  or  the  pre- 
sent value  of  £1  certain  to  be  received  at  the  end  of 
one  year,  will  give  the  present  value  of  the  first  year's 
rent,  or  the  expectation  of  receiving  such  sum  on  the 

*  I  would  here  observe  that,  according  to  the  hypothesis  of 
M.  De  Moivre,  which  will  be  explained  hereafter,  the  expectation 
of  any  single  life  is  eqnal  to  half  the  complement  of  that  life:  coni- 
sequently  the  Complement  of  any  life  is  equal  to  twice  the  Expec- 
tation of  that  life.  This  mode  of  expression  is  sometimes  used, 
even  when  speaking  of  values  deduced  from  real  ohservations. 

t  Simpson,  Prob.  2.  De  Moivre,  Prcb.  4  and  5.  Dodsorr, 
yol.  ii.  Ques.  76  to  SC  :  vol,  iii,  Ques,  14, 
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contingency  that  any  one  of  the  lives  continues  to  the 
end  of  the  first  year.  In  Hke  manner,  since  the  pro- 
bability thst  some  one  or  other  of  the  lives  will  live 

to  the  end  of  the  second  year  isl  —  (l )>^(^  —  t) 

//  //  /;  /;  // '/  'I  V         I'  n 

t.         C\         t,  a    ,    I    ,    c     ,    „  ab        ac        be 

xfi )X  &c=-+-y-H h&c— -7 7- 

V  c  /  a        b         c  aO        ac        be 

II  It  n 

—  &c  -j 1-  &c  J  it  follows  that  if  this  expression 

be  multiplied  by  ( 1  +  ^)~'*,  or  the  present  value  of  £l 
certain  to  be  received  at  the  end  of  two  years,  it  will 
give  the  present  value  of  the  second  year's  rent,  or  the 
expectation  of  receiving  such  sum  on  the  contingency 
that  some  one  or  other  of  the  lives  will  live  to  the  end 
of  the  second  year.     By  the  same  method  of  reason- 

ing  it  will  be  found  thatl  —  (l— ^)  x  [l  —  -r)  X 

/'/  ///      //'       III  III  III     III  III      III  III 

(l_^W&c  =  -^+4-+^  +  &c-4-— — ^^ 

»  CI  a        b         c  abac         be 

III  III  III 

-^  &c  +  ^~r^  +  kc,  being  multiplied  by   (l  -\-^y% 

Nvill  give  the  present  value  of  the  third  year's  rent,  or 
the  expectation  of  receiving  such  sum  on  the  contin- 
gency that  some  one  or  other  of  the  lives  will  live  to 
the  end  of  the  third  year.  And  so  on  for  all  the  sub- 
sequent years,  to  the  utmost  extent  of  human  life: 
the  sum  of  all  which  expectations,*  or  the  series 

*  When  the  ages  of  the  given  lives  differ,  the  number  of  terms 
composing  those  several  series  will  also  differ :  but,  I  would  here 
observe,  once  for  all,  that  in  every  case  of  combined  lives  the 
terms  must  be  continued  to  the  extinction  of  the  oldest  life  in- 

B  2 


(1+?) 
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\_a    '    ^    '    c    '  ah      ac      be  abc  _j 


(l+^)'-[_a   '    i    '    c  ab      ac      b  c  '   aOc  _J 

I—  /;/  /'/  «(  W  /'/        /;/  ///        III  III  III  III  III  I 

1       \    a    ,    h    ,    c    ,    ^  ah      ac      be       ^       .  a  b  e    .    .       \    , 

(l-K?)  L*^        ^    '    c    '  ah      ac      be  abc    '         _}  ' 

&c  &c  &c 

will  be  the  total  present  value  of  the  annuity  required. 

§  56.  But,  the  first  collateral  column  in  this  ge- 
neral expression  denotes  the  value  of  an  annuity  on 
the  life  A  ^  the  second  denotes  the  value  of  an  an- 
nuity on  the  life  B  ;  the  third  denotes  the  value  of  an 
annuity  on  the  life  C  ;  &c.  In  like  manner,  the  fourth, 
fifth  and  sixth  collateral  columns  denote  the  values  of 
an  annuity  on  the  joint  lives  AB,  AC,  BC,  &c  re- 
spectively :  and  so  on.  Whence,  if  we  substitute  for 
these  respective  values  the  characters  mentioned  in 
Prob.  I,  cor.  1 ,  the  whole  expression,  or  the  sum  of  all 
the  terms  in  the  above  series,  will  become  equal  to 
j^B+C-\-kc-'^4B-^C-BC-  kc-\-^BC  + 
&c :  consequently,  the  value  of  an  annuity,  to  continue 
as  long  as  any  one  of  the  given  lives  is  in  existence;,  is 
equal  to  the  sum  of  the  values  of  an  annuity  on  all 
the  single  lives,  minus  the  sum  of  the  values  of  an 
annuity  on  all  the  joint  lives  combined  two  and  two, 

volved  in  the  combination;  or  universally,  each  series  must  be 
eontinued  till  the  terms  vanish,  which  will  happen  when  either  of 
the  lives  involved  in  such  series  has  arrived  at  the  extremity  of 
human  life. 
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plus  the  sum  of  the  values  of  an  annuity  on  all  the 
joint  lives  combined  three  and  three,  minus  the  sum 
of  the  values  of  an  annuity  on  all  the  joint  lives  com- 
bined four  and  four ;  and  so  on.  Therefore,  when 
the  values  of  an  annuity  on  the  single  and  joint  lives 
are  given,  the  value  ot  an  annuity  on  the  longest  life 
may  be  very  easily  determined:  and^  for  the  sake  of 
a  more  convenient  reference,  I  shall  take  L  to  denote 
the  value  found  by  this  rule  ;  the  number  of  lives, 
■which  it  is  intended  to  represent,  being  always  ex- 
plained when  the  character  is  used. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Questions  VIII  and  IX  in  Chapter  XII. 

COROLLARY    I.* 

§  57.  If  the  lives  are  all  equal,  or  of  the  same 
age  A,  and  their  number  be  represented  by  n ;  then 
the  probability  that  some  one  or  other  of  such  lives 
will  continue  to  the  end  of  the  first,  second,  third, 
&c,  years  respectively,  will  be  severally  denoted  by 

these  quantities  be  severally  expanded  by  means  of  the 
binomial  theorem,  in  order  to  reduce  them  to  simple 
terms,  and  then  be  respectively  multiplied  into  the 
present  value  of  Jl\  due  at  the  end  of  those  years; 
the  sum  of  them,  or  the  series 

*  Dodson,  vol.  ii.  Ques.  78,,  85  and  S6: — Vol.  iii.  Ques.  II. 
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r"     '  '  '       /      s          '  '  '  ~1 

a  n.(n—l)  aa  ,  n.(n—l)  n—2  aaa  „          , 

L_c  2         aa  '         2            Sana  _J' 


(l+f) 


p       //  //  //                   .               '/  "  "             ~\ 

1                a  ??.(«—!)  aa   .n.{n~l)  n—2  a  g^ ^          , 

Ia+Wu"^  2         aa"'         2       ""3    'aaa          ^J 

1                a  7?.(n— 1)  aa  ,  n.{7i—\)  n—2  aaa       ^           , 

(T+^L     7"  2         ca  "^        2            3      aca            J  ^^ 

&c  &c                             Sec             ^ 
will  be  the  total  present  value  of  the  annuity  recruited. 


§  53.  Whence  (if  we  take  u'lJ,  AAA,  &c,  to  der 
note  the  value  of  an  annuity  on  two,  three,  &c,  equal 
joint  lives)  it  is  manifest  that  the  value  of  an  annuity 
on  the  longest  of  any  number  of  lives,  all  equal  to  A^ 

,vm  be  nJ-''-:^AA  +  "-^M^AAA-kc. 

Therefore,  if  the  number  of  lives  be  two,  this  ex- 
pression will  become  lA—AA\  if  three,  it  will  be- 
come sA  —  sAA-\-AAA\  if  four,  it  v/ill  become 
4A—  (yAA  -f  4tAAA  —  A  AAA ;  and  so  on. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  VIII  in  Chapter  XII. 


COROLLARY     II. 

§  59.    If  v/e  wish  to  determine  the  value  of  an  an- 
nuity on  the  longest  of  any  number  of  livesf,  Deferred 

*  Dodson,  vol.  iii.  Ques.  13  and  15. 

f  The  investigations  in  the  present  corollary  are  confined  to 
fhe  case  of  thiet-  lives:  but  it  is  easy  to  apply  tlie  same  method  of 
reasoning,  whatev.er  be  the  number  of  liyes  involved. 
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for  a  given  term  (=  7z),  it  will  be  evident  (from 
what  has  been  said  in  Prob.  I,  cor.  S)  that  the  several 
perpendicular  series  in  page  52  must  not  commence 
till  after  the  ?z'^  term  ;  and  thence  be  continued  to  the 
utmost  extent  of  human  life.  Consequently,  the  re- 
quired value  of  such  deferred  annuity  will  be  equal  to 

(^JIBC)  :  an  expression  which  I  shall,  for  the  sake  of 

a  more  convenient  reference,  denote  by  (/>)  .  Now, 
if  for  each  of  these  several  quantities  we  substitute  its 
corresponding  value,  agreeably  to  the  principles  laid 

down  in  page  44,  the  formula  denoted  by  (L)  will  be- 
come equal  to  ^'X -^(l+f)~''+^'X  y(  I -fp)~"+ 

(l+f)""  •  which  is  an  expression  more  convenient 
for  practice;  and  from  either  of  which  we  deduce  the 
following  rule. 


§  60.  Subs.'itutc  the  values  of  deferred  annuities 
on  the  single  and  joint  lives,  in  the  general  ride  in 
the  problem,  instead  of  the  values  of  annuities  on  the 
whole  continuance  of  those  lives ;  and  proceed  ivith 
these  substituted  values  according  to  the  direciio  }s 
given  in  such  rule  :  the  result  nill  re  the  amirer  re- 
quired. 
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For  examples  of  the  use  and  application  of   this 
corollary,  see  Question  XI  in  Cl-apter  XII. 


60ROLLARY  III. 

§  61.  If  an  annu'ty  on  the  longest  of  any  num^ 
ber  of  lives,  deferred  for  any  given  term,  depends  on 
the  joint  continuance  of  all  those  lives  to  the  end  of 
that  term;    the   value  of  it  will  be    equal  to  Vx 

— T— (l+f)      *.  that  is,  equal  to  the  value  of  an  an.. 

nuity  on  the  longest  of  the  same  number  of  lives,  each 
older  by  the  given  term  than  the  given  lives,*  multi* 
plied  by  the  expectation  that  the  joint  lives  shall  re- 
ceive £,\  at  the  end  of  that  term  :  and  this  case  must 
be  carefully  distinguished  from  the  one  mentioned  in 
the  preceding  corollary. 

*  Upon  the  same  principle  that  I  have  taken  {ABC^c)  and 
{ABC^c)  ,  in  Prob.  I,  cor,  3  and  4,  to  denote  the  value  of  a  defer- 
red and  temporary  annuity  on  the  joint  lives  ABC&c,  I  shall  take 
(Z/)  and  (L)  as  the  expressions  for  the  value  of  a  deferred  and 
temporary  annuity  on  the  longest  of  those  lives.  Having  also  taken 
A'B'C'^c  to  denote  the  value  of  an  annuity  on  the  san'ie  number 
oi joint  lives,  each  older  by  the  given  term  than  the  lives  ABC  &c, 
I  shall  in  like  manner  take  U  as  the  expression  for  the  value  of 
a  similar  annuity  on  the  longest  of  such  lives.  This  method  of 
notation  will  be  found  very  convenient  in  many  of  the  subsequent 
problems  :  and,  being  very  simple  in  its  principle,  will  not  cause 
any  confusion  or  intricacy  from  its  novelty.  The  iiumler  of  lives 
denoted  by  L  will  be  always  mentioned  whenever  the  character  is 
used:  as  1  have  already  observed  in  page  53. 
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For  examples  of  the  use  and  applicaticn  of  this  co- 
rollaiy,  see  the  Scholium  to  Question  XI  in  Chapter 
XII. 


COROLLARY    IV. 

§  62.  Having  found,  by  means  of  the  second  co- 
rollary here  given,  the  value  of  a  deferred  annuity  on 
the  longest  of  any  number  of  lives,  we  may  easily  de- 
termine the  value  of  a  Temporary*  aruiuity  on  the 
longest  of  such  hves:  it  being  nothing  more  than  the 
difference  between  the  value  of  such  deferred  annuity 
and  the  value  of  a  similar  annuity  on  the  whole  con- 
tinuance of  the  lives,  as  found  by  the  problem.     That 

is,  the  formula  L—{L)  will  in  all  cases  denote  the 
value  of  such  temporary  annuity :  similar  to  what  takes 
place  with  respect  to  joint  lives,  as  already  explained 
in  page  46. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  XII  in  Chapter  XII. 

*  That  is,  of  an  annuity  which  is  to  commence  immediately, 
but  to  continue  only  during  a  given  number  of  years  (  =  ;/)  which 
is  less  than  that  to  v/hich  it  is  possible  either  of  tl\e  given  lives  ma' 
extend.  Therefore  such  term  must  not  be  greater  than  the  dif- 
ference between  the  age  of  the  youngest  life  involved,  and  tj.e  iige 
of  the  oldest  life  in  the  table  of  observations:  for,  in  such  case, 
the  value  is  found  by  the  Problem.  See  what  has  been  said  re- 
specting Single  and  joint  lives  in  the  note  in  page  45. 
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PROBLEM  IIL* 

§  65,  To  find  the  value  of  an  annuity  granted 
upon  any  number  of  lives,  but  to  continue  only  as 
long  as  any  number  (^z=zn)  of  them  are  in  being  to- 
getiier. 

SOLUTION, 

Let  the  lives  on  which  the  annuity  is  granted  be 
A,  B,  C,  &c :  and  the  probability  of  each  life  con- 
tinuing 1,  2,  3,  &;c,  years  be  as  denoted  in  §  23.  Now 
if  we  confine  this  case  to  that  of  an  annuity  granted 
upon  three  lives,  and  to  continue  as  long  as  any  tivo 
of  them  (viz.  AB,  AC^  or  BC)  are  in  being  togetherf, 
it  is  evident  that  the  chance  of  the  annuity  being  re- 
ceived in  any  one  year  will  depend  upon  either  of 
these  four  different  events:  1°  that  all  the  lives  con- 
tinue in  being  together  to  the  end  of  that  year,  the 

probability  of  which  in  the  first  year  is — r— :  2°  that 

A  and  B  are  then  alive  and  C  dead,   the  probability 

of  which   in  the  same'  year  is  — y  X  (l  — ~):  3°  that 

A  and  C  are  then  alive  and  B  dead,  the  probability 


;    / 


of  which  in  the  same  year  is      '  X  ( 1  — -r):    4°  that 

*  Simpson,  Prob.  3.  Morgan,  Prob.  7-  Dodson,  vol.  ii.  Ques.  8/. 

f  All  the  cases  of  two  lives,  and  likewise  the  remaining  cases 

cf  three  lives,  niJty  be  solved  by  means  of  the  preceding  problems. 
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B  and  C  are  then  alive  and  A  dead,  the  probability 

ic  a 

of  which  in  the  same  year  is  -r-  X  ( 1  ■ ) .      The 


a  V  c     ,    a  0 


sum  of  all  these  chances,  therefore,  or j — rX 

au  c         all 


(i_A)+-x  (i-T)+r  X  (1-^)=^+^+ 

V  c  '       ac      ^  b  I       be      ^  a  '       ah       ac 

I  I         I  I  I 

§3  i*  ^  ft.   11   P 

— ,  being  multiplied  by  (l  -j-  ^)"*  will  giye  the 

present  value  of  the  first  year's  rent,  or  the  expecta- 
tion of  receiving  such  sum  on  the  contingency  that 
any  two  of  the  original  lives  will  outlive  the  first  year. 

By  a  similar  method  of  reasoning  it  will  be  found  that 

II  I'l     II II     II II       II  'I  II 

^^+«-c+^c-7I7'  multiplied  by  (l-f  e)  \  vviU  give 
the  present  value  of  the  second  year's  rent,  or  the 
expectation  of  receiving  such  sum  on  the  contingency 
that  any  two  of  the  original  lives  will  outlive  the  se- 

III  HI         II.  Ill  III  III  III  III  III 

1  ti         ,     ^  ab  ,  ac  .  b  c      2a  be  ,.,., 

cond  year.     Also  that  -r-f — \-- — ,  multiplied 

by  ( 1  -j-  fr^y  will  give  the  present  value  of  the  third 
year's  rent ;  and  so  oq,  for  4II  the  subsequent  years  to 
the  utmost  extremity  of  human  life;  the  sum  of  all 
which  expectations,  or  the  series 

/,    ,     N-i       \   ab      ac  ,  b  c       2abc   \   , 

(i+e)  xLa-i+rc+n— .T7j+ 

/,    ,     N_o       \    ab      ae  ,  be      2abe   ]    , 

"1:1  lil        III  III        li:  III  ;//;/.,, ~1 

/i    I      >-3  V         ab.ae.be      2abc    \    , 

C  +  e)  x|_-,+--+r,-7^J  + 

&c  &c 

will  be  the  total  present  value  of  the  annuity  required* 
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§  64.  But,  If  we  take  the  value  of  each  perpen- 
dicular series,  as  in  the  last  prcblem,  and  substitute 
the  characters  given  in  Prob.  I,  cor.  1,  the  above  ex- 
pression will  become  JB  A-  AC -{- BC—2ABC1 
whence  the  following  rule  for  this  particular  case. 
From  the  sum  of  the  values  of  an  annuity  on  each  pair 
of  joint  lives,  take  twice  the  value  of  an  annuity  on 
the  three  joint  lives;  the  differeiice  will  be  the  re- 
quired value  of  an  annuity  to  continue  as  long  as  any 
two  of  the  lives  are  in  being  together. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Question  X  in  Chapter  XII. 

§  Q5,  By  a  similar  method  of  proceeding  we  might 
ascertain  the  value  of  an  annuity  granted  on  four  lives, 
but  to  continue  only  as  long  as  any  iivo  or  three  of 
them  are  in  being  together  (the  other  cases  of  such 
lives  being  already  solved  by  the  two  preceding  pro- 
blems); and,  in  general,  the  value  of  an  annuity  on 
any  number  of  lives,  to  continue  only  as  long  as  any 
number  of  them  are  in  being  together.  As  it  rarely 
happens,  however,  that  more  than  three  lives  are  con- 
cerned in  any  practical  cases,  I  shall  not  trouble  the 
reader  with  the  steps  of  the  process,  but  shall  merely 
state  the  result  of  the  investigation  in  one  general 
formula,  which  will  comprehend  in  one  view  all  the 
possible  cases  mentioned  in  the  three  probletns  here 
given*.     Let  the  sum  of  the  values  of  an  annuity  on 

■*  It  will  be  readily  seen  thai  Problem  I  and  II  are  only  parti- 
cular cases  of  this  third  problem. 
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ievery  n  joint  lives  be  denoted  by  S  ;  on  evei-y  (tz  -{- 1 ) 
joint  lives,  by  S;  on  every  (n-\-2j  joint  lives,  by  S; 

irr 

on  every  {n-\-3)  joint  lives,  by  S;  &;c:*  then  will 
the  value  of  an  annuity  granted  upon  any  number  of 
lives,  to  continue  only  as  long  as  any  n  of  them  are  in 

being  together,  be  expressed  by  S  —  n.S  -\ • ^S 

n    n+l  72  +  2 


12         3 


.S  +  &C. 


COROLLARY    I. 

S  66.  If  the  annuity  is  not  to  continue  during  the 
whole  period  of  the  given  lives,  but  is  either  Deferred 
or  Temporary^  we  must  pursue  the  same  method  of 
reasoning  which  has  been  adopted  in  Prob.  II,  cor.  2 
and  4 :  whereby  it  v^ill  appear  that  the  value  of  a  de- 
ferred annuity,  to  continue  as  long  as  any  two  out  of 
three  given  lives  are  in  being,  will  be  expressed  by 

iAB)^^  Uc/-h  {BC)^-2{ABC)^,  Therefore 
if  we  substitute  the  values  of  deferred  annuities  on 
the  given  lives  (in  the  formula  in  §  64)  instead  of  the 
values  of  annuities  on  the  whole  continuance  of  those 
lives,  we  shall  obtain  the  value  of  the  deferred  annuity 
depending  on  the  contingency  alluded  to  in  the  pro- 
blem. 

*  That  is,  on  every  combination  which  can  be  made  of  the 
given  lives,  by  combining  n,  (tj  +  I),  (7i  +  2),  («-i-3),  &c,  lives 
to<rether  at  a  time. 
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And  this  value,  being  subtracted  from  the  value  of 
a  similar  annuity  on  the  whole  continuance  of  the' 
lives,  will  give  the  value  of  a  similar  Temporary  an- 
nuity on  any  two  out  of  three  lives. 

COROLLARY    II. 

§  67.  If  such  deferred  annuity  however  depends 
on  the  Joint  continuance  of  all  the  given  lives  to  the' 
end  of  the  given  term,  the  value  of  it  will  be  equal  to 
the  value  of  a  similar  annuity  on  the  same  number  of 
lives  each  older  by  the  given  term  than  such  lives, 
multipHed  by  the  expectation  that  the  joint  lives  shall 
receive  o£l  at  the  end  of  that  term:  and  this  case  must 
be  carefully  distinguished  from  that  mentioned  in  the' 
first  part  of  the  preceding  corollary. 
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CHAPTER  IIL 

On  Reversions, 

5  68.  A  REVERSIONARY  life  aniluity  is  a  term  ap- 
plied to  such  periodical  sums  of  money,  depending  on 
any  given  lives,  as  are  not  payable  till  after  a  given 
term,  or  till  after  the  extinction  of  any  other  given 
lives.  Of  the  former  kind  are  all  deferred  life  an- 
nuities, mentioned  in  Prob.  I,  cor.  3;  but  it  is  my  in- 
tention now  to  treat  only  of  the  latter  kind :  and  I 
would  here  observe,  that  I  shall  continue  to  designate 
the  former  by  the  title  of  Deferred  life  annuities,  ap- 
plying the  term  Reversionary  life  annuities  to  such 
life  annuities  only  as  are  not  to  be  enjoyed  till  after 
the  extinction  of  some  other  life.  The  several  cases 
relating  to  this  subject  may  be  comprised  in  the  four 
following  problems. 

PROBLEM  IV.* 

5  69.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  ABC  &c,  after  the  ex- 
tinction of  any  number  of  other  joint  lives  P  Q  R  &c.t 

*  Simpson,  Prob.  5. 

■\  The  lives  P,  Q,  R,  are  said  to  be  in  possession;  in  ppposition 
to  A,  B,  C,  which  are  said  to  be  in  reversion. 
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SOLUTION* 


Let  the  probability  of  the  joint  Hves  ABC*  con- 
tinuing 3 ,  2,  3,  &c,  years,  be  respectively  denoted  by 

/    I    /  II    'I   I'         III  il'  lU 

flc  a  jc  a_c  ^^  ^^  .^  r  24 ,  ^nd  let  the  proba- 
bility  of  the  joint  lives  P  Q  R  continuing  1,  2,  3,  &€, 
years  be  denoted  by  ^^,  --^,  7-^,&c,  respectively. 

•'  ■'  p  qr      pqr      p  qr  ^  ^ 

Novi'-  the  chance,  which  the  joint  lives  ABC  have  of 
receiving  the  annuity  in  any  one  year,  will  depend 
upon  their  Hving  to  the  end  of  that  year  and  on  the 
joint  lives  P  Q  R  becoming  extinct  before  the  end  of 
that  period.     The  probability  of  this  event  happening 


/  I  I 


in  the  first  year  is  —^-f  1  —  ^-^1;  which  belne;  muU 

"'  abc\  p  q  rl'  o 

tipHed  by  (l-f-^O'  will  give  the  present  value  of  the 
first  year's  rent,  or  the  expectation  of  receiving  such  sum 
at  the  end  of  the  first  year.     By  a  similar  method 


H    II    II 


II    'J  II 

of  reasonina:  it  will  be  found   that  — ,— fl  — ^^1, 

°  a  V  c  \  p  q  tI 

multiplied  by  (l-f^)"^  will  denote  the  present  value 


a  b  c . 


of  the  second  year's  rent ;  and  that  ^^—r-i  1  —  ^-^), 

■'  '  a  b  c^  pari 


*  In  the  solution  of  this  and  the  following  problems,  I  shall 
confine  the  case  to  three  lives  only,  in  order  to  avoid  confusion  by 
the  constant  repetition  of  the  character  Sec.  From  what  has  pre- 
ceded, it  will  plainly  appear  that  the  conclusions  which  are  drawn 
from  this  assumption  will  be  taie,  whatever  be  the  number  of 
lives  involved  in  the  process. 
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multiplied  by  (1-f  ^)~%  will  denote  the  present  value 
of  the  third  year's  rent ;  and  so  on  for  all  the  subse- 
quent years  to  the  utmost  extent  of  human  life :  the 
sum  of  all  which  terms,  or  the  series 


(i+f) 


'ill      I  I  I  I  I  /""] 

ah  c        a  h  c  p  q  r   [ 
ah  c       a  h  cp  q  r_J 


1 


ah  c 


/;  /'  //  II  II  ii'~\ 
ah  c p  q  r    j    . 


__a  b  c       a  h  c  p  q  f_\ 

'  III  III  III      III  III  III  III  III  iii^~\ 
ah  c      a  b  c  p 


(i+f)= 


¥-A+ 


a  h  c      a  h  c  p  q  r_J 
&c  Sec, 

will  be  the  total  present  value  of  the  annuity  required. 
But  the  sum  of  these  two  perpendicular  series  is  evi- 
dently equal  to  ABC-ABCPQR. 

§  70.  Whence  it  follows  that  if  we  subtract  the 
value  of  an  annuity  on  all  the  joint  lives,  from  the 
Value  of  an  annuity  on  the  joint  lives  in  reversion; 
the  remainder  will  be  the  value  of  the  reversionary 
annuity  required. 


PROBLEM  v.* 

§  7i.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  ABC  &c,  after  the  ex- 
tinction of  the  longest  of  any  number  of  other  lives 

P>  Q,  R,  &c. 

*  Simpson,  Prob.  6. 
F 
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SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
3 , 2,  3,  &c,  years  be  denoted  by  the  same  characters 
as  in  the  last  problem.  Now  the  chance,  which  the 
joint  lives  ABC  have  of  receiving  the  annuity  at  the 
end  of  any  one  year,  will  depend  upon  their  living  to 
the  end  of  that  year,  and  on  all  the  lives  P,  Q,  R,  be- 
coming extinct  before  the  end  of  that  period.  The 
probability  of  this  event  happening  in  the  first  year  is 

4^(1-1)  X  (l-  i)  X  (1--^-)*,  which   being 

a  b  c^  pi  ^  q  I  ^  r  I  " 

multiplied  by  (l-rf*)"'  will  give  the  present  value  of 


//  ;/  /; 


the  first  year's  rent.     In  like  manner,  —^  ( 1  —  — )  X 


P 

II  II 

(l  — -^)x(l  — — )    multiplied   by    (l-fp)"",     and 

"/  III  III  in  III  III 

"^{•-^)x('-f)x(l-:-)  -uUipliedby 
(l  +  f)~%  will  give  the  present  value  of  the  second 
and  third  year's  rents  respectively:  and  so  on  for  all 
the  subsequent  years,  to  the  utmost  extent  of  human 
life ;  the  sum  of  all  which  terms  will  be  the  present 

value  of  the  annuity  required.  But  these  expressions, 
reduced  to  their  simplest  terms,  are  equal  to  the  series 


ale 


j  /         I         I         till       II        II  I    I 

{__  p         f/         r       pq       pr^^qr        P  ^  f_] 


abc{l+§) 

n  II  a      j —  //  '/  /)       II  II       II  I!       II II        II  II  II    j 

a^c          ^  P  ^  ^    \Pl\P_^'_i9^  _    P^^       I 

ak(l  +  p)*|_  p  q  r'^pq^pr~*qr       pqr_} 

III  II'  III        j —  ///  /'/  /;/         //; .'/(        //;  ///       ///  ///        /;/ ;//  in — I 

nlc{\-\-^y{_  p  q  T*pq~*pr^qr       /»  y  »*  J 


&c  &C  &C, 

See  Chapter  I,  §  Q. 
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the  sum  of  which  Is  evidently  equal  to  ABC — 
ABCP-ABCq-ABCR^ABCPq^ABCPR-\- 
ABCQR'-ABCPQR. 

§  72.  Whence  it  follows  that  the  value  of  a  rever- 
sionary annuity  on  any  number  of  joint  lives  ABC  &c, 
after  the  extinction  of  the  longest  of  any  number  of 
other  lives  P,  Q,  R,  &c,  is  equal  to  the  value  of  an 
annuity  on  all  the  joint  lives  in  reversion 5  minus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  one  of  the  other  lives ;  plus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  two  of  the  other  lives ;  minus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  three  of  the  other  lives 5  and 
so  on. 


PROBLEM  VI.* 

§  73.  To  find  the  value  of  an  annuity  on  the 
longest  of  any  number  of  Hves  A,  B,  C,  &c,  after  the 
extinction  of  any  number  of  joint  lives  P  Q  R  &c. 

SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
1,  2,  3,  &c,  vears  be  denoted  by  the  same  characters 

*  Simpson,  Prob.  7' 
p2 
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as  In  the  preceding  problems.  Now,  the  chance  which 
any  one  of  the  lives  A,  B,  C,  has  of  receiving  the  an- 
nuity at  the  end  of  any  one  year,  will  depend  upon 
either  of  them  living  to  the  end  of  that  year,  and  on 
the  extinction  of  the  joint  lives  P  Q  R  before  the  end  of 
that  period.     The  probability  of  this  happening  in  the 

yearis[l-(l-^^)x{l-A)x(l-i)]x 


first 


I  ;    ; 


(l— -— -],  which  being  multiplied  by  (l-f^)""'   will 

give  the  present  value  of  the  first  year's  rent.     In  like 

r                 a  'i 

manner  It  will  be  found  that     1-—  (l ]  X  (l  —  y) 

X(l-7)]x(l-|p'  >""l«ipliecl  by  (l+er. 
and  that  Ll-(1-^)X  (1-4)  X(l-})jx 

II!  Ill  HI 

f^l^cAI^  multiplied  by  (1  +  p)"',  will  give  the  pre- 
sent value  of  the  second  and  third  year's  rents  re- 
spectively ;  and  so  on  for  all  the  subsequent  years,  to 
the  utmost  extent  of  human  life:  the  sum  of  all 
which  terms  will  be  the  total  present  value  of  the 
annuity  required.  But  these  annual  expectations  be- 
ing reduced  to  their  simplest  terms,  and  arranged 
under  each  other  as  in  the  preceding  problems,  will 
form  fourteen  collateral  series,  the  sum  of  all  which 
will  be  found  equal  to  J-JrB+C-AB—^C—BC-^ 
JBC  -  FQRyJ  -  TQRB-  PQRC  +  PQRJB  + 
FQRJC+PQRBC-PQRJBa 


Pr.6,  ON  REVERSIONS,  69 

§  74.  Whence  it  follows  that  the  value  of  a  re- 
versionary annuity,  on  the  longest  of  any  number  of 
lives  after  any  number  of  joint  lives,  is  equal  to  the 
value  of  an  annuity  on  the  longest  of  all  the  lives  in 
reversion;  minus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
all  the  joint  lives  in  possession  with  each  one  of  the 
other  lives ;  plus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
all  the  joint  lives-  hi  possession  with  each  two  of  the 
other  lives ;  minus  the  sum  of  the  values  of  an  an- 
nuity on  all  the  joint  lives  arising  from  the  combina- 
tion of  all  the  joint  lives  in  possession  with  each 
THRJEE  of  the  other  lives;  and  so  on. 


PROBLEM  VII.* 

§  75.  To  find  the  value  of  an  annuity  on  the 
longest  of  any  number  of  lives  A,  B,  C,  &:c,  after  the 
extinction  of  the  longest  of  any  number  of  other  lives 

P,  Q,  R,  &c. 

SOLUTION. 

From  what  has  been  already  said  in  the  preceding 
problems,  it  will  be  evident  that  the  annuity,  here  al- 
luded to,  is  to  continue  during  the  longest  of  all  the 
given  lives  A,  B,  C,  P,  Q,  R  ;  and  such  would  be  the 

*  Simpson^  Prob.  4. 
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value  of  it,  were  the  lives  A,  B,  C,  to  come  into  pos- 
session immediately.  But  as  they  are  to  receive  no- 
thing during  the  existence  of  any  one  of  the  lives 
P,  O,  R ;  the  value  of  an  annuity  on  the  longest  of 
their  lives  must  consequently  be  subtracted. 

Whence  it  follows  that,  if  we  subtract  the  value  of 
an  annuity  on  the  longest  of  the  lives  in  possession 
from  the  value  of  an  annuity  on  the  longest  of  all  the 
lives  concerned,  the  remainder  will  be  the  value  of 
the  reversionary  annuity  required. 

SCHOLIUM. 

§  76.  By  the  help  of  these  four  problems  may  all 
the  various  cases  in  reversionary  annuities  be  solved. 
They  have  been  stated  at  length,  in  order  to  give  a 
general  view  of  the  subject:  but  it  will  readily  appear 
that  the  combinaiions  of  lives,  thence  arising,  are  much 
more  numerous  than  occur  in  any  practical  cases ; 
and  a  ready  solution  may  therefore  not  immediately 
present  itself  amidst  the  multiplicity  of  symbols.  It 
rarely  happens  that  more  than  three  lives  are  involved 
in  any  questions  of  this  kind:  and  in  order  to  pre- 
vent any  difliculty  or  confusion  in  referring  to  the  pro- 
blem.s  for  a  solution  of  such  questions,  I  have  selected 
all  the  possible  cases  in  which  not  more  than  three  lives 
are  concerned  ;  to  which  I  have  added  the  algebraic 
solution  of  the  same:  where  v^,  B,  P,  Q,  denote  the 
same  as  in  the  preceding  problems.     These  cases  are 
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five  in  number:*  viz.  to  find  the  value  of  an  annuity 
1°     On  a  sln^ile  life  A  aft  era  nether  sinsjle  life  P : 

in  which  case  the  value  of  the  reversionary  annuity  is 

equal  to  A—AF. 

2^     On  a  single  life  A  after  the  loncrest  of  two 

o  O 

lives  P,  O,  in  which  case  the  value  of  the  reversionary 
annuity  is  equal  to  A—AP—AQ-^-APQ. 

3°  On  the  longest  of  two  lives  A,  B,  after  a  single 
life  P:  in  which  case  the  value  of  the  reversionary  an- 
nuity is  equal  to  A+B-AB-AP-BP-\-ABP. 

4°  On  a  single  life  A  after  two  joint  lives  PQ  : 
in  v»^hich  case  the  value  of  the  reversionary  annuity  is 
equal  to  A—APQ. 

5°  On  two  joint  lives  AB  after  a  single  life  P: 
in  which  case  the  value  of  the  reversionary  annuity  is 
equal  to   AB—ABP, 

For  examples  of  these  several  cases,  see  Questions 
XIII  to  XVII  in  Chapter  XII. 

COROLLARY    I. 

§  77.  If  the  contingency  of  receiving  the  annuity 
is  not  to  continue  during  the  whole  period  of  the  given 
lives,  but  is  either  Deferred^  or  Temporary,  we  must 
revert  to  what  has  been  said  in  Prob.  I,  cor.  3  and  4, 

and  substitute  the  values  of  such  deferred  and  tem- 

*  Simpson,  Prob.  13  to  IJ;  and  his  Sup.  Prob.  15  to  IQ; 
Dodson,  vol.  ii.  Ques.  g4,  Q5,  Q/,  gg,  and  101 ;  and  vol.  iii. 
Ques.  20  27.  28  and  29.  Also  De  Moivre,  Prob.  7  and  8,  for 
the  first  and  second  cases. 

t  Price,  Note  (D). 
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porary  annuities,  deduced  from  the  rules  there  given, 
instead  of  the  values  of  annuities  on  the  whole  con- 
tinuance of  those  lives :  whence  by  proceeding  with 
these  substituted  values  according  to  the  rules  above 
stated,  we  shall  obtain  the  required  yalue  of  the  re- 
versionary annuity  accordingly. 

But  this  rule  may  be  rendered  more  convenient  for 
practice  by  adopting  the  principles  laid  down  in  Prob.IT, 
coro  -2  and  4.  Thus,  in  the  first  case  given  in  the 
Scholium,  if  the  contingency  is  deferred  for  n  years, 

the  value  of  the  reversionary  annuity  will  be  (^)   — 

(^P)d=^'x^(H-er"-^^x|(i+e)-".* 

And  this  value  subtracted  from  A~-AP  will  give  the 
value  of  a  similar  temporarij  reversionary  annuity. 
The  same  method  of  solution  will  apply  to  the  re- 
maining cases  given  in  the  Scholium. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Questions  XVIII  and  XIX  in  Chapter  XIL 


COROLLARY    Il.f 

§  78.  If  a  reversionary  annuity,  the  contingency 
of  enjoying  which  is  deferred  for  any  number  of  years, 
depends  on  the  joint  continuance  of  all  the  lives  to 

*  From  the  method  of  notation  adopted  throughout  the  present 
work  it  will  readily  appear  that  ir  denotes  in  this  case  the  numbef 
of  persons  living  at  an  age  n  years  older  than  P. 

•j-  Price,  Note  (C). 
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the  end  of  that  term  ;  the  value  of  it  will  be  equal  to 
the  yalue  of  a  reversionary  annuity  depending  on  the 
same  number  of  lives  each  older  by  the  given  term 
than  the  given  lives,  multiplied  by  the  probability 
that  all  the  joint  lives  shall  continue  so  long,  and 
also  by  the  present  value  of  ^1  due  at  the  end  of  that 
term.  And  this  case  should  be  carefully  distinguished 
from  the  deferred  reversionary  annuity  mentioned  ia 
the  preceding  corollary, 

For  examples  of  the  use  and  application  of  this  co- 
rollarv,  see  the  Scholium  to  Question  XIX  in  Chap- 
ter XII. 
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CHAPTER  IV. 

On  Survivorships. 

%  79.  In  the  preceding  chapters  I  have  considered 
the  value  of  annuities  as  depending  on  the  continuance 
of  any  number  of  lives,  out  of  any  number  of  given 
lives ;  and  also  the  value  of  reversionary  annuities  on 
any  number  of  lives,  after  the  extinction  of  any  num- 
ber of  other  lives.  I  come  now  to  questions  of  a 
mixed  nature,  vt-here  the  value  of  the  annuity  not  only 
depends  on  the  continuance  of  the  given  lives,  but 
also  on  any  survivorship  between  them.  In  cases  of 
this  kind  the  annuity  is  frequently  enjoyed  in  diS'erent 
proportions  by  the  persons  on  whose  lives  the  same  is 
granted ;  and  therefore  they  are  capable  of  great  va- 
riety. The  nature  and  extent  of  such  questions  will 
best  appear  from  the  following  problea:is. 


PROBLEM   VIIL* 

5   80.     A,  B  and  C  agree  amongst  themselves  to 
purchase  an  annuity  on   the  longest  of  their  lives, 

*  Simpson,  Prob.  20;  also  his    Sup.  Prob.  23.     De  Moivre, 
Prob.  p.      Dodsonj  vol.  iii.  Ques.  73. 
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which  is  to  be  equally  divided  between  them  whilst 
they  are  all  living;  but  on  the  decease  of  either  of 
them  it  is  to  be  equally  divided  between  the  two  sur- 
vivors, during  their  joint  lives ;  and  then  to  belong 
entirely  to  the  last  survivor  for  his  life :  To  find  the 
value  of  their  respective  shares,  or  the  proportion 
which  each  person  ought  to  contribute  towards  the 
purchase. 

SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
1,2,3,  &c,  years .  be  severally  denoted  by  the  same 
characters  as  in  §  23:  and  let  us  first  determine  the 
share  of  A.  Now  the  expectation  of  A,  on  what  he 
may  happen  to  receive  at  the  end  of  any  one  year, 
may  be  considered  in  four  parts,  as  depending  on  so 
many  different  events :  1°  A,  B  and  C  may  be  all 
living,  the  probability  of  which  at  the  end  of  the  first 


/  / 


year  is  — ^   ,  in  v/hich  case  he  will  receive  \  of  the 
^  ale  "* 

abc 

annuity,  or  ^  (1  +  ^)-';  therefore  (l-i-p)"'  X  ~~ 

will  be  the  value  of  this  expectation:  2°  A  and   B 
may  be  living  and  C  dead,  the  probability  of  which 

ah  c 

at  the  end  of  the  first  year  is  -^  X  ( 1 ),  in  which 

■'  a  b       ^  c  ' 

case   he  will  receive  ^  the  annuity,   or  g- (l  4~  ^)~'; 
therefore  (14- pV'X;"-',  X  fl — ~]  will  be  the  value 

^  ^  2a  b       ^  c  ' 

of  this  expectation :  3°  A  and  C   may  be  living  and 
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B  dead,  the  probability  of  which  at  the  end  of  the 

a'c  h 

first  year  Is  ---x(l — v-)?   in   which   case   he  will 

likewise  receive  J  the  annuity,  or  J(l-{-^)~';  therefore 

ac  h 

(1-|-^)"'  X  -^"X  (l  —  7")  '^^'iil  he  the  value  of  this 
expectation :  4°  A  may  be  the  only  person  living,  the 
probability  of  which  at  the  end  of  the  first  year  is  —  X 

{{■ — ^W(l )  5  in  which  case  he  comes  in  for  the 

whole  annuity,  therefore  (l  +  ^)~'  X  —  X  ( 1  —  -,  )  X 

(l )  will  be  the  value  of  this  expectation.     And 

the  sum  of  all  these  values,  or  (]+p)~'X  ( y 

II  III 

\-' — — ]   will  be  the  total  value  of  the  expec- 

2ac  '  3abcl  ^ 

tatlon  of  A,  on  what  he  may  happen  to  receive  at  the 
end  of  the  first  year. 

By  pursuing  the  same  steps  it  will  be  found  that 

//  // ;/         //  //  // '(  II 

.      ,     V    «        la         ah       ac    .     abc\       .,,    ,  , 

(l+e)~"  X  ( ,Ti^n \-T-r-)  wil^  denote  the  va- 

^      'S-'  \a       lab      2ac      Save' 

lue  of  his  expectation  on  what  he  may  happen 
to  receive  at  the  end  of  the  second  year:  and  that 

;;/         //'  "/         /;; ;//         in  in  in 

fl+p)     X( ^  ,  —  7. — h-T-7-)    Will    denote    the 

'^      '  5^       ^  \  a       2ab      2ac  '   oabcl 

value  of  his  expectadon  on  what  he  may  happen  to 
receive  at  the  end  of  the  third  year:  and  so  on  to  the 
utmost  extent  of  human  life.  The  sum  of  all  which 
terms,  or  the  series 
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til  II II  II  II  II II  ii  *~n 
a  ah  ac  .  ah  c  I 
-a-'2ah^2a'c'^^7fc\-^ 

[    11        III  III        III  III        II'  "I  III     I 
/■-         N_3       \    a.        ah        ac        a  h  c    \    . 

(1  +  e)      XLa-2ai— 2a^+3TrJ  + 

will  be  the  total  value  of  his  interest  in  the  annuity,  or 
the  share  which  he  ought  to  contribute  towards  the 
purchase.  But  the  sum  of  these  several  perpendicular 
series  is  equal  to  A-}jAB—^AC-\-}jABC. 

§  81.  As  to  the  share  of  B,  or  C,  it  is  evident 
that  their  expectation  of  receiving  the  annuity  in  any 
one  year,  vi^ill  depend  on  the  same  events,  mutatis 
mutandis,  as  that  of  A:  whence  it  follows  that  by 
substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  B — ~AB  — 
^BC-\-^ABC  for  the  value  of  B's  share;  and  C— 
}jAC-hBC-^lABC  for  the  value  of  C's  share  in 
the  given  annuity:  whence  the  following  rule  for 
either  case. 

§  82.  From  the  value  of  an  amiuiti/  on  the  given 
life  subtract  half  the  sum  of  the  values  of  an  annuity 
on  both  the  joint  lives  arising  from  the  combination 
of  the  given  life  ivith  each  one  of  the  other-,  and  to 
the  remainder  add  one  third  of  the  value  of  an  a7i- 
nuity  07L  the  three  joiiit  lives  :  tJie  sum  will  be  tha 
answer  required. 
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§  83.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  to  be  4  per 
cent,  and  the  probabilities  of  living  as  at  Northampton. 
Then  by  referring  to  the  Tables  at  the  end  of  this  work 
it  will  be  found  that  the  value  of  the  share  of  each 
person  in  this  annuity  will  be  as  under :  viz.  that  of 

A=  16-033  — ^(11 -873+ 10-924)-f^X  8-986  =  7-630 
B=:14-781  — -;^-(ll -873-1- 10'490)+^X  8-986  =  6-595 
C  =  13-197— ^(10-9244- 10'490)-1-^X  8-986  =  5-485 

and  the  sum  of  all   these  respective  shares,  or  19*710 
is  the  value  of  the  annuity  on  the  longest  of  the  three 
lives ;  or  the  total  value  of  the  purchase. 

COROLLARY    I.* 

§  84.  If  only  two  lives,  A  and  B,  are  concerned 
in  the  purchase,  (during  whose  joint  continuance  the 
annuity  is  to  be  enjoyed  equally  between  them,  but  on 
the  decease  of  either  of  them  it  is  to  belong  wholly 
to  the  survivor)  the  value  of  the  share  of  A  will  be 
A—lAB)  and  that  of  B  will  be  B—lAB:  whence 
the  following  rule  for  two  lives. 

§  85.  From  the  value  of  an  annuity  on  the  given 
life,  subtract  half  the  value  of  an  annuity  on  the 
two  joint  lives :  the  remainder  will  be  the  share  of  the 
given  life  required. 

*  Simpson,  Prob.  18,  and  bis  Sup.  Prob,  21,  Dodson,  vol.iii. 
Ques.  72. 
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For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XX  in  Chapter  XII. 


COROLLARY     II. 

§  86.  On  the  other  hand,  let  the  number  of  lives 
concerned  in  the  purchase  be  ever  so  great,  the  share 
of  any  given  life  may  be  readily  determined,  provided 
the  annuity  be  always  equally  divided  among  the  sur- 
viving lives.  For,  let  G  denote  the  value  of  an  an- 
nuity  on  the  given  life ;   G  the  sum  of  the  values  of 

an  annuity  on  all  the  joint  lives  arising  from  combining 

II 
the  given  life  with  each  one  of  the  others ;   G  the  sum 

of  the   values   of  an  annuity  on    all    the  joint  lives 

arising  from  combining  the  given  life  with  each  tivo 

III 
of  the  others  ;   G  the  sum  of  the  values  of  an  annuity 

on  all  the  joint  lives  arising  from  combining  the  given 

life  with  each  three  of  the  others ;  and  so  on.     Then 

will  G-|-G4-JG--|S+&c  denote  the  share  of  the 

given  life,  or  the  value  which  he  ought  to  contribute 

towards  the  purchase. 

PROBLEM  IX.* 

§  87.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  which  is  to  be  divided 
amongst  them  in  the  following  manner:  A  and  B  are 
to  enjoy  it  equally  during  their  joiijt  hves;  but  on  the 

*  Dodson,  vol.  iii.  Qucs.  J5. 
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decease  of  either  of  them  it  is  to  be  equally  divided 
between  A  and  C,  or  B  and  C,  the  two  remaining 
persons  ;  and  lastly,  to  be  enjoyed  wholly  by  the  sur- 
vivor :  To  find  the  value  of  their  respective  shares^ 


SOLUTION, 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts,  as  depending  on  so  many  different 
eveftts:  1°  A  and  B  may  be  both  alive,  the  proba- 

bility  of  which  at  the  end  of  the  first  year  is  -r,  in 

which  case  he  will  receive  ^  the  annuity:  2°  A  and 
C  may  be  living  and  B  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is  —  X  ( I  — r )   in  which 

case  he  will  also  receive  |-  the  annuity:  3°  A  may 

be  the  only  person  living,  the  probability  of  which  at 

/  /  / 

the  end  of  the  first  year  is  -^  X  ( 1  —  -^  )  X  ( I  —  ~) , 

in  which  case  he  will  come  in  for  the  whole  annuity. 

Now,  the  sum  of  all  these  values,  being  multiplied  by 

I        It        II      III 

(1  + j)  W.1!  give  (l  +  e)  X  {-~^i-^,+^,) 
for  the  total  value  of  the  expectation  of  A  on  what 
he  may  happen  to  receive  at  the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  liappen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year. 


Pr.9,  ON    SURVIVORSHIPS.  81 

to  the  utmost  extent  of  human  life.  The  sum  of  all 
which  terms,  or  the  series 

ti        II       II      II  /~i 
a        a  b       a  c   .  ab c    \   . 

I     //         II  II        ii  II        II II II     j 

(l+e)     Xl'a-2a--^+2-^_\  + 

I     ///         '// ''/         ///  III        III  III  HI  ~~\ 
f.    ,      v_3  a        ah        ac    .  ah  c    \ 

&c  &c, 

will  denote  the  total  value  of  his  interest  in  the  an- 
nuity. But,  the  sum  of  these  several  perpendicular 
series  is  evidently  equal  to  A—\AB—}^jiC-\-\ABC: 
whence  we  have  the  following  rule. 

§  88.  From  the  value  of  an  annuity  on  the  life 
A,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AB,  and  AC  ;  to  the  remainder 
add  half  the  value  of  an  annuity  on  the  three  joint 
lives  ABC:   the  sum  luill  be  the  share  which  A  ousrht 

o 

to  contribute  towards  the  purchase. 

§  89.  With  respect  to  the  value  of  B's  interest,  it 
is  evident  that  his  expectation  of  receiving  the  annuity 
in  any  one  year  will  depend  on  the  same  events, 
mutatis  mutandis,  as  that  of  A :  wherefore  by  sub- 
stituting the  values,  thence  arising,  in  the  general  ex- 
pression above  given,  we  shall  have  B—^AB—^BC-{- 
hABC  for  the  value  of  B's  interest:  whence  the 
following  rule. 
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§  90.  From  the  value  of  an  annuity  on  the  life  B 
subtract  half  the  sum  of  the  values  of  an  annuity  on 
the  joint  lives  AB,  and  BC  ;  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC;  the  sum  ivill  he  the  share  which  B  ought  to 
contribute  towards  the  purchase. 

§  91.  But  with  respect  to  C*s  interest,  it  will  ap- 
pear that  his  expectation  of  receiving  the  annuity  in 
any  one  year  may  be  considered  in  the  three  following 
points,  as  depending  on  so  many  different  events:  1°  A 
and  C  may  be  living  and  B  dead,  the  probability  of 

which  at  the  end  of  the  first  year  is  —  X  f  1 rls  ^^ 

■'  ac       ^  b  I 

which  case  he  will  receive  ^  the  annuity:  2°  B  and 
C  may  be  living  and  A  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is  y-X  (l ),  in  which 

case  he  will  receive  also  ^  the  annuity:  3°  C  may  be  the 
only  person  living,  the  probability  of  which  at  the  end 

c  a  h 

of  the  first  year  is  —  x(l  — ^)x(l  — r-),  in  which 

case  he  will  receive  the  whole  annuity.  The  sum  of 
these  values  therefore,  being  multiplied  by  (1  H-p)~', 

will  give  (l  +  e)"'X  (7-^— ^)  for  ^^e  total  va- 
lue of  the  expectation  of  C  on  what  he  may  happen 
to  receive  at  the  end  of  the  first  year. 

By  pursuing  the  same  steps,  we  may  find  the  value 
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of  his  expectation  on  what  he  may  happen  to  receive 
at  the  end  of  the  second,  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life.  The  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity;  and  will  be  evidently  equal  to  C— 
^AC—^BC'.  whence  the  following  rule. 

§  92.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  half  the  sum  of  the  values  of  aii  annuity 
on  the  joint  lives  AC,  and  BC;  the  remainder  luill  he 
the  share  which  C  ought  to  contribute  toivards  the 
purchase. 

§  93.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under:  viz.  that  of 

A=l6-033  — ^(1 1-8734- 10-924)  +  ^  X  8-986  — 9-127 
B=14-781-|^(ll-S73-flO-490)H-ix  8-986  =  8-093 

C  =  13-l97---2(lO-924+10-490) =2*490 

And  the  sum  of  all  these  values  is  the  value  of  an  an- 
nuity on  the  longest  of  the  three  lives. 


PROBLEM   X.* 

§  94.     Aj  B  and  C  agree  to  purchase  an  annuity 

*  Simpson,  Prob.  19.     Dodson,  vol.  iii,  Ques.  74. 
g2 
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on  the  longest  of  their  lives,  to  be  divided  lamongst 
them  in  the  follovi^ing  manner :  A  and  B  are  to  enjoy 
it  equally  during  their  joint  lives ;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives,  and  the  survivor  of  them  is  to  have  the  whole; 
but  if  B  dies  first,  then  A  is  to  enjoy  the  whole  du^ 
ring  his  life,  and  after  his  decease  it  is  to  devolve 
wholly  to  C :  To  find  the  value  of  their  respective 
shares. 

SOLUTION. 

The  expectation  of  A,  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  two  points,  as  depending  on  so  many  different 
events:  1°  A  and  B  may  be  both  alive,  the  proba- 

bility  of  which  at  the  end  of  the  first  year  is  -7 ,  in 

which  case  he  will  receive  ^  the  annuity:  2°  A  may 
be  Hving  and  B  dead,  the  probability  of  which  at 

the  end  of  the  first  year  is  —  X  (l — r)j  i"  which 

case  he  will  enjoy  the  whole  annuity.  The  sum  of 
these  two  values  being  multiplied  by  (1  -{-^)~'  will  give 

(1  +  ^)"'  X  (——"—7)  fo^  the  total  value  of  the  ex- 
pectation of  A  on  what  he  may  happen  to  receive  at 
the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year, 
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to  the  utmost  extent  of  human  life.  The  sum  of  all 
which  terms  will  be  the  total  value  of  his  interes':  ia 
the  annuity;  and  will  be  evidently  equal  to  A—^AB; 
whence  v/e  have  the  following  rule. 

§  95.  From  the  value  of  an  annuity  on  the  life 
A,  subtract  half  the  value  of  an  annuity  on  the 
joint  lives  AB:  the  remainder  will  be  the  value  which 
A  ought  to  contribute  totuards  the  purchase, 

§  96.  In  order  to  determine  the  share  of  B,  it 
should  be  observed  that  his  expectation  on  what  he 
may  happen  to  receive  at  the  end  of  any  one  year 
may  be  considered  in  three  points,  as  depending  on  so 
many  different  events :  1°  A  and  B  may  be  both 
alive,  the  probability  of  which  at  the  end  of  the  first 

year  is  — r,  in  which  case  he  will  receive  |-  the  an- 
nuity: 2°  B  and  C  may  be  alive  and  A  dead,  the  pro- 

Ic 
bability  of  which  at  the  end  of  the  first  year  is  7-  X 

(1 \,  in  which  case  also  he  will  receive  j-  the 

annuity:  3°  B  may  be  the  only  person  living,  the  pro- 

bability  of  which  at  the  end  of  the  first  year  is  -r  X 

(1 )  X  (1  —  —)}  in  which  case  he  will  enjoy  the 

whole  annuity.    And  the  sum  of  all  these  values,  being 

1       I  I 

multiplied  by  {l-{-^)~\  will  give  (^ +?)"'( J"^^- 
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--i — } r-\  for  the  total  value  of  the  expectation  of 

lie  '  2abci  ^ 

B,  on  what  he  may  happen  to  receive  at  the  end  of 

the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 

expectation  for  the  second,  third  and  every  subsequent 

year,  to  the  utmost  extent  of  human  lire.     The  sum  of 

all  which  terms  will  be  the  total  value  of  his  interest 

in  the  annuity;  and  will  be  evidently  equal  to  B— 

^AB—^BC-\-}^JBC :  whence  the  following  rule. 

§  97.  From  the  value  of  an  annuity  on  the  life 
B,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AB,  a7id  BC  ;  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC:  the  sum  will  he  the  value  which  B  ou^ht  to 
contribute  towards  the  purchase  * 

§  98.  It  remains  now  to  determine  the  value  of 
the  share  of  C,  whose  expectation  of  receiving  the 
annuity  in  any  one  year  may  be  considered  in  two 
points:  1°  B  and  C  may  be  both  alive  and  A  dead, 
the  probability  of  which  at  the  end  of  the  first  year  is 

r-x(i '\  in  which  case  he  will  receive  h  the 

k  c      ^         a  ' 

annuity:  'f  C  only  may  be  living,  the  probability  of 


which  at  the  end  of  the  first  year  is  -x(l  —  —  )X 

*  The  value  of  B's   interest  in  this  annuity  is  the  same  as  that 
in  the  preceding  Problem, 
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( 1  —  -y-) ,  in  which  case  he  will  enjoy  the  whole  annuity. 
And  the  sum  of  these  two  values,  being  multiplied 

by  (1+ e)-.  will  give  (1 +e)- X  (i  -  f:  -  ij  + 

I  I  t 

■  )  for  the  total  value  of  the  expectation  of  C,  on 

^  (i  0  C     ' 

what  he  may  happen  to  receive  at  the  end  of  the  first 
year. 

By  a  similar  method  of  proceeding  we  may  find  the 
value  of  his  expectation  for  the  second^  third,  and 
every  subsequent  year  to  the  utmost  extent  of  human 
life.  The  sum  of  all  which  terms  will  express  the 
total  value  of  his  interest  in  the  annuity;  and  will  be 
evidently  equal  to  C—AC—^BC-{-^ABC:  whence 
the  following  rule. 


§  99.  From  the  value  of  an  annuity  on  the  life 
C^  subtract  the  value  of  an  annuity  on  the  joint  lives 
AC,  and  also  half  the  value  of  an  annuity  on  the 
joint  lives  BC  ;  to  the  remainder  add  half  the  value 
of  an  annuity  on  the  joint  lives  ABC  :  the  sum  will 
be  the  share  which  C  ought  to  contribute  towards  the 
purchase, 

§  100.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton, 
The  value  of  the  share  of  each  person  in  this  annuity 
will  be  as  under :  viz.  that  of 


88  ON    SURVIVORSHIPS.  CA.  4. 

A=16-033— JX11*873 =10-096 

B=  14-781  —1(  1  l-BVSH- 10-490)+ JX  8-986=    8-093 
C=13-197— 10-924— ix  10-490+iX  8-986=    1-521 

and  the  sum  of  these  three  values  is  the  value  of  an 

annuity  on  the  longest  of  the  three  lives. 


PROBLEM  XI.* 

§  101.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  divided  amongst 
them  in  the  following  manner:  A  is  to  enjoy  the  whole 
annuity  during  his  life ;  but  after  his  decease  it  is  to 
be  divided  equally  between  B  and  C  during  their  joint 
lives ;  and  the  survivor  of  them  is  to  have  the  whole : 
To  find  the  value  of  their  respective  shares. 

SOLUTION. 

The  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity  on 
his  life :  that  is,  equal  to  A. 

§  102.  As  to  the  share  of  B,  the  expectation  on 
what  he  may  happen  to  receive  at  the  end  of  any  one 
year  may  be  considered  in  two  points,  as  depending 
on  so  many  different  events :  1°  B  and  C  may  be 
alive  and  A  dead,  the  probability  of  which  at  the  end 

*  Simpson's  Sup.  Prob.  22.    Dodson,  vol.  iii.  Ques.  76. 
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J  I 


of  the  first  year  is -y— X  ( 1 ),  in  which  case  he 

will  receive  ^  the  annuity:    2°  B  may  be  the  only 

person  living,  the  probability  of  vv^hich  at  the  end  of 

/  /  ( 

the  first  year  is  y  X  ( 1 )  X  ( 1 ) ,  in  which  case 

he  will  enjoy  the  whole  annuity.     And  the  sum  of 
these  two  values,  being  multiplied  by(l-}-^)~',  will 


/  '  / 

h        al        he,     ah  c 


give  (l+f)-  X  (t— Sr-2t7+-5^c)  ^°'  '^^  '°'^' 
value  of  the  expectation  of  B  on  what  he  may  happen 
to  receive  at  the  end  of  the  first  year. 

By  a  similar  method  of  proceeding  we  may  find  the 
value  of  his  expectation  for  the  second,  third  and 
every  subsequent  year,  to  the  utmost  extent  of  human 
life.  The  sum  of  all  which  term.s  will  be  the  total 
value  of  his  interest  in  the  annuity ;  and  will  be  found 
equal  to  B-JB-^BC+iABC :  whence  the  fol- 
lowing  rule. 

§  103.  From  the  value  of  an  annuity  on  the  life 
B,  subtract  the  value  of  an  annuity  on  the  joint  lives 
AB,  and  also  half  the  value  of  an  annuity  on  the 
joint  lives  BC  ;  to  the  remainder  add  half  the  value 
of  an  annuity  on  the  joint  lives  ABC:  tJie  sum  will 
be  the  value  which  B  ought  to  contribute  towards  the 
purchase, 

§   104'.     With  respect  to  the  share  of  C,  it  is  evi- 
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dent  diat  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
event-s,  mutatis  mutandis,  as  that  of  B.  Therefore, 
by  pursuing  the  same  steps,  we  shall  find  that  the 
value  of  his  interest  In  the  annuity  will  be  equal  to 
C—JC—^BC^IJBC:  whence  we  have  the  fol- 
lowing  rule. 

§  105.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  the  value  of  an  annuity  on  the  joint  lives 
AC,  and  also  haf  the  value  of  an  annuity  on  the 
joint  lives  BC  ;  to  the  remainder  add  half  the  value 
of  an  annuity  on  the  joint  lives  ABC  :  the  sum  will 
he  the  value  luhich  C  ought  to  contribute  towards  the 
purchase,* 

§  lOG.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40 ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  In  this  annuity  will  be  as 
under :  viz.  that  of 

A=  16-033 =16-033 

B=14-7S1  — 11  873--iX  10-4904-^X8-986=   2-156 
C=13-J97— 10-924  — Jx  10-490+1 X  8-986=    1-521 
and  the  siim  of  these  three  values  is  the  value  of  an 
annuity  on  the  longest  of  the  three  lives. 

*  The  value  of  C's  interest  in  this  annuity  is  the  same  as  that  in 
the  preceding  problem. 
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PROBLEM  XIL 

§  107.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  enjoyed  wholly  by 
each  of  them  in  succession :  that  is,  A  is  to  enjoy  it 
first,  for  his  life ;  at  his  decease,  B  is  to  enter  upon  it 
next;  and  C,  last:  To  find  the  value  of  their  respec- 
tive shares. 

SOLUTION. 

The  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity 
on  his  life:  that  is,  equal  to  A, 

§  108.  The  value  of  B's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase,  is 
equal  to  the  value  of  a  reversionary  annuity  on  his 
life  after  the  decease  of  A :  that  is,  (by  the  Scholium 
in  page  70)  equal  to  B—AB. 

§  109.  The  value  of  C's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase,  is 
equal  to  the  value  of  a  reversionary  annuity  on  his 
life  after  the  extinction  of  the  longest  of  the  two  lives 
A  and  B :  that  is,  (by  the  same  Scholium)  equal  to 
C^AC-BC-^ABC. 

§  110.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent. 
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and  the  probabilities  of  living  as  at  Northampton, 
The  value  of  the  share  of  each  person  in  this  annuity 
will  be  as  under ;  viz.  that  of 

A=:  16-033 =  16-033 

B=  14-781  — 11-873 =   2-908 

C=  13-197— (10-924+ 10-490) +  8-986=      -769 
and  the  sum  of  these  three  values  v^iil  be  the  vakie 
of  an  annuity  on  the  longest  of  the  three  lives. 

COROLLARY. 

§111.  If  only  two  lives,  A  and  B,  are  concerned 
in  the  purchase,  the  value  of  their  respective  shares 
will  be  the  same  as  above  given. 


PROBLEM  XIII. 

§  1 12.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being ;  and  which  is  to  be  equally  divided  between 
them  wtiilst  they  are  all  living;  but  on  the  decease 
of  either  of  them  it  is  to  be  equally  divided  between 
the  two  survivors  during  their  joint  hves:  To  find  the 
value  of  their  respective  shares. 

SOLUTION. 

The  expectation  of  A,  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts,  as  depending  on  so  many  different 
events:  1°  A,  B  and  G  may  be  all  living,  in  which 
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case  he  will  receive  J-  of  the  annuity :  2°  A  and  B  may- 
be living  and  C  dead,  in  which  case  he  will  receive 
J  the  annuity:  3°  A  and  C  may  be  living  and  B 
dead,  in  which  case  he  will  receive  also  ^  the  an- 
nuity. Therefore  the  sum  of  these  expectations  for 
the  first,  second,  third,  &;c,  years,  continued  to  the 
utmost  extent  of  human  life,  will  be  the  total  value  of 
A's  share  in  the  annuity.  But  the  value  of  these 
several  expectations  has  been  already  found  in  the 
solution  to  Prob.  VIII;  they  being  precisely  the  same 
as  th':;  first  three  which  are  there  mentioned :  and  the 
suin  of  which,  for  every  year  of  human  life,  will  be 
found  equal  to  ^^5-f  i^C-|^BC. 

§  113.  With  respect  to  the  share  of  B  or  C,  their 
expectation  of  receiving  the  annuity  in  any  one  year 
will  depend  on  the  same  events,  mutatis  mutandis,  as 
that  of  A :  whence  it  follows  that  by  substituting  the 
values,  thence  arising,  in  the  general  expression  above 
given,  we  shall  hsive  ^JB-j-^BC—-^ ABC,  for  the 
value  of  B's  interest^  ^nd  ^JC+iBC—^v4BC,  for 
the  value  of  C's  interest  in  the  given  annuity:  whence 
the  following  rule  for  determining  the  value  of  the 
share  of  any  given  life  in  the  annuity. 

§  114.  Subtract  two  thirds  of  the  value  of  an 
annuity  on  the  three  joint  lives,  from  half  the  sum 
of  the  values  of  an  annuity  on  both  the  joint  lives 
arising  from  the  combination  of  the  given  life  zviih 
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each  one  of  the  others :  the  remainder  will  be  the 
value  of  the  share  of  such  given  life, 

§  115.  Ejoamfjle.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40;  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton,  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A=rJ(l  I -873  + 10-924) --|x8-986=5-408 

C  =  |(10-924+10-490)— .|x8-986=4-716 

and  the  sum  of  these  three  values,  or  1.5*3 15,  is 
the  value  of  an  annuity  on  the  three  lives,  to  continue 
as  long  as  any  two  of  them  are  in  being  together. 


PROBLEM  XIV. 

§  1 16.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being;  and  which  is  to  be  divided  amongst  them  in 
the  following  manner :  A  and  B  are  to  enjoy  it  equally 
during  their  joint  lives;  but  on  the  death  of  either  of 
them,  it  is  to  be  equally  divided  between  the  two  sur- 
vivors, for  their  joint  lives :  To  find  their  respective 
shares. 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
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receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,  as  depending  on  so  many  dilierent 
events:  1°  A  and  B  may  be  both  alive,  in  which  case 
he  will  receive  ^  the  annuity :  2°  A  and  C  may  be 
living  and  B  dead,  in  which  case  he  will  also  receive 
^  the  annuity.  Therefore  the  sum  of  these  expecta- 
tions for  the  first,  second,  third,  &:c,  years,  to  the 
utmost  extent  of  human  life  will  be  the  total  value  of 
A's  share  in  the  annuity.  But  the  value  of  these 
several  expectations  has  been  already  found  in  the 
solution  to  Prob.  IX  j  they  being  precisely  the  same 
as  the  first  two  there  mentioned:  and  the  sum  of 
which,  for  every  year^  of  human  life,  will  be  found 
equal  to  ^AB-\-^AC—^ABC :  whence  the  following 
rule. 

§    117.     Subtract  the  value  of  an  annuity  on  the 

joint  lives  ABC,  fro7n  the  sum  of  the  values  of  an 

annuity  on  each  of  the  joint  lives  AB  and  AC:    half 

the  I'emainder  will  be   the  value  which  A  ought   to 

contribute  toivards  the  purchase^ 

§  118.  With  respect  to  the  share  of  B,  it  is  evi- 
dent that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
events,  mutatis  mutandis,  as  that  of  A :  wherefore 
by  substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  ^AB-\-^BC^ 
^ABC  for  the  value  of  B's  interest  in  the  annuity: 
whence  the  following  rule. 
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§  1 19.  Subtract  the  value  of  an  annuity  on  the  joint 
lives  ABC,  from  the  sum  of  the  values  of  an  annuity 
on  each  of  the  joint  lives  AB  arzf^  BC  :  half  the  re- 
mainder luill  be  the  value  which  B  ought  to  contribute 
towards  the  purchase. 

§  1 20.  But  with  respect  to  the  share  of  C,  it  will 
appear  that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  may  be  considered  under  the 
two  following  points,  as  depending  on  so  many  dif- 
ferent events :  1°  A  and  C  may  be  living  and  B  dead, 
in  which  case  he  will  receive  ^  the  annuity:  2°  B  and 
C  may  be  living  and  A  dead^  in  which  case  also  he 
will  receive  ^  the  annuity.  Therefore  the  sum  of 
these  two  expectations,  for  the  first,  second,  third,  &c, 
years  to  the  utmost  extent  of  human  life,  will  be  the 
total  value  of  C's  interest  in  the  annuity.  But,  the 
value  of  these  expectations  has  been  already  found 
in  the  solution  to  Prob.  IX  ;  they  being  precisely  the 
same  as  the  first  two  which  are  mentioned  in  the  in- 
vestigation of  C's  share  in  that  annuity:  and  the  sum 
of  which,  for  every  year  of  human  life,  will  be  found 
equal  to  ^AC-\-^BC—ABC :  whence  the  following 
rule. 

§  121.  Subtract  the  value  of  an  annuity  on  the 
joint  lives  ABC,  from  half  the  sum  of  the  values  of 
an  annuity  on  each  of  the  joint  lives  AC  and  BC  : 
the  difference  will  be  the  share  which  C  ought  to  con- 
tribute towards  the  purchase. 
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§  122.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton.  The 
value  of  the  share  of  each  person  in  this  annuity  will 
be  as  under :  viz.  that  of 

A  =  |-(ll-873  +  10-924  —  8-986)  ==  6*905 

B  =  J(  11  -873  +  10-490  —  8-986)  =  6-689 

C  =  i(10-924+  10-490)—  8-986    =  1-721 

and  the  sum  of  these  three  values  is  the  total  value  of 

the  annuity  on  the  three  lives,   to  continue  as  long  as 

any  two  of  them  are  in  being  together. 


PROBLEM  XV. 

§  123.  A,  B  and  C  agree  to  purchase  an  annuity 
to  continue  as  long  as  any  two  of  thera  are  in  being 
together;  and  which  is  to  be  divided  between  them 
in  the  following  manner:  A  and  B  are  to  enjoy  it 
equally  during  their  joint  lives ;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives ;  but  if  B  dies  first,  then  A  is  to  enjoy  the  whole 
during  the  joint  lives  of  A,  and  C  :  To  find  the  value 
of  their  respective  shares. 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,  as  depending  on  so  many  different  events  t 
J°  A   and  B  may  be  both  alive,  the  probability  of 

K 
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which  at  the  end  of  the  first  year  is  -7  j  in  which  case 

he  will  receive  ^  the  annuity :  2°  A  and  C  may  be 
living  and  B  dead,   the  probability  of  which  at  the 

end  of  the  first  year  is  --  X  f  1  — r )  s  in  which  case  he 

■^  ac       \  b  I 

will  come  in  for  the  Vv'hole  annuity.    The  sum  of  these 
two  values,  multiphed  by  ( 1  +  ^)~'>  will  give  ( 1  +^)~* 

[—A r-\  foi*  the  total  value  of  the  expectation 

of  A  on  what  he  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his  ex- 
pectation for  the  second,  third,  and  every  subsequent 
year  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity ;  and  will  be  found  equal  to  hAB-{- 
AC-- ABC :  whence  the  following  rule. 

§    1 24-.     Add  half  the  value  of  an  annuity  on  the 

joint   lives   AB,   to   the  value  of  an  annuity  on  the 

■joint  lives  AC  ;  from  the  sum,  subtract  the  value  of 

an  amiuity  on  the  joint  lives  ABC :   the  remainder 

will  he  the  value  of  the  share  of  A, 

§  125.  The  expectation  of  B  on  what  he  may 
happen  to  receive  at  the  end  of  any  one  year  may  also 
be  coHoidered  in  two  parts  as  depending  on  so  many 
difl'erent  events:  1°  A  and  B  may  be  both  alive,  the 
probability  of  which  at  the  end  of  the  first  year  is 
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/  I 

-^ ,  in  which  case  he  will  receive  I  the  annuity :  2° 
ab 

B  and  C  may  be  aUve  and  A  dead,  the  probability  of 

ic  a 

which  at  the  end  of  the  first  year  is  ^X  (l  — ^jj  ^^ 

which  case  Ukewise  he  will  receive  ^  the  annuity.  The 
sum  of  these  two  values  therefore  being  multiplied  by 

C+f)-'  -i"  give(l  +  e)-X  (AJ+i;^-^J  for 
the  expectation  of  B  on  what  he  may  happen  to  re- 
ceive at  the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year, 
to  the  utmost  extent  of  human  life :  the  sum  of  all 
which  terms  will  be  the  total  value  of  his  interest  in  the 
annuity;  and  will  be  found  equal  to  ^(^AB-\-BC-^ 
ABC):  whence  the  following  rule. 

§  126,  Subtract  the  value  of  an  annuity  on  the 
three  joint  lives  A^C,  jro?n  the  sum  of  the  values  uf  an, 
annuity  on  each  of  the  joint  lives  AB  and  EC  :  half 
the  remainder  ivill  be  the  value  of  the  share  of  B.* 

§  127.  With  respect  to  the  share  of  C,  it  is  solely 
equal  to  half  the  value  of  a  reversionary  annuity  on 
the  joint  lives  BC,  after  the  life  of  A ;  which  rever- 
sionary annuity  is  by  the  Scholium  in  page  70,  ex- 

*  The  value  of  B's  interest  in  this  annuity  is  the  same  aa,  that 
in  the  preceding  problem, 

H  2 
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pressed   by   ^^BC  —  ABC) :  whence  the  following 
rule. 

§  128.  Subtract  the  value  of  an  annuiti/  on  the  joint 
lives  ABC,  Jrom  the  value  of  an  annuity  on  the  joint 
lives  BC  :  half  the  remainder  will  be  the  value  of  the 
share  ofC> 

§  129.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40;  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A  =r  Jx  11-873  + 10-924  —  8-986  =  7*874 
B  =  ^(11-873  +  10*490-- 8-986)=  6-689 
0=^(10-490  —8-986)    .  .   .  .    =    '752 
and  the  sum  of  all  these  three  values  will  be  the  total 
value  given  for  the  purchase, 

PROBLEM  XVI.* 

§  ISO.  D  and  his  heirs,  as  soon  as  any  tiuo  of 
three  given  lives  A,B,C,  become  extinct,  are  to  enter 
upon  an  annuity  in  order  to  enjoy  the  same  during  the 
life  of  the  survivor  :  To  find  the  value  of  his  interest 
therein. 

SOLUTION. 

This  annuity  is  evidently  to  continue  during  the 
longest  of  the  three  given  lives ;  and  the  value  of  the 

*  Simpson's  Sup.  Prob,  20.     Dodson,  vol.iii.  Ques.  70, 
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same  without  any  restriction  would  be  (by  Prob.  II) 
equal  to  A-{-B+C-AB-' ^C-BC+^BC :  but 
since  D  (or  his  heirs)  is  not  to  receive  any  thing  du- 
ring  the  continuance  of  any  two  of  these  Hves,  tlie 
value  of  an  annuity  depending  on  this  contingency 
must  be  subtracted  from  the  preceding  expression ; 
and  which  value  is  (by  Prob.  Ill)  denoted  by  ^B~\r 
AC-\-BC-2ABC.  Therefore  ^+B+C-2^B- 
2AC—2BC-\-SABC  will  be  the  value  required: 
whence  the  following  rule. 

§  ISl.  From  the  sum  of  the  values  of  an  annuity 
on  each  of  the  single  lives^  subtract  twice  the  smn 
of  the  values  of  an  annuity  on  each  pair  of  joint 
lives;  to  the  remainder  add  thrice  the  value  of  an 
annuity  on  the  three  joint  lives  :  the  sum  will  be  the 
interest  ofD  in  this  annuity,  or  the  value  of  the  re- 
version required, 

§  132.  Example.  An  estate  is  held  on  three 
lives  whose  ages  are  20,  30,  and  40,  the  income 
of  which,  as  soon  as  any  two  of  these  lives  become 
extinct,  is  to  belong  to  D  and  his  heirs  during  the 
continuance  of  the  third  life :  what  is  the  interest  of 
D  in  this  lease,  reckoning  the  probabiiiries  of  living  as 
at  Northampton,  and  the  rate  of  interest  4  per  cent  ? 

The  sum  of  the  values  of  an  annuity  on  each  of  the 
single  lives  is  16-033+ 14-781  +  13-197 —  44-011  ; 
the  sum  of  the  values  of  an  annuity  on  each  pair  of 
joint   lives  is   11-373 -f  10-924+ 10-490==  3S-287  ; 
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and  the  value  of  an  annuity  on  the  three  joint  lives 
is  8-986.  Therefore  44-011  —  2  X  33*287  +  3  X 
8-986  =  4-395  will  be  the  value  required. 


PROBLEM  XVII.* 

§  133.  D  and  his  heirs,  as  soon  as  any  one  of 
three  given  lives.  A,  B,  C,  becomes  extinct,  are  to 
enter  upon  an  annuity  in  order  to  enjoy  the  same 
during  the  continuance  of  the  longest  of  the  remain* 
ing  lives :  To  find  the  value  of  his  interest  therein. 

SOLUTION. 

It  is  evident  in  this  case  also  that  the  annuity  is  to 
continue  during  the  longest  of  the  three  given  lives ; 
and  such  would  be  the  value  of  it  to  D  (or  his  heirs) 
were  he  to  enter  upon  it  immediately:  but  since  he  is 
not  to  receive  any  thing  during  the  continuance  of  all 
the  joint  lives,  the  value  of  an  annuity  on  those  joint 
lives  must  be  subtracted  from  the  value  of  an  annuity 
on  the  longest  of  the  three  lives,  in  order  to  obtain 
the  required  value.  Wherefore, -^-fi^-}- C— u^5  — 
AC-BC-irABC-JBC=^yl-\-  B -\-  C-AB- 
AC—BC  will  be  the  value  of  his  interest  in  the  an- 
nuity :  whence  the  following  rule. 

§  134.  From  the  siim  of  the  values  of  an  annuity 
en  sack  of  the  single  liveSy  subtract   the  sum  of  the 

"*  Dod^on^  vol.  iii.  Q.ucf,  7^. 


Pr.  17.  ON    SURVIVORSHIPS.  103 

values  of  an  annuity  on  each  pair  of  joint  lives:  the 
remainder  ivill  he  the  interest  of  D  in  thin  mimiity^ 
or  the  value  of  the  reversion  required, 

§  135.  Example.  Suppose  the  lives  to  be  aged 
20,  30  and  40 ;  the  rate  of  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  value  required  would  be  16'033-j- 
14-781  4-  13-197  —  (11-873+  10'y24-f  10-490)rr. 
10724. 

COROLLARY. 

§  136.  Had  two  lives  only,  A  and  B,  been  con- 
cerned in  this  question,  the  value  of  the  interest  of  D 
in  the  annuity  would  (by  the  same  method  of  rea- 
soning) become  equal  to  ^4-\-B—2AB:  whence  the 
following  rule. 

§  137.  From  the  sum  of  the  values  of  an  annuity 
on  each  single  life,  subtract  twice  the  value  of  an 
annuity  on  the  two  joint  lives  :  the  remainder'  will  be 
the  value  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXI  in  Chapter  XII. 


PROBLEM  XVIIL* 

§   138.     D  and  his  heirs,  as  soon  as  any  one  of 
three  given  lives  A,  B,  C,  becomes  extinct,  are  to 

*  Dodson,  vol.  iii.  Quee.  80, 
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enter  upon  an  annuity  in  order  to  enjoy  the  same  during 
the  joint  continuance  of  the  survivors:  To  find  the 
value  of  his  interest  therein. 


SOLUTION. 

In  this  case,  the  annuity  is  to  continue  only  as  long 
as  any  two  of  the  given  lives  are  in  being  ;  and  such 
would  be  the  value  of  it  to  D,  were  he  to  enter  on 
it  immediately:  but  since  he  is  to  receive  nothing 
during  the  joint  continuance  of  all  the  lives,  the  value 
of  an  annuity  on  those  joint  lives  must  be  subtracted 
from  the  value  of  an  annuity  to  continue  as  long  as 
any  two  of  them  are  in  being  together.  Therefore 
.JB-\~AC-^BC~2JBC~ABC^AB-^AC-\-BC 
—-SABC^  will  be  the  value  required:  whence  the 
following  rule. 

5  139.  From  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  lives,  subtract  thrice  the  value 
of  an  annuity  on  the  three  joint  lives:  the  remainder 
udll  he  the  value  required* 

§  140.  Example.  Suppose  the  lives  to  be  aged 
20,  SO  and  40 :  the  rate  of  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  required  value  would  be  11 '873 -j- 
iO'924-l- 10-490—3  X  S'986  —  6'.'329. 
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SCHOLIUM, 

§  141.  The  preceding  problems  contam  some  of 
the  most  general  cases  of  survivorship,  where  not  more 
than  three  lives  are  concerned  j  they  are  by  no  means 
offered  as  the  whole  which  may  arise,  since  the  con- 
ditions of  the  problems  are  capable  of  infinite  variety : 
but,  by  an  attention  to  the  method  of  deducing  the 
values  in  the  cases  here  given,  it  is  presumed  that  no 
difficulty  will  be  found  in  investigating  any  other  case 
which  may  present  itself. 

§  142.  I  would  here  observe,  however,  that  the 
values,  in  all  these  problems,  are  deduced  from  the 
whole  continuance  of  the  lives  on  which  the  annuities 
depend  :  but  if,  from  the  conditions  of  the  problem, 
the  contingencies  are  Deferred  or  Temporary,  then 
the  annuities  which  result  therefrom  will  be  affected 
in  a  similar  manner.-  In  such  cases,  therefore,  we 
must  substitute  the  value  of  such  deferred  or  tem- 
porary  annuities,  instead  of  annuities  on  the  whole 
continuance  of  the  lives,  and  proceed  with  such  sub- 
stituted values  in  the  same  manner  as  with  the  whole 
values  of  the  annuities :  agreeably  to  what  I  have  al- 
ready mentioned  in  Prob.  II,  cor.  2  and  4 :  and  cor,  1 
to  the  Scholium  in  page  70. 
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CHAPTER    V. 

On   Reversionary  Annuities   depending  upon 
a  particular  Order  of  Survivorship. 

§  143.  Among  the  cases  of  reversionary  annuitiesj 
involving  not  more  than  three  lives,  and  which  are 
given  in  the  Scholium  at  the  end  of  the  third  Chapter,*' 
there  are  two  which  oftentimes  involve  ^  contingency 
for  which  it  is  extremely  difficult  to  find  a  correct 
algebraical  solution  fit  for  general  use.  These  are  the 
second  and  fourth  cases  there  mentioned;  and  the 
contingencyj  alluded  to,  is  that  one  of  the  two  Hves 
in  particular,  P  or  Q,  shall  die  before  or  after  the 
other. 

As  the  investigations  necessary  to  the  solution  of 
these  cases  will  be  of  considerable  importance  in  the 
further  progress  of  this  work,  I  shall  devote  a  separate 
chapter  to  the  examination  of  the  subject.  The  so- 
Jution  of  the  cases  themselves  will  lead  to  that  of 
some  other  questions  In  Survivorships  which,  for 
want  thereof,  could  not  be  inserted  in  the  preceding 
ijhapter. 

§    144'.     Instead  of  the  lives  A,  P,  O,  as  given  In 
the  scholium  above  mentioned,  let  the  lives  be  A,  B: 

*  See  page  71, 
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C  J  of  which,  the  lives  B  and  C  are  supposed  to  be 
in  possession,  and  the  life  A  in  reversion.  The  value 
of  a  reversionary  annuity  on  the  life  A  after  the  joint 
lives  B  C,  is  equal  to  A— ABC:  but  if  A  is  not  to 
enjoy  the  annuity  unless  B  be  the  Jirst  that  dies,  of 
the  two  joint  Hves  B  C,  it  is  evident  that  the  value  of 
the  annuity  will  be  considerably  affected  by  this  re- 
striction. 

In  like  manner,  the  value  'of  a  reversionary  annuity 
on  the  life  A  after  the  longest  of  two  lives  B  and  C, 
is  equal  to  A—JB—AC-^-ABC:  but  if  A  is  not 
to  enjoy  the  annuity  unless  B  be  the  last  that  dies,  of 
the  two  lives  BC,  it  is  evident  the  value  of  the  an- 
nuity will  in  this  case  also  be  considerably  affected  by 
this  restriction. 

When  the  two  lives  in  possession  are  of  the  same 
age,  or  nearly  so,  it  will  be  an  equal  chance  which  of 
them  dies  before  or  after  the  other :  but,  as  this  is  not 
always  the  case,  it  would  be  extremely  desirable  to 
obtain  an  expression,  fit  for  general  use,  which  should 
express  this  probability /or  every  year  of  human  lije  ^ 
because  the  expectation  of  receiving  each  year's  rent 
will  depend  on  such  contingency.  Unfortunately, 
however,  this  probability  cannot  be  denoted  by  a  co72- 
stant  quantity  till  after  the  extinction  of  the  oldest 
of  the  two  lives  j  because  the  chance  of  survivorship 
varies  in  every  succeeding  year  till  that  period :  and 
even  then  we  can  only  approximate  to  the  true  value. 
When  the  difference  between  the  ages  of  the  lives  in 
possession  is  not  very  great,  the  error  will  be  but  tri- 
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fling  (as  I  have  just  observed)  by  supposing  it  to  be  an 
equal  chance  which  of  those  lives  dies  before  or  after 
the  other,  during  the  probable  time  of  their  joint  con- 
tinuance ;  but  when  there  Is  any  considerable  difference 
between  the  ages  of  the  two  lives,  this  cannot  be  an 
accurate  method  of  proceeding.  After  that  period, 
however,  the  contingency  may  in  all  cases  be  expressed 
with  a  tolerable  degree  of  correctness.  But,  previous 
to  the  investigation  of  any  of  the  problems  connected 
with  this  subject,  it  will  be  necessary  to  premise  the 
following  lemmatao 


LEMMA  I.* 

§  14.5.  To  determine  the  probability  that,  out  of 
two  given  hves  A  and  B,  one  of  them  in  particular, 
A,  shall  fail  before  the  other. 

SOLUTION. 

It  is  evident  that  this  circumstance  may  take  place 
in  any  one  year,  1°  by  A  dying  in  that  year  and  B 
surviving  it ;  2°  by  the  extinction  of  both  the  lives  in 
the  year,  A  having  died  first.  The  probability  of  the 
first  event  happening  in  the  first  year  is,  by  §  24  and  25, 

•  ~    X  J ',  and  the  probability  of  the  second  event 

•*  Phil.  Trans.  1/88^  part  II,  page  332.  Dodson,  vol.  iii. 
Gues,  21.     Simpson^  page  100.      De  Moivre,  Prob.  IS. 
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happening  m  the  same  period  is  ^^ X  •—, —  X  i  :* 

the  sum  of  these  two,  therefore,  or  ^ — ^_L — '2  will 
denote  the  whole  probability  that  A  dies  the  first  of 
the  two  lives  in  the  Jirst  year. 

In  like  manner,  the  probability  of  the  first  event 

/     II  II 
happening  in  the  second  year  is        "      ;  and  the  pro- 
bability of  the  second  event  happening  in  the  same 

period  is  ^^ — ^  ^ ;   therefore  the   sum   of  these 

*  In  all  these  annual  contingencies  I  hava  supposed  it  to  be  an 
€']ual  chance  that  A  dies  before  B,  whatever  may  be  the  ditfereiice 
between  the  two  ages  :  and  though  this  is  not  strictly  correct, 
except  in  those  cases  where  the  tv/o  lives  are  equal  j  yet  as  such 
chance  is  in  the  present  investigation  confined  to  each  particular 
year,  and,  when  applied  practically,  is  involved  with  other  quan- 
tities which  veiy  much  diminish  the  error  that  would  otherwise 
arise  from  this  hypothesis/  it  would  be  needless  to  render  the  so- 
lution more  complicated  and  intricate  by  aiming  at  greater  exact- 
ness. It  will  however  appear  from  this  remark  that  the  result, 
here  obtained,  is  only  an  approximation  to  the  true  value  :  which 
is  more  and  more  correct,  the  further  we  continue  the  series. 

When  A  is  the  youngest  of  the  two  lives,  the  fraction  \  will 
exceed  the  chr»nce  that  A  dies  before  B ;  and  consequently  the 
value  of  t|/,  as  found  by  the  lemma,  will  exceed  the  true  value  of 
th(*  probability  that  A  dies  before  B  in  any  part  of  their  co- 
existence. On  the  other  hand,  when  A  is  the  oldest  of  the  twa 
lives,  the  chance  that  A  dies  before  B  will  be  more  than  ^  j  and 
consequently  \|/  will  in  this  case  fall  short  of  the  true  value  of  the 
probability  that  A  dies  before  B  in  such  period.  Proper  al- 
lowances may  be  made  in  such  cases,  when  there  Is  any  matr-'risi 
diSerence  in  tiic  ages  of  the  two  lives. 
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two,  or  ^~ ,  V\'i!I  denote  tlie  whole  proba- 

billty  that  A  dies  the  first  of  the  two  lives  in  the  se^ 
cond  year.    And,  if  this  value  be  added  to  the  one  just 

c  ^     r  -L       r  '  '^^        •         (o--a)x(l!  +  o)    , 

found  tor  the  first  year,  it  will  give  — * — ;p, [- 


<g— «j  x{2±J  £qj.  ^j^g  probability  that  A  dies  the  first 

of  the  two  lives  in  two  years. 

By  a  similar  method  of  proceeding  it  will  be  found 

It      III  II      in 

that  oT ^^'^^^  denote  the  whole  probability 

that  A  dies  the  first  of  the  two  lives  in  the  third 

year:  which,  being  added  to  the  value  just  found  for 

/  (  I     II       I    II 

two  years,  will  give  ^ '—^ ■''  +  ^ '—-^ h 

II    III      II    III 
— — '^Y for  the  probability  that  this  event  will 

happen  in  three  years. 

And  so  on  with  respect  to  the  values  for  all  the 
subsequent  years  to  the  utmost  extent  of  human  life : 
and,  if  we  make  n  equal  to  the  difference  between  the 
age  of  the  oldest  of  the  given  lives  and  that  age  in 
the  table  of  observations  at  which  human  life  becomes 

extinct,  we  shall  find  that  the  series — r -4- 

2ah  "■  2ab  """ 2ab 

will  express  the  whole  chance  of  A  dying  before  B, 
during  that  period.     But  this  series,  reduced  to  more 
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IP'  ' 

simple  terms,  is  equal  to  ~^X  I  (<^'f  — «)  X  (^  +  /?)  -f 

I      II         I      II        II     III        II     III 
{a—a)Xib-^b)  +  (a  —  a)xit  +  l') («  — a)X 

(/3+/3)  I  ,  the  sum  of  which  I  shall  denote  by  ij/; 

therefore  ip  will  express  the  probability  that  A  will  die 
before  B  during  the  probable  term  of  their  joint  con- 
tinuance :  and  its  application  will  be  shown  in  the  so- 
lution of  the  subsequent  problems. 

§  146.  In  finding  the  numerical  value  of  this 
series  for  lives  of  different  ages,  but  whose  common 
difference  of  age  is  the  same,  it  \^^ill  be  niost  con- 
venient to  begin  with  the  last  term  of  it,  or  («  — a)x 
(/3+/S);  and  to  proceed  upwards  till  we  come  to  the 
ages  of  the  given  lives,  as  in  finding  the  numerical 
value  of  Annuities  :  see  Prob.  I,  cor.  2.  By  this  me- 
thod, the  process  for  finding  the  probability  of  sur- 
vivorship between  two  other  lives,  whose  ages  have 
the  same  common  difference  as  the  given  lives,  will  be 
considerably  abridged ;  since  the  latter  terms  of  the 
series  will  be  common  to  both  cases. 

§  147.  -Example.  Let  it  be  required  to  find  ;he 
probability  that  A  the  youngest  of  two  lives,  whose 
difference  of  age  is  10  years,  shall  die  before  B  the 
eldest ;  a(!cording  to  the  probabilities  of  living  as  ob- 
seiTed  in  Sweden^  anion 9;st  males  and  females  colkc- 
tlvely.  The  process  for  finding  such  valuee,  for  every 
year  of  human  life,  will  best  appear  from  the  following 
specimen. 
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By  these  examples  it  will  be  seen  that  the  proba- 
bility, that  a  life  aged  80  will  die  before  another  life 
aged  90,  is  expressed  by  the  fraction  '2999 ;  where 
ctrtainty  is  denoted  by  unity :  and  that,  if  the  two 
lives  were  82  and  92,  the  probability  would  be  ex- 
pressed by  •24'77.  It  will  be  seen  also,  on  inspection, 
that  each  year*s  series  is  for  the  most  part  composed 
of  the  terms  which  form  the  preceding  series :  and 
consequently  that  the  finding  the  probability  of  sur- 
vivorship between  lives  of  several  ages,  whose  com- 
mon difference  is  the  eamc,  is  not  much  more  labo- 
rious than  finding  it  for  the  youngest  of  those  lives. 

§  148-  The  above  example  relates  to  the  proba^ 
bilities  of  survivorship  between  the  two  lives  as  ob- 
served in  Sweden  amongst  mankind  at  large :  but  if 
one  of  those  lives  be  a  onale  and  the  other  a  female 
the  results  will  be  materially  different,  as  may  be  seen 
by  the  two  following  tables,  v/here  the  answer  will  vary 
according  as  the  male  or  the  female  is  the  oldest  of 
the  two  lives. 


Age  of 

Age  of 

Probability 

Age  of 

Age  of 

Probability 

A 

B 

that  A 

A 

B 

that  A 

Male. 

Female. 

dies  first. 

Female. 

Male. 

dies  first. 

87 

97 

•1209 

87 

97 

•0000 

86 

95 

•ipso 

86 

9G 

•0000 

85 

95 

•2405 

85 

95 

•1228 

84 

94 

•2S11 

84 

94 

•1798 

83 

93 

•3147 

83 

93 

•2045 

82 

92 

•3342 

82 

Q2 

•2437 

81 

91 

•347  S 

81 

91 

•2678 

80 

90 

•3534 

80 

90 

•2797 
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Two  other  tables  likewise  might  be  formed  for  the 
same  ages;  viz.  for  those  cases  where  both  the  live^ 
are  males,  and  for  those  cases  where  both  the  lives  are 
females :  and  the  results  would  in  these  cases  also  be 
different  from  those  above  adduced.  But  enough  has 
been  said  to  enable  the  reader  to  calculate  the  true 
probability  of  survivorship  according  to  any  case  that 
may  come  before  him.* 

*  Mr,  Morgan  has  given  a  "  Table  shewing  the  probabilities  of 
*'  survivorship  between  two  persons  of  all  ages,  whose  common 
**■  diiferesce  of  age  is  not  less  than  10  years,  computed  from  the 
"■  Northavipton  table  of  observations."  See  Phil.  Trans,  vol.  Ixxviii. 
p.  337  :  or  Dr.  Price's  Ohs.  on  Rev.  Pay.  vol.  i.  p.  406.  He  says  . 
that  the  probabilities  are  very  nearly  the  same  from  whatever  table 
of  observations  they  are  computed:  the  accuracy  of  which  remark 
may  be  best  seen  by  a  comparison  with  the  examples  above  given. 

The  table,  here  alluded  to,  is  the  only  one  hitherto  calculated 
for  showing  the  probabilities  of  survivorship  between  any  two 
lives.  As  that  table  however  is  applicable  only  to  the  valuation  of 
annuities  as  deduced  from  the  Northampton  observations,  and  is 
moreover  adapted  to  every  decade  only  of  human  lite,  I  shall  point 
out  an  easy  method  whereby  we  may  obtain  a  near  value  of  such 
probability  J  which,  though  not  strictly  true,  will  be  sufficiently 
correct  if  the  two  lives  are  between  10  and  70  years  of  age:  at 
least,  till  we  are  possessed  of  more  enlarged  tables  on  this  subject. 
Let  the  expectation  of  A's  life,  as  found  by  Prob.  I,  cor.  7,  be  de- 
noted by  e;  and  let  the  expectation  of  B's  life  as  found  in  the 

same  manner  be  denoted  by  £  :  then  will  ■^  =  — . 

Tiiis  formula  fs  deduced  from*  the  sssnmption  that  the  decre- 
ments  of  life  are  equal  and  uniform  at  every  age,  agreeably  to  the 
principles  of  M.  De  Moivre  which  will  be  more  fully  explained  in 
Chapter  IX .-  and  is  one  of  the  many  instances  of  the  utility  and 
convenience  of  that  celebrated  hypothesis.     I'he  following  ex- 
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COROLLARY    I. 

§  149.  If  the  sum  of  any  number  of  terms  of  that 
series  be  subtracted  from  the  probability  of  the  failing 
of  the  joint  lives  in  that  term,  the  difference  will  de- 
note the  probability  that  B  will  die  before  A  in  that 
time.  Consequently  (since  it  is  certain  that  one  or 
other  of  them  will  die  before  the  end  of  n  years)  if 
the  sum  of  the  whole  series  be  subtracted  from  unity, 
the  difference,  or  1  — -J;,  will  express  the  whole  chance 
of  B  dying  before  A  during  the  probable  term  of  their 
joint  condnuance, 

COROLLARY    II. 

§  150.  When  the  two  lives  are  equal,  the  sum  of 
the  general  series  given  in  the  problem  is  equal  to  ^  : 
that  is,  ij;  =  ^. 


amples.  deduced  from  the  Northampton  observations  and  com^ 
paved  with  the  values  found  by  the  Lemma,  will  show  how  far  it 
may  be  relied  oti. 


Age  of 

Age  of 

Value 

Value 

A. 

B. 

by  Hypothesis. 

by  LeiTima. 

20 

30 

•4228 

•4231 

20 

40 

•3452 

•3429 

20 

50 

•26g2 

•2650 

20 

60 

•\97Q 

•)t)3[ 

30 

40 

•4082 

■4  094 

30 

50 

•3182 

•31/0 

30 

60 

•2  3;:;  6 

•2302 

40 

50 

•3897 

•393  s 

I     ^« 

60 

•2862 

•2882 

j     50 

60 

•3671 

•3756 
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SCHOLIUM. 

§  151.  Since  A  and  B  may  denote  lives  of  any 
ages,  and  therefore  the  series  given  in  the  problem 
extends  to  all  cases ;  whereby  ij;  becomes  a  general 
expression  for  the  probability  of  survivorship  between 
any  two  lives :  yet,  as  different  probabilities  may  here- 
after arise  in  the  same  problem,  and  as  much  confu- 
sion may  be  created  by  the  use  of  the  same  character 
to  express  different  quantities,  I  here  take  the  oppor- 
tunity of  observing  that  I  shall  denote  the  several  pro- 
babilities of  survivorship  that  may  take  place  between 
any  two  of  the  three  lives  A,  B,  C,  by  the  following 
symbols:  viz. 

A  dying  before  B  =  ij/ 

A«.».C  =  '2<r 

B    .     .    .     .     C  =  (p 
whence  it  follows,  by  Cor.  1 ,  that  the  probability  of 

B  dying  before  A  =  1  —  ip 

C«       .       .       .       A=l—  "StT 

C  .    .    .     .     B=  1  —  (p 


LEMMA  II.* 

§  152.  To  determine  the  probability  that,  out  of 
two  given  lives  A  and  B,  one  of  them  in  particular,  A, 
shall  die  after  the  other. 

*  Phil.  Trans.  'ijQA,  part  II,  page  224.  Dodson,  vol,  iil 
Clues.  19. 


Lem,2,  ON  CONTINGENT  ANNUITIES,  117 


SOLUTION, 

It  IS  manifest  that  this  circumstance  can  take  place  in 
the  first  year  only  by  the  extinction  of  both  the  liveSj 

A  having  died  last ;  the  probability  of  which  is  ^^'Z^  ^ 

~ '  X  j^  ?*  an  expression  which,  for  reasons   that 


will  hereafter  appear,  I  shall  make  equal  to » 

(a--a)j<  ( M^ 
2ah 

But  in  the  second  and  following  years,  the  event 

may  take  place,   1°  by  the  extinction  of  both  the  lives 

in  the  year,  A  having  died  last ;  2°  by  the  decease 

of  A  in  the  year,  B  having  died  in  either  of  the  pre* 

ceding  years.     The  probability  of  the  first  of  these 

I     II        I    II 

events  happening  in  the  second  year  is  ^^—^^^JZL±  ^ 

and  the  probability  of  the  second  event  happening  in 

I     II  I 

the  same  period  is  ^^— -X  (l  — -^):  the  sum  of  these 

I  ll  f  '         "  7  " 

two,  therefore,  or  -""  "  —  if— ^-MJtJ  vvill  denote  the 

a  2ab 

whole  probability  that  A  dies  after  B  in  the  seco7id 
year;  and  which  expression,  being  added  to  the  value 

just    found    for    the    first     year,    will   give  —^^  — . 

{a-a)x{i  +  Ij)   .  a-a        {a-d)x(l>  +  l)     r      .•.  ,    ,. 

~ — TaT—+-r  -  -; — ^ — '  ^^^  ^^^  p^obab^- 

lity  that  A  dies  after  B  in  two  years. 

*  See  the  note  in  page  109. 
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In  like  manner,  the  probability  of  the  first  event 

II    III       II    III 

happening  in  the  third  year  is  — — -  t ,  and  the 

probability  of  the  second  event  happening  in  the  same 

It    III  It 

period  is   -^^  X  (l  — -r)j  the   sum   of  which,   or 

//    ///       //    /ii       ii    II 

a~a^^[a—a)  x  (  +  ',     ^j|j  denote  the  whole  probabi- 

a  2ab  '  ^ 

lity  of  A  dying  after  B  in  the  third  year:  and  which 

expression,  being  added  to  the  value  just  found  for 

.,,      .        a— a        (n—a)y,(b  +  l)    .    a—a 
two  years,  will  give ^-t^ 1 

I      II         I      II         II     III        II      III         II     I'l 

(^-Wx(f+£)^^_(ir5)x(i+i>,  for  the  probabi- 

lity  that  A  dies  after  B  in  three  years. 

-And  so  on  with  respect  to  the  values  for  every  sub* 
sequent  year :  and  if  we  make  n  equal  to  the  dif^ 
ference  between  the  age  of  the  oldest  of  the  given 
lives  and  that  age  in  the  table  of  observations  at  ivhich 
human  life  becomes  extinct*,  we  shall  find  that  the 


*  Mr.  Morgan  has  taken  this  term  equal  only  to  the  difference 
between  the  age  of  the  oldest  of  the  given  lives  and  the  age  of  the 
oldest  life  in  the  table  of  observations :  whereby  he  has  omitted 
the  chance  of  one  life  dying  after  the  other  in  the  last  year  of  their 
joint  existence.  The  reader  must  bear  this  in  mind  when  com- 
paring the  values^  deduced  by  this  rule,  with  the  values  deduced 
from  the  rule  given  by  Mr.  Morgan.  I  would  here  observe,  that 
the  formula  above  given  is  not  only  the  most  correet  of  the  two, 
but  also  renders  the  several  expressions,  in  which  it  is  afterwards 
used,  much  more  simple  than  those  which  are  deduced  according 
to  Mr.  Morgan's  assumption.     And,  agreeably  to  these  principles. 
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I  I         U  'I        III  gj jf 

series f- 

a  a       '       a  a 


[ 


/  t  I  It  i  If  If         in  "         '" 

{a— a)  X  (b  +  h)       (a- a)  X{b  +  b)   ,   {a— a)  xjb  +  l)   , 

(a-a)x(;3  +  (S)- 

will  express  the  whole  chance 


2ab 

of  A  dying  after  B  during  that  period ;  that  Is,  during 
the  probable  term  of  their  joint  continuance. 


/    II 
a — a  ,  a — a 


But  the  first  part  of  this  series,  or J 1- 

,  is  evidently  equal  to  -^-  = 


"     '"  a— a. 

a — a    .  ,  .         .  t       1  1    .      a — a. 


(l );  that  is,  equal  to  the  probability  that  the  life 

A  shall  fail  in  that  period :  and  the  latter  part  of  the 
series,  which  is  to  be  subtracted,  is  (by  the  preceding 
Lemma)  equal  to  ip :  consequently  the  total  required 
value  for  n  years  will  be  denoted  by  (l )  —^i. 

it  will  be  found  that  the  table  which  Mr.  Morgan  has  given,  of  the 
probabilities  of  one  life  dying  after  the  other,  is  totally  useless: 
since  its  application  may  always  be  avoided  in  practice ;  as  will  be 
evident  from  the  method  pursued  in  the  investigation  of  the  pro- 
blems in  this,  and  in  the  eighth  Chapter  of  the  present  work. 

Should  the  reader  be  desirous  of  knowing  the  probability  that  A 
will  die  after  B  during  the  period  of  their  joint  continuance,  ac- 
cording to  Mr.  Morgan's  assumption,  he  will  find  that  it  is  denoted 

t         a,  \       , 
by  (l — ^j— v:  that  is,  by  substituting  a  for  a  in  the  formula 

which  I  have  given  in  the  text.  In  like  manner  the  probability 
of  B  dying  after  A  in  that  period  will,  upon  the  same  assumption, 

be  denoted  by  by  i> — ^  :  that  is,  by  substituting  /3  for  jB  in  the 
formula  given  in  the  scholium.  And  so  of  the  other  quantities 
there  adduced. 
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COROLLARY    I. 


§  153.  If  the  sum  of  any  number  of  terms  in  the 
above  series  be  subtracted  from  the  probability  of  both 
the  livCvS  failing  in  that  time,  the  difference  will  de^ 
note  the  probability  that  B  will  die  after  A  during  that 
period.     Consequently  if  the'  sum  of  the  whole  series 

above  given  be  subtracted  from  (l  —  — Wfl  — t-)  = 

a        B  '  "^  al       ^  b  I 

1 T-,*  (or  the  probability  that  both  the  lives 

fail  in  that  period)  the  difference,  or   (l  — —  — jA  "~ 

(l 4^)  =  il/  — Ty  will  express  the  chance  of  B. 

dying  after  A  in  that  periodo 


COROLLARY    11. 

§  154.  When  the  two  lives  are  both  of  the  same 
age,  T^j  becomes  equal  to  ^^ ;  as  already  mentioned  in 
the  second  corollary  to  the  preceding  Lemma :  conse- 
quently the  sum  of  the  series  in  the  present  Lemma 
becomes  also  equal  to  -|-« 

SCHOLIUM. 

§  J  55.  In  order  to  prevent  the  confusion  of  quan- 
tities alluded  to  in  the  Scholium  given  in  page  1 1 6,  I 
shall  here  denote  the  several  probabilities  of  survivor^ 


*  Since  it  is  certain  that  one  or  other  of  the  lives  will  be  extinct 
the  end  of  n  years,  it  follows  that  the  qu 
arises  from  this  product,  will  vanish  altogether. 


a/3 
at  the  end  of  n  years,  it  follows  that  the  quantity  — ,- ,  which, 
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ship,  which  have  been  the  subject  of  this  Lemma,  and 
which  may  arise  between  any  two  of  three  lives  A,  B^ 
C^  by  the  following  symbols:  viz, 

A  dying  after  B  =  1  -—  ip 

A    .       .       ,       ,       C=l — TiT 

a 

B  .     .     .     .     C=l~(p--|- 
whence  it  follows  by  Cor.  1^  that  the  probability  of 
B  dying  after  A  =:ij; — r- 

V-i      .  •  f  *  Xi.  'uC  —~  — 

c 

V-i    •        «        »        o        Xj  —  <lj  ' 


T^' 


c 


§  156.  It  should  here  be  remarked  that  the  above 
expressions  denote  the  respective  probabilities  of  sur- 
vivorship for  n  years  only,  or  during  the  probable  time 
of  the  joint  continuance  of  the  two  lives;  and  that 
the  values  are  deduced  without  any  regard  to  seniority. 
Therefore,  when  A  is  the  oldest  of  the  two  lives  the 
general  expression  in  the  Lemma  will  become  1 — ip; 
because  a  becomes  equal  to  O,  and  consequently  the 
fraction  —  vanishes  altogether.  But,  when  A  is  the 
youngest  of  the  two  lives,  that  expression  will  not  de- 
note the  whole  probability  of  A  dying  after  B,  since 
there  is  a  further  chance  of  A  dying,  after  having 
survived  B.  In  order  to  determine  this  probability 
for  the  subsequent  years,  the  series  in  the  Lemma  must 
V)?  continued  till  the  extinction  of  A's  life :  whence  it 
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will  be  found  that  the  probability  of  A  dying  after  B 
Jn  («  +  l),  (w+2),  (n+3),  &C5  years  will  be  respec- 

tively  denoted  by  1  — ip ■,  1— 1|; ,1— if;  — 

— ,  &c  ;  to  the  utmost  extent  of  A's  life,  at  which 
period  the  expression  becomes  1— if;. 

In  like  manner,  when  B  is  the  oldest  of  the  two  lives, 
the  probability  that  B  will  die  after  A  becomes  equal  to 
ij/:  but,  if  B  be  younger  than  A,  the  general  expression 
above  given,  ij^-— -y-,  denotes  the  probability  of  that 
event  taking  place  during  n  years  only,  or  during  the 
probable  time  of  their  joint  continuance.  And  the 
probability  of  the  same  event  taking  place  in  (n-J-l), 
(7^+2)5  (w+3),  &c,  years  will  be  respectively  denoted 

by  ip — y-,  ip— y-,  ip— -T-3  &c  J  to  the  utmost  extent 
of  B's  life,  when  the  expression  at  length  becomes 
equal  to  ip.  The  same  observations  will  apply  to  the 
other  quantities  above  given. 


PROBLEM  XIX.* 

§  157.  To  find  the  value  of  a  reversionary  an- 
nuity on  the  life  A,  after  the  longest  of  two  lives  B 
and  C,  on  condition  that  B  dies  after-  C. 

*  Simpson's  Sup.  Prob,  34.  Dodson,  vol.  iii.  Ques.  30.  Mor- 
gan, Prob.  27,  cor.  and  in  Phil.  Trans,  for  1 794^  page  240. 
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SOLUTION. 

The  chance  which  A  has  of  receiving  this  annuity 
at  the  end  of  any  one  year  will  depend  on  the  con- 
tinuance of  his  life  to  the  end  of  such  term,  and  on 
the  extinction  of  both  the  lives  B  and  C  previous 
thereto ;  restrained  however  to  the  contingency  that 
B  dies  last.  It  is  this  contingency  which  it  is  so  dif- 
ficult to  represent  in  such  a  manner  as  to  be  generally 
useful.  In  the  short  space  of  one  year,  as  I  have  be- 
fore observed  (page  109),  the  error  is  not  material  by 
taking  one  half  the  product  of  the  probabilities  that 
the  two  lives  shall  fail  in  that  period,  "  But,  when 
**  the  number  of  years  and  the  difference  between  the 
*'  ages  of  the  two  lives  are  considerable,  those  chances 
"  must  vary  in  proportion ;  and  therefore  unless  the 
"  contingency  is  blended  with  another  which  shall 
*'  very  much  diminish  the  probability  of  the  event, 
*'  the  solution,  by  thus  indiscriminately  supposing  tJie 
*'  chances  to  be  equal,  must  be  rendered  extremelj/ 
•'  inaccurate,'** 

§  158.  If  the  probability  of  B  dying  after  C  in 
one,  two,  three,  &c,  years  (as  found  by  the  second 
Lemma)  be  severally  denoted  by  y,  y,  y,  &c,  the  ex- 

*  These  are  Mr.  Morgan's  own  words  when  speaking  of  Mr. 
Simpson's  method  of  soUition  :  s&e  Phil.  Trans.  l^Ql,  page  276. 
We  shall  find,  in  the  sequel,  that  he  has  fallen  into  the  same  error 
himself. 
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pectation  which  A  has  of  enjoying  the  annuity  at  the 

end  of  those  years  will  be  represented,  with  a  suffix 

/   /  //  //         III  III 

dent  degree  of  accuracy,*  by  ^-^^,  -^^,,-^^-3, 

he,  respectively.  But,  in  this  case  the  true  value  of 
the  reversionary  annuity  could  not  be  expressed  by 
less  than  n  different  series  5  and  therefore  would  be 
wholly  unlit  for  general  use. 

5  159.  It  appears,  from  what  has  been  here  said, 
that  the  chance  of  one  hfe  dying  before  or  after  an- 
other differs  in  every  year  of  their  joint  existence ;  and 
that  it  is  not  capable  of  being  represented  by  a  con* 
siant  quantity  till  the  extinction  of  the  oldest  of  such 
lives.  u4fier  that  period,  however,  the  expectation 
which  A  has  of  enjoying  the  annuity  at  the  end  of  any 
subsequent  year  may  be  determined  sufficiently  near 
for  any  useful  purpose  by  the  help  of  the  preceding 
lemmata.     Consequently,  all  that  appears  further  ne- 

*  Mr.  Morgan  says  {Phil.  Trans,  for  1794,  p.  238)  that  these 
quantities  would  give  the  exact  value  of  the  reversionaiy  annuity : 
but  he  asserts  this  on  the  presumption  that  the  values  deduced 
from  the  Lemma  give  the  true  probabilities  of  survivorship  for  every 
year  of  human  life.  "Whereas  those  values  approximate  only  in 
proportion  to  the  length  of  the  series  j  and  are  incorrect  in  the  lirst 
terms  of  such  series,  when  there  is  any  considerable  inequality 
between  the  ages  of  the  two  lives.  Nevertheless,  if  they  could 
"be  at  all  rendered  fit  for  practical  purposes,  they  would  enable  us 
to  approximate  more  nearly  to  the  trae  value  of  the  reversionary 
annuity  than  the  inaccurate  method  hitherto  adopted. 
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cessary  for  the  proper  solution  of  the  problem  is  such 
an  expression  as  will  approximate  to  the  value  of  the 
chance  that  B  will  die  after  C  during  the  several  years 
of  their  joint  continuance.  Let  such  expression  be 
denoted  by  y^ ;  (the  value  of  which  v/ill  be  the  subject 
of  a  future  inquiry,  see  §  173):  then  will  the  value 
of  the  reversionary  annuity,  depending  on  the  con- 
tingency mentioned  in  the  problem,  be  determined  in 
the  following  manner. 


§  160.  It  is  manifest  that  the  payment  of  the  an- 
nuity in  any  one  year  depends  on  the  continuance  of 
the  life  A  to  the  end  of  that  year,  and  on  the  extinc- 
tion of  both  the  Hves  B  and  C  previous  thereto,  B 
having  died  last :  the  probabilities  of  which  events 
for  the  first,  second,  third,  he,  years  are  respectively 

denoted    by  i(l-4)  x  (l-^k,  |(l-|)  X 

/;  /;/  III  III 

(l-7-)x.7(l-y)x(l-|)%,&c.  Consequently, 
the  sum  of  the  expectations  of  receiving  the  annuity 
at  the  end  of  those  periods  respectively  will,  for  the 
first  n  years,*  be  denoted  by  the  following  series, 

*  I  would  here  observe,  once  for  all,  that  in  this  and  the  two 
subsequent  problems  I  take  n  to  denote  the  number  of  years  be- 
tween the  age  of  the  oldest  life  involved  in  the  question,  and  that 
age  in  the  table  of  observations  when  human  life  becomes  extinct : 
consequently  the  value  of  n  will  vary  according  to  the  three  cases 
giver,  in  these  problems. 
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(i  +  er'xx  ^-^-^+-''-^  U 

til  II  II  II   II  I!  II  II  "~] 

a       a  b        ac        abc  _} 

I     III         III  III         III  III  III  ri  III  ~~l 

^     *   ^'  l_a        ab        ac    '     abcji 

(i+er''xxr---f-^+^~|. 

^         ^'  [_a        ab        ac    '    abc  J 

§  161.  Case  1.  Let  A  be  the  oldest  of  the  three 
lives.  It  is  evident  that  in  this  case  the  series  above 
given  will  denote  the  whole  value  of  the  reversionary 
annuity  required:  because  in  the  yfi^  year  the  life  A 
becomes  extinct,  and  all  the  subsequent  terms  of 
the  series  vanish.  But  the  above  series  is  equal  to 
^[^— ^5  — ^C  +  ^i^C]:  that  is,  equal  to  the 
value  of  a  reversionary  annuity  on  the  life  A  after  the 
longest  of  two  lives  B  and  C,  multiplied  by  the  chance 
that  B  dies  after  C* 

*  According  to  the  method  of  solution  adopted  by  Mr.'  Simpson 
and  Mr.  Morgan,  the  vahies  (in  all  those  cases  where  A  is  the 
oldest  life)  will  be  precisely  the  same,  whatever  be  the  difference 
of  age  between  B  and  C,  whether  the  contingency  depends  on  B 
dying  after  C,  or  C  dying  after  B.  Thus,  the  value  of  an  annuity  on 
a  life  aged  78  to  be  entered  upon  at  the  extinction  of  two  lives  aged 
15  and  75  (which  is  one  of  the  cases  given  by  Mr.  Morgan)  is  the 
same  whether  the  contingency  depends  on  the  younger  life  dying 
after  the  elder,  or  on  the  elder  dying  after  the  younger.  But  it 
must  be  evident  that  an  annuity  depending  on  the  former  contin* 
gency  is  worth  more  than  a  similar  annuity  depending  on  the  latter 
contingency.    For^,  the  time  of  A's  coming  into  possession  is  tlie 
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§   162.     Case  2.     Let  B  be  the  oldest  of  the  three 
lives.     In  this  case,  the  above  series  will  denote  the 

same  in  both  cases  j  viz.  on  the  extinction  of  loth  the  lives:  there- 
fore the  value  of  the  annuity  will  be  affected  only  by  the  contin- 
gency of  one  life  dying  after  the  other. 

Mr.  Morgan,  in  attempting  to  give  a  more  correct  solution  for 
the  value  of  such  annuities  afier  the  extinction  of  the  oldest  life, 
has  overlooked  the  most  material  part  of  the  process,  which  is  to 
obtain  a  more  accurate  expression  for  the  value  of  such  annuities 
during  the  joint  continuance  of  all  the  fives.  I  am  aware  that  Mr. 
Morgan  asserts  that,  by  taking  it  as  an  equal  chance  whether  B 
dies  before  or  after  C  in  any  given  period,  the  value  of  the  an- 
nuity which  results  from  this  assumption  will  be  suthciently  near 
the  true  value  for  any  useful  purpose  :  and  he  has  given  some  ex- 
amples with  a  view  to  prove  the  accuracy  of  his  remark.  I  shall 
here,  however,  take  the  opportunity  of  observing  that  what  he 
calls  the  true  value  is  only  an  approximation,  which  differs  most 
from  the  true  value  in  those  very  cases  where  it  is  most  wanted  as 
a  test.  He  has  deduced  certain  values  from  a  false  hypothesis  j 
and  afterwards,  assuming  these  values  as  if  correct,  endeavours  to 
prove  that  another  method  of  approximation  used  by  him  is  ac- 
curate because  it  agrees  with  these  assumed  values.  Now,  from 
what  has  been  said  in  the  preceding  pages,  I  think  it  must  be 
evident  that,  when  there  is  any  considerable  difference  between  the 
ages  of  the  two  lives,  the  value  of  the  probability  deduced  by  the 
lemmata  will  not  be  the  correct  value  for  every  year  of  human  life: 
neither  will  the  method  of  proceeding,  alluded  to  in  §  158,  enable 
us  in  such  cases  to  obtain  the  true  value  of  the  reversionary  annuity. 

These  observations  apply  to  the  table  inserted  by  Mr.  Morgan  in 
the  Phil.  Trans,  for  1 794,  page  234,  and  to  the  examples  given 
by  him  in  p;ige  239  of  the  same  volume.  Mr.  Morgan  says  "  that 
"  the  approximations  and  exact  values  do  not  difler  much  from 
''  each. other  till  the  last  years  of  the  oldest  life  :"  but  the  fact  is 
that  they  differ  nearly  in  the  same  ratio  throughout  the  whole  time, 
of  the  joint  continuance  of  the  tv/o  lives.  His  own  rem;irks 
prove  the  inaccur.icy  of  his  method  of  reasoning. 
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Value  of  the  reversionary  annuity  for  the  first  n  years 
(?z  noiu  denoting  the  number  of  years  between  the 
age  of  B  and  that  age  in  the  table  of  observations  when 
human  life  becomes  extinct) :  and  the  sum  of  it  will 
be  found  equal  to  y^jij^Af-y^B-^JCf-^-ABCy 
For,  the  first  and  third  of  these  perpendicular  series 
being  continued  to  n  terms  only,  the  sum  of  those 
terms  will,  by  Prob.  t,  cor.  4,  be  accurately  represented 
by  the  characters  here  given:  and  the  second  and 
fourth  perpendicular  series  evidently  denote  the  tvliole 
value  of  the  annuities  on  those  lives  respectively  j 
since  in  the  ?2^^^  year  the  life  B  becomes  extinct  and 
all  the  subsequent  terras  of  those  series  vanish. 

Now,  in  order  to  determine  the  expectation  of  re- 
ceiving the  several  rents  in  the  remaining  years  of  A's 
life,  it  should  be  observed  that  the  payment  of  the  an- 
nuity in  any  one  year  depends  on  the  continuance  of 
the  life  A  to  the  end  of  that  year,  and  on  the  proba- 
bility that  B  dies  after  C  previous  thereto :  but  the 
probability,  that  B  will  die  after  C  in  the  (ri-f-l)^'  ^^"^^ 
all  the  subsequent  years,  is  (by  the  scholium  to  the 
second  Lemma)  denoted  by  the  constant  quantity 
Q__(p).*  Consequently  the  sum  of  the  expectations 
of  receiving  the   (?z  +  0'^  (w  +  2)"^    («+3)'^   &c, 

year's  rents  will  be  expressed  by  the  series ^1~^ 

0(^1 -fc) 


*  Because,  in  the  general  expression  there  given,  /3  becomes 
Qal  fo  0  when  B 

sequeruly  vanishes. 


^qual  fo  0  when  B  is  the  oldest  life  j  and  the  fraction  — -    con 

V 
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;/  ;// 

---^^^'^-j — - — ^-^-j-  &c:  which,  beins^  continued 

G(l+f)  «(l+f) 

for  all  the  subsequent  years  of  A's  life,  will  show  the 
true  value  of  all  the  rents  to  be  received  after  n  years. 
But  the  sum  of  this  series  is,  by  Prob.  I,  cor.  S,  equal 

to(l— ^)X(^)  ;  and  which,  being  added  to  the 
first  n  terms  of  the  several  collateral  series  above  found, 
will  make  the  total  value  of  the  annuity  in  this  case 
equal  to  x\_{Af-JB~ {AC f  -\-  J BC]  +  (l--(p) 

X(^/.  But,  since  (^)^=^-(^)'^,  and  {ACf— 
AC — {AC)  ,  as  appears  from  Prob.  I,  cor.  4,  it  fol- 
lows that  this  value  may  be  more  conveniently  ex- 
pressed by  %  [^~ -^^ -- ^^6"+ ^-fi  C] +( 1  -  (p -%;  X 
{Af^X{ACf,* 

§  1 63.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  The  value  of  all  the  rents  for  the  first  n  years 
(n  noil)  denoting  the  number  of  years  between  the 
age  of  C  and  that  age  in  the  table  of  observations 
when  human  life  becomes  extinct)  may  in  this  case, 

*  I  would  here  observe  that  the  rule  given  by  Mr.  Simpson  for 
the  solution  of  this  case  is  expressed  by  {A—lAB-\-  ABE)      : 

where  £  denotes  the  expectation  of  the  life  B  as  deduced  from 
the  rule  in  page  49,  and  where  tj  denotes  the  expectation  of  the 
life  C  as  deduced  from  the  same  rule. 

"When  C  is  the  oldest  life,  this  value  must  be  deducted  from  the 
whole  value  of  an  annuity  on  the  life  A  after  the  longest  of  the 
two  lives  B  and  C3  agreeably  to  the  method  which  will  be  ex- 
plained in  the  note  in  page  140. 

K 
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as  in  the  last,  be  denoted  by  the  first  7i  terms  of  the 
series  given  in  the  Problem ;  and  the  sum  of  which  will 
now  be  equal  to  %  [(-^^)^--(^5)^- ^C  +  ^fiC]. 
F6r,  the  first  and  second  of  those  perpendicular  series 
being  continued  to  n  terms  only,  the  sum  of  those 
terms  will  be  truly  denoted  by  the  characters  here 
given :  but  the  last  two  perpendicular  series  evidently 
denote  the  value  of  annuities  on  the  tvliole  continuance 
of  those  lives  respectively;  because  in  the  7i^'^  year  the 
life  C  is  extinct. 

Now  in  order  to  determine  the  expectation  of  re- 
ceiving the  several  rents  in  the  remaining  years  of  A*s 
life,  it  should  be  observed  that  the  probability  of  B 
dying  after  C  in  (n-f-  Oj  (^  +  2),  (/2  +  3),  he,  years  is, 
by  the  scholium  to  the  second  Lemma,  respectively 

denoted  by  (1-^-4),  [i-^-l-),  [i^(p- P-)^ 
&c :  consequently,  since  the  payment  of  the  annuity 
in  any  one  year  depends  on  the  continuance  of  A's 
life  to  the  end  of  that  year  and  on  B  having  died  after 
C  previous  thereto,  it  follows  that  if  these  values  be 


severally  multiplied  by  — ,  --,  — ,  &;c,  (or  the  proba- 
bility that  A  will  live  (/i-l~l),  («  +  2),  ^i  +  S),  &c, 
years  respectively)  the  products  thence  arising  will  ex- 
press the  whole  chance  of  receiving  each  year's  rent 
respectively.  And  these  products,  being  again  multi- 
plied by  the  present  value  of  £,1  due  at  the  end  of 
those  respective  periods,  will  give  the  expectations  of 
receiving  such  sum  at  the  end  of  those  years :  and 
which  will  be  expressed  by  the  following  series. 


Pr,  19.  ON  CONTINGENT  ANNUITIES.  ISl 

(.+e)-"-""x[(i-^)i-ig+ 

r"  ///  /;/  iir~\ 

&C  &c  &c. 

But  the  sum  of  these  two  perpendicular  series,  con- 
tinued to  the  utmost  extent  of  A's  life^  is  by  Prob.  I, 
cor.  3,  equal  to  (1  — (!))x(^)  —  (^5)^;  and  which, 
being  added  to  the  first  n  terms  of  the  several  colla- 
teral series  above  found,  will  make  the  total  value  of 
the  annuity  in  this  case  equal  to  %|  (A)^—{AB)-^ 

AC-^ABC']  +(1  -  ^-  %)  X  {Af  -  (I  -%)  X 

{AB)  :  an  expression  which,  from  what  has  been 
said  in  the  last  case,  may  be  more  conveniently  de- 
noted by  x\_^--'^^—^C-\-ABC']-^(l~p'^%)X 
{Af^{]^x)X{AB)^ 


COROLLARY. 

5  164'.  If  the  two  lives  in  possession  are  both  of 
the  same  age,  B,  then  <p  and  %  each  become  equal  to 
^,  and  the  quantities  (AB)  and  (AC)  vanish  alto- 
gether: consequently  the  expression  in  each  case  be- 
comes ^\^A—2AB-{-ABB'];  that  is,  equal  to  half 
the  value  of  a  reversionary  annuity  on  the  life  A  aftef 
the  longest  of  two  equal  lives  B  and  B, 

K  2 


.. 
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But,  if  the  two  lives  In  possession  are  of  the  same 
age  with  the  Hfe  A  in  reversion,  this  expression  will 
become  ilJ-2JJ+JJ^'iy 


PROBLEM  XX.* 

§  165.  To  find  the  vaUie  of  a  reversionary  annuity 
on  the  hfe  A,  after  two  joint  Hves  BC,  on  condition 
that  B  dies  before  C. 

SOLUTION. 

The  payment  of  this  annuity  at  the  end  of  any  one 
year  depends  on  the  continuance  of  the  hfe  A  to  the 
end  of  that  year,  and  on  the  extinction  of  the  hfe  B 
before  C  previous  thereto.     As  this  latter  contingency 
cannot  be  conveniently  represented  witj^  accuracy  for 
every  year  of  human  life,  it  becomes  necessary,  as^  in 
the  last  problem,  to  have  recourse  to  an  approximation 
during  the  number   of  years  that    the  lives   have  a 
chance   of  condnuing  together.      Therefore  let   the 
same  symbols  be  used  as  in  that  problem :  and  let  us 
consider  the  payment  of  the  annuity,  during  the  first 
n  years,  as  depending  in  each  year  on  one  or  other 
of  two  events :   1°  that  A  lives  to  the  end  of  the  year, 
and  that  B  and  C  both  fail  previous  thereto  B  hav- 
ing  died  first:  2°  that  only  B  dies  previous  thereto, 

■     *  Simpson's  5«p.Prob.  35.     Dodson,  vol.  iii.  Ques.49.    Mor- 
gan, Prob.  27:  and  in  Phil.  Trans,  for  1794,  page  235. 
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and  that  A  and  C  both  live.     The  probability  of  the 
happening    of   the   first   event    in   the   first   year   is 

'  /  ' 

^(  1  _  A  W  f  1  —  - 1  X  ( 1  —  %) ;*  and  the  prcbability 

a  ^  b  ^        ^  c  '  ^ 

of  the  happeninc^   of  the  second   event  in  the  same 

period  is   (l— -)x  ^-'^  therefore  the  sum  of  .these 
two,  reduced  to  simple  terms  and  multiplied  by  (1  +er'» 

r—    /  ;     /  I  I    I  I   I 


a  b 


^  a 


a  b 


a  c 


a  b 


+ 


will  give  (i-fe)~'x  La      «^ 

III  I 

±^^:i]y  for  the  total  value  of  the  expectation  of  re- 
a  b  c'  '^ J 

ceiving  the  first  year's  rent.  By  a  similar  method  of 
reasoning  we  may  find  the  expectation  of  receiving  the 
second,  third,  &c,  year's  rents :  and  the  sum  of  all 
these  expectations  for  the  first  n  years,  will  be  de- 
noted by  the  following  series. 


(i+e)"x 


ab 

ab 


^  a 


ab        ac         a  be  ,.  ^^ 
ab        ac    ^   abc  r^ 


ac 

II  II 
ac 


r-  II  II  ,!  II  It  !l  II  II  II  II    I  ^ 

a       ab       I  a       ab        ac         abcs^^ 
(1  +  e)  'X[_a-'aJ~^'a~'  ab'~ac~^   abc  )^^  J 

rill  III  r.i  III  III  ill  r:  III  W  i:i  Hi  ~| 

a        ab        I  a        ab       ^  ,    iiAi>v 
.      .    .^  l_^~a^""U~aT       ac'^    abcl^J 


-J- 
I 

+ 


(1+e)' 


X  \_a        ab        W         ab        ac~^  abc  '  ""J' 


§  166.  Case.  1.  Let  A  be  the  oldest  of  the  three 
lives.     It  is  evident  that  in  this  case  the  series  above 

*  Since  x  (denotes  the  chance  that  B  will  die  after  C  in  eveiy 
year  of  their  joint  existence,  it  follows  that  \—z  will  denote  the 
chance  that  B  will  die  before  C  in  the  same  periods. 
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given  will  express  the  whole  value  of  the  reversionary 
annuity  required :  because  in  the  n^^  year  the  life  A 
becomes  extinct,  and  all  the  subsequent  terms  of  the 
series  vanish.  But  the  above  series  is  in  such  case 
evidently  equal  to  ^  —  ^B— %  [^—^B— ^C  + 

§  167.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  above  series  will  denote  the 
value  of  the  reversionary  annuity  for  the  first  n  years, 
and  the  sum  of  it  will  be  found  to  be  (J[f  —  ^B  — 
X  ^{^)^—u4B-(^JCy+ABC']^.  In  the  subsequent 
years,  the  chance  of  receiving  the  annuity  will  depend 
on  the  continuance  of  the  life  A,  and  on  the  proba- 
bility of  B  dying  before  C :  therefore  the  value  of 
the  annuity  for  the  remaining  years  will  be  denoted 

by  the  sum  of  the  series  — ~ ;  -\ — ^  -j- 

a(l+?)  0(1 +?) 

HI 

t^^—-^^c  =  (p(j4).     Consequently  the   total 

value   of  the  required  annuity  will  he  ^  —-  jiB  — 

X\_A-  AB-  AC  -\-  JBC']~{\-(p-x)x{^)^  - 
X{ACf. 

§  168.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  above  series  will  also  denote 
the  value  of  the  reversionary  annuity  for  the  first  n 
years;  the  sum  of  which  will  now  become  equal  to 
(jf-^{ABy'-x[(^Af"iAB)^-AC+ABcy. 
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and  the  value  of  the  annuity  for  the  remaining  years 
will  be  truly  expressed,  as  in  the  last  case,  by  (p(^A)  , 
Consequently  the  total  value  of  the  annuity  required 
will  be  A~AB~x[_A  -  AB  ^  JC ■\-  ABC^-^ 
{\-(l)'~X)X{Af-^{\-X)X{ABf. 


COROLLARY. 

§  169.  If  the  two  lives  in  possession  are  both  of 
the  same  age  B,  then  (p  and  %  will  each  (as  in  the 
corollary  to  the  last  problem)  become  equal  to  J,  and 
the  quantities  {AB )  and  {AC)  vanish  altogether : 
consequently  the  value  of  the  reversionary  annuity  in 
each  case  is  expressed  by  V[_A — ABB~\. 

But  when  the  two  lives  in  possession  are  of  the 
same  age  as  the  life  A  in  reversion,  this  expression 
will  become  equal  to  h^^A—  AAA~\. 


SCHOLIUM. 

§  170.  If  the  value  found  according  to  either  of 
the  three  cases  in  this  problem  be  added  to  the  value 
found  according  to  the  corresponding  case  in  the  pre- 
ceding problem,  their  sum  will  be  equal  to  A — AB, 
Consequently,  if  the  value  of  the  annuity  in  either 
case  of  the  preceding  problem  be  once  determined, 
the  value  of  the  same  annuity  according  to  the  cor- 
responding case  in  the  present  problem  may  be  easily 
found  (provided  the  ages  of  the  three  lives  A,  B,  C, 
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are  the  same  in  both  instances)  by  subtracting  the  for- 
mer value  from  ^ —  ^4B  :  aijd  vice  versa. 

This  is  almost  self-evident:  for,  taking  the  contin- 
gencies of  both  problems,  it  is  manifest  that  the  an- 
nuity is  certain  to  be  enjoyed  by  A  after  the  decease 
of  Bj  provided  he  lives  so  long.  Consequently  the 
sum  of  the  values  found  by  both  problems  must  in 
each  case  be  equal  to  the  value  of  a  reversionary  an- 
nuity on  the  life  A  after  the  decease  of  B.  The 
truth  of  this  scholium  is  indeed  evident  on  inspection, 


PROBLEM  XXL* 

§  171.  B  and  C  possess  an  annuity  between  them; 
which,  if  B  survives  C,  is  afterwards  to  be  equally  di- 
vided between  A  and  B  during  their  joint  existence, 
and  then  is  to  go  entirely  to  the  survivor  for  his  life : 
To  find  the  value  of  the  share  of  A  in  this  annuity. 


SOLUTION. 

Since  A  is  not  to  receive  any  thing  if  C  survives  B, 
it  is  evident  that  he  is  entitled  to  half  the  value  of  a 
reversionary  annuity  on  the  joint  lives  AB  after  the 
extinction  of  the  life  C ;  and  also  to  the  whole  value 
of  a  reversionary  annuity  on  his  own  life  after  the  ex- 
tinction of  the  life  B,  provided  B  dies  after  C.     The 

*  Simpson^  Prob.  29,  and  Sup.  Prob.  36. 
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former  value  is,  by  the  scholium  in  page  70,  equal  to 
J(  IB—  ABC) J  and  the  latter  value  may  be  found 
by  Problem  XIX,  according  as  A,  B.  or  C,is  the  oldest 
of  the  three  lives ;  whence,  the  following  values  may 
be  readily  deduced,  for  the  three  cases  there  men- 
tioned. 

That  is,  when  A  is  the  oldest  of  the  three  lives,  the 
required  value  will  be  equal  to  X{-'^—^C)-\-(^-^—x) 
X(JB~JBC)*      When  B  is  the  oldest  of  the 

*  If  we  take  x  ^^  cJenote  5  (that  is,  if  we  suppose  with  Mr. 
Mors^an  indiscriminatelv  that  it  is  an  even  chance  whether  B  dies 
before  or  after  C  in  any  period  of  their  joint  existence,  whatever 
be  the  difference  of  age  between  tlie  two  lives)  then  will  this  for- 
mula become  equal  to  ~{A  —  JC) :  and  this  is  the  method  of  so- 
lution adopt  d  also  by  Mr.  Simpson.  Mr.  Morgan,  however,  in 
his  hurry  to  attack  M.  De  Moivre's  hypothesis,  has  inadvertently 
called  thi^  formal.;  an  ^;^.sM?,i  one}  and  says  that  the  error  arises 
fro  11  r.  Simpson's  havinf^  been  misled  by  that  hypothrsis  m 
determinins;  the  probability  of  one  life  dying  after  the  other :  see 
Phil.  Travis,  vol.  Ixxxi,  page  276.  The  present  investigation,ji'//i?7i 
the  real  pr  oh  abilities  of  life,  "\  ill  show  that  accusation  to  be  un- 
founded, .'r.  Vio-gan  has  wholly  mistated  the  case,  as  he  will 
rea iily  perceive  on  re-priasing  what  he  Nas  there  written  :  he  has 
confounded  Mr.  vSimj)Son's  34*^  and  36**^  p'oblems  together;  and 
thereby  bi ought  an  uumerited  cen:  ■  iv  upon  that  author.  The 
error  does  not  ari^e  from  the  use  of  De  f  loivre's  hypothesis,  (as  he 
would  wisH  us  to  belisv'^)  b'U  from  the  inaccurate  method  which 
he,  in  common  with  Mr  Morgan,  has  adopfed  in  order  to  express  the 
chance  o*^  one  lite  dyin.g  before  or  after  the  other  daring  the  pro- 
bable time  of  their  joint  contmuance :  and  the  same  absurd  for- 
mula (if  I  may  retort  the  self  confuting  charge)  will  equally  arise, 
as  1  have  above  observed,  even  according  to  Mr.  Moigati's  own 
method  of  solution. 
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three  lives,  it  will  be  equal  to  x{A  —  AC)  -f  (4-^%) 
X  {^-^B  -JBC)  +  (]  -O-X)  X  i^^y^  -V  X{Acf. 
When  C  is  the  oldest  of  the  three  lives,  it  will  be 
equal  to  x{A-JC)  X  {h-x)  X^AB- ABC) -\- 
{\~(p-X)X  {A)^-{]-X)X{An)^.  When  the 
two  lives  in  possession  are  of  the  same  age  B,  it  will 
be  equal  to  h{A~AB).*  And  when  all  the  lives  are 
of  the  same  age  A,  it  will  be  equal  to  ^{A—AA).\ 


GENERAL    SCFiOLIUM. 

§  172.  It  now  remains  only  to  determine  the  value 
of  X  in  order  to  obtain  the  proper  solution  of  these 
thr'^e  problems:  and,  if  the  chance  of  one  life  dying 
before  or  after  another  in  every  year  of  their  joint 
existence  were  in  a  constant  ratio,  we  should  find  no 
difficulty  therein.  But  since  (in  computing  from  the 
real  probabilities  of  life)  this  chance  is  continually 
varying,  we  must  have  recourse  to  an  approximation 
towards  the  mean  value  of  such  ratio. 

§    17s.     Now  I  have  found,  from  a  number  of  re- 

*  This  formula  will  not  differ  much  from  the  true  value,  when 
the  two  lives  in  possession  are  nearly  of  the  same  age. 

-f  Many  other  cases  of  survivorship  might  be  produced,  which 
involve  the  contingencies  mentioned  in  Problems  XIX  and  XX; 
and  which  are  solved  by  the  help  of  those  problems  in  the  man- 
ner here  slated.  Eut,  after  this  investigation,  I  presume  the  rea- 
der will  not  find  any  difficulty  in  the  solution  of  any  other  ques- 
tions of  this  kind  that  may  occur  in  practice. 
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peated  trials,  that  the  value  of  Xinay,  when  ;j^B  is  the 
youngest  of  the  two  Hvc'S  B  and  C,  be  safely  expressed 

by  -—jfTf  2^^  ^^^^  when  C  is  the  youngest  of 
the  two  lives  B  and  C  it  may  be  safely  expressed  by 
■  ~'^^^:  which,  though  not  in  all  cases  strictly  cor- 
rect,* will  come  nearer  to  express  the  true  value  of 
the  reversionary  annuity  than  by  making  x  indiscri- 
minately equal  to  ^,  whatever  be  the  agc^  of  B  and 
C ;  and  may  be  used  till  its  true  value  be  more  cor- 
rectly determined.  But,  should  a  more  accurate  ex- 
pression for  the  value  of  %  be  hereafter  found,  the 
general  solution  of  the  three  problems  will  not  be  at 
all  affected  thereby,  since  we  may  give  to  %  all  possi- 
ble values. 

I  shall  now  insert  a  few  examples,  in  order  to  show 
the  use  and  application  of  these  several  formulas. 

§   174.     Example  1.     What  is  the  value  of  an 

annuity  on  the  life  of  A  aged  60  after  B  aged  40,  pro- 

i  vided  B  dies  after  another  hfe  C  aged  20 :  interest 

being  reckoned  at  4  per  cent,  and  the  probabilities  of 

;  living  as  at  Northampton  ? 

Here  we  shall  have  ^=9-039,  v^B=7*490,  u^C— 
7-995,  ^BC=z  6-122,  and  %  — -395  :  consequently 
the  value  of  the  reversionary  annuity  required  will  in 
this  case  be  equal  to  -276  X  -395  =  -109.     But,  if  B 

*  It  cannot  be  strictly  correct,  because  the  true  value  of  <p  can- 
not be  deduced  by  the  method  pursued  in  the  lemmata ;  as  1  have 
ilready  observed  in  the  note  in  page  ]0p. 
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had  been  20  and  C  40  years  of  age,  we  should  have 
X  =  "605  :  consequently  the  value  of  the  reversionary 
annuity  would  in  this  case  be  equal  to  '276  X  "605  = 
•167. 

In  like  manner,  if  A  had  been  20,  B  60,  and  C  40 
years  of  age,  we  should  have  ^=  16'033,  ^B= 7*995, 
.AC=z\0'^24',ABC—Q'l'22,  71  =  37,  %=-354,  and 
^="7118:  consequently  the  value  of  the  reversionary 
annuity  would  in  this  case  be  equal  to  3*S36  X  •354-- 
•067  +  "026  =  1-317.  But,  if  B  had  been  40  and  C 
60  years  of  age,  the  value  would  in  such  case  come 
out  equal  to  2-519.* 

§  175.  Example  2.  What  is  the  value  of  an 
annuity  on  the  life  of  A  aged  60  after  B  aged  40, 
provided  B  dies  before  another  life  C  aged  20:  in- 
terest at  4  per  cent,  and  the  probabilities  of  living  as 
at  Northampton  P 

*  It  may  here  be  useful  to  remark  that,  if  the  value  of  the  an> 
nuity  on  the  life  A  after  the  longest  of  the  two  lives  B  and  C  (pro- 
vided B  dies  after  C)  be  once  found,  we  may  readily  determine 
the  value  of  the  same  annuity,  on  the  contingency  that  C  dies 
after  B,  by  subtracting  the  value,  thus  found,  from  the  whole 
value  of  the  reversionary  annuity  on  the  life  A  after  the  longest 
of  the  two  lives  B  and  C.  Thus,  the  value  found  by  the  example 
given  in  the  text  being  equal  to  13 17,  and  the  latter  value  here 
alluded  to  being  equal  to  3836,  it  fellows  that  3-836— r3 17= 
25 19  will  be  the  value  required. 

In  order  that  the  reader  may  see  the  difference  in  the  results, 
according  to  Mr.  Morgan's  fornmlae  and  those  which  are  here 
given,  1  shall  insert  the  following  comparative  values  of  annuitic 
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Here  we  shall  have  ^—v^5  =  9-039  —  7*490= 
1*549:  consequently  1'549  — '109  =  1*440  will  (agree- 
ably to  what  has  been  said  in  the  scholium  in  page 
1 35 )  be  the  value  of  the  reversionary  annuity  in  this 
case  required.  But  if  A  had  been  20  and  C  60  years 
of  age  the  value  of  the  reversionary  would  in  such 
case  be  equal  to  5-109  — 2-519  =  2-590. 


on  the  life  A  after  B^  provided  B  dies  after  C,  deduced  from  the 
Northampton  tables,  and  reckoning  interest  at  4  per  cent :  which 
difTereuce  arises  from  the  inaccurate  method,  adopted  by  Mr- 
Morgan,  of  taking  it  as  an  equal  chance  in  all  cases  that  B  will 
die  after  C,  whatever  be  their  difference  of  age. 


Age  of 

Age  of 

Age  of 

Value  by 

Value  by 

A. 

B. 

C. 

Baily. 

Morgan. 

60 

40 

20 

•109 

•138 

60 

20 

40 

•167 

•138 

20 

60 

40 

1-317 

1717 

20 

40 

60 

2-519 

2- 120 

40 

60 

20 

-519 

•716 

40 

20 

6o 

•986 

789 
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CHAPTER  VI. 


On  Assurances^ 

§  176.  In  the  preceding  chapters  I  have  considered 
the  present  value  of  sums  of  money  as  depending  on 
the  existence  of  any  given  lives,  or  on  any  particular 
sutvivorship  between  them ;  and,  in  the  solution  of 
the  different  problems  relative  thereto,  have  had  re- 
gard only  to  the  probability  of  the  living  of  those  per- 
sons on  whom  the  annuity  was  considered  as  depend- 
ing. I  come  now,  however,  to  treat  of  those  cases 
where  it  is  required  to  find  the  value  of  annuities,  or 
of  sums  of  money,  depending  on  the  extinction  of 
any  lives ;  or,  in  other  words,  to  treat  of  the  value  of 
Assurances  on  lives  ;*  a  term  applied  to  that  com- 

*  The  term  Assurance  is  usually  applied  only  to  the  value  of 
annuities  or  sums  of  money  to  be  paid  after  the  extinction  of  any 
given  lives:  but^  it  may,  with  equal  propriety,  be  applied  to  the 
value  cf  those  annuities  v/hich  are  paid  during  the  existence  of  any 
given  lives;  ar-d  which  have  been  the  subject  of  the  preceding, 
chapters.  For,  if  I  give  a  sum  of  money  for  the  grant  of  an  an- 
nuity during  the  continuance  of  any  given  lives,  I  give  such  sum 
in  order  to  have  the  annuity  assured  to  mej  which^  without  this 
warrantry  would  be  precarious  and  uncertain.  As  I  am  ignorant 
of  any  other  word,  but  such  as  would  be  equally  ambiguous  and 
indefinite,  I  have  used  the  term  assurance,  in  its  most  common  ac- 
ceptaiion,  to  express  the  values  treated  of  in  the  present  chapter. 
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pact  whereby  security  is  granted  for  the  payment  of 
an  annuity  or  sum  of  money  on  the  expiration  of  the 
lives  on  which  the  grant  is  made,  in  consideration  of 
such  a  previous  payment  made  to  the  assurer,  as  is 
accounted  a  sufficient  compensation  for  the  chance  of 
loss  to  which  he  exposes  himself.  The  vahie  of  this 
payment  (commonly  c.dled  the  Premium),  in  all  the 
principal  cases  which  arise  out  of  this  subject,  it  is  my 
object  in  the  present  chapter  to  determine. 

§  177.  It  may  here,  however,  be  necessary  pre- 
viously to  observe  that  the  method  to  be  pursued,  for 
determining  the  value  of  any  sum  depending  on  the 
extinction  of  any  given  lives,  will  be  materially  different 
from  that  which  is  pursued  for  determining  the  value 
of  any  annuity  under  tlie  same  circumstances.  In  the 
iatter  case,  the  expectant  is  to  receive  several  yearly 
rents,  the  expectation  of  receiving  each  of  which  is 
independent  of  his  expectation  of  receiving  any  other 
of  them.  But,  m  reversionary  sums  the  case  is  very 
different:  for,  here,  only  07ie  gross  sum  is  to  be  re- 
ceived at  the  extinction  of  the  given  lives ;  and  there- 
fore the  expectation  of  receiving  it  at  the  end  of  any 
(Sne  year  will  depend  on  its  ?iot  having  been  received 
in  any  preceding  year:  or,  which  is  the  same  thing, 
the  chance  of  receiving  the  sum  at  the  end  of  any 
year  will  be  compounded  of  the  probability  of  the 
given  lives  failing  iji  that  year,  and  of  their  having 
continued   through  all  the  preceding  years.      This, 
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however,  will  more  fully  appear  in  the  following  in- 
vestigations. 

PROBLEM  XXII.* 

§  178.  To  determine  the  present  value  of  a  given 
sum  payable  at  the  end  of  the  year  in  which  any 
number  of  lives  become  extinct. 

SOLUTION. 

Let  us  in  the  present  investigation  confine  the  case 
to  three  joint  lives  A  B  C,  whose  probabilities  of  con- 
tinuing 1 ,  2,  3,  &c,  years  are  as  expressed  in  §  24 : 
and  let  the  given  sum  be  denoted  by  s.  Now,  the 
present  value  of  such  sum,  certain  to  be  received  at 
the  end  of  one  year,  is  equal  to  .?(!  -}-f)~'  *  but,  as  the 
chance  of  receiving  this  sum,  at  the  end  of  the  first 
year,  depends  on  the  joint  lives  failing  in  that  year^  the 

ale— ale 
probability  of  which  is -, — -,  we  must  multiply  the 

present  value  of  the  sum  above  mentioned  by  this  pro- 

al  —  '  b' 
bability;  which  will  give  ^(l-f^)"'  X  — -? for 

*  Simpson,  Prob.  21 ,  and  Sup.  Prob.  26.  De  Moivre,  Prob.  l6. 
Dodson,  vol.  ii.  Ques.  89.  Morgan,  Prob.  S.  Price,  Note  (E). 
On  referring,  however,  to  the  first  three  authors,  here  alluded  to, 
it  will  be  found  that  their  investigations  ate  erroneous;  in  as  much 
as  they  consider  a  given  sum  as  equivalent  to  the  perpetuity  of  an 
annuity  (commencing  immediately)  equal  to  the  interest  of  such 
sum.     See  the  Scholium  in  §  197. 
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the  true  value  of  the  first  year's  expectation,  or  of  the 
chance  of  receiving  such  sum  at  the  end  of  the  first 
year. 

In  like  manner,  the  present  value  of  the  given  sum, 
certain  to  be  received  at  the  end  of  two  years,  is  equal 
to  ^(l-f-f)"''*  hut,  as  the  chance  of  receiving  such 
sum  at  the   end  of  the  second  year  depends  on  the 

joint   lives  failing  m    that  year^    the   probability    of 

III     It  II II 

which   (by  §  27)  is ^ — j  ^^^  m\i%t  multiply  the 

present  value  of  the  sum  above  mentioned  by  this  pro- 

bability;  which  will  give  ^(I  4-^)~'X -, fbr  the 

true  value  of  the  expectation  of  receiving  such  sum 
at  the  end  of  the  second  year. 

And  by  a  similar  method  of  proceeding  it  will  be 
found  that,  since  the  chance  of  receiving  the  given 
sum  at  the  end  of  the  third  year  depends  on  the  joint 
lives  failing  in  that  year,  the  probability  of  which  is 

;/  11  ii        III  III  III  I!  II II       ill  III  in 

ale  —  ahc  1    11    t  /- ,    I     \~3        ale — ahc    c 

,  we  shall  have  .s(l -[-(?)     X  ,  for 

the  true  value  of  the  expectation  of  receiving  such 
sum  at  the  end  of  the  third  year.  And  so  on  for 
every  subsequent  year  of  human  life :  the  sum  of  all 
which  values  will  be  the  required  present  value  of  the 
given  sum. 

§  179.  But  the  sum  of  these  quantities,  reduced 
to  their  simplest  terms,  is  equal  to  the  two  following 

r~  /  /  /  //////  III  HI  III 

s  7      ,      al c     ,      ale      ,      ale     ,   „ 

series:  -7-7- A  auc-j-  .    .   ,+•; ^H-^ ri+o:c 


h 
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r"    /  /  /  mm  III  III  m  *~1 

s    I      abc      ,      abc      ,      abc      ,   »        \      t      r  r 

which  is  equal  to  — — r(l+^-SC);  and  the  latter, 
which  is  to  be  subtracted,  is  equal  to  5  X  ABC.  Con- 
sequently the   total  present  value   required  becomes 

s\}^^^f-JBC-]=s^l^:  and  though  this 

case  is  confined  to  three  lives,  yet  it  is  easy  to  see  that 
the  method  of  solution  is  general,  and  will  apply  to 
any  other  number  of  lives ;  whence  the  following 
rule. 


§  1 80.  Multiply  the  value  of  an  annuity  on  the 
given  lives  by  the  rate  of  interest,  and  subtract  the 
product  from  unity ;  divide  the  remainder  by  the 
amount  of  £1  in  one  year,  and  the  quotient  multiplied 
by  the  given  sum  ivill  he  the  value  required. 

For  examples  of  the  use  and  application  of  this  pro- 
blem, see  Question  XXVII  in  Chapter  XII. 


COROLLARY    I. 

§181.  In  this  problem  I  have  considered  the  pre- 
sent value  of  the  reversionary  sum  as  depending  on 
the  extinction  of  the  given  lives  in  ivhatever  year  that 
may  happen  during  the  probability  of  their  joint  con- 
tinuance :  but,  if  this  contingency  Is  Deferred  for  any 
number  of  years  (=  w)  ;  that  is,  if  we  wish  to  ascer- 
tain the  present  value  of  a  given  sum  payable  on  the 
failure  of  such  lives,  provided  that  shall  happen  after 
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the  given  period,  the  formula  will  be  materially  altered. 
For,  by  pursuing  the  same  steps  as  in  the  problem,  it 
will  be  found  that  the  expectation  of  receiving  the 
given  sum,  at  the  end  of  the  (?z  +  l)'S  (72+2)"^, 
(n  -f-3)'''^,  &c,  years,  to  the  utmost  extent  of  human 

life,  will  be  denoted  by  the  series  s  X     abc(\-\-  )"'^^ 

'   A    '         "  H  "  "  "  "         "'  n  '"  ~1 

fLElJZ^l-Llll^Z^'J^y^^L-^c  \:  which  may  be  more 
abc{]+§)  a&c(l-f>f)  -J 

conveniently  divided  into  the   two  following   series, 
^        s.  r^^y  _i   AlbL^  J-  , «  ^Z_  4.  Sec"!  - 

The  latter  of  these  is,  by  Prob.  I,  cor.  3,  equal 
to  — ^(^5C)    ;    and    the   former  is   equal  to  ^  X 

. :  consequently  the  required   pre-^ 

sent  value  of  the  deferred  assurance  will  be  equal  to 

s  X fi"jin >  ^^^  whence  the  following 

rule.* 

*  Since  (JBC)     is,  by  Prob,  I,  cor.  3,  equal  to  A'B'C  x 

ct  fl  y  n     .    . 

~"7     C-  +  ?^       5  '^  's  obvious  that  the  present  value,  in  the  case 

of  single  or  joint  lives,  might  be  more  conveuiently  expressed  by 

l^^A'B'C      ajSy  .  ,-.„         ,       .     ,  ,.     . 

s  X  — 7,  ,    ■       X  -,—  (1  +  f)       :  and  it  iS  from   this  formula 
(1+f)  al'c 

that  I  have  deduced  the  rule  in  Question  XXVIII,  Chapter  XIX, 
But  that  rule  will  not  extend  to  all  cases. 

L  2 
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§  182.  Multiphj  the  value -of  a  Deferred  annuity 
on  the  given  lii'es,  by  the  rate  ofi7iterest\  stihtract 
the  product  from  the  expectation  that  the  given  lives 
shall  receive  £l  at  the  end  of  the  given  term;  and 
divide  the  difference  by  the  amount  of  £l  in  a  year : 
the  quotient  thence  arising,  being  multiplied  by  the 
given  sum,  ivill  produce  the  value  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXVIII  in  Chapter  XIL 


COROLLARY   II. 

§  183.  But,  if  the  contingency  is  Temporary^ 
that  is,  if  we  wish  to  ascertain  the  value  of  a  given 
sum  payable  on  the  failure  of  such  lives,  provided  that 
shall  happen  ivithin  a  given  term  (=7i),  it  will  be 
found  by  taking  the  first  n  terms  of  the  series  given 
in  the  problem.     Whence^  such  present  value  will  in 

this  case  be  denoted  bv  the  series  s  X     ^  /  7"  °  x  + 


a  b  c  —  a  b  c    ,    a  b  c  —  a  v  c     .  /T/  '^' 

-T 


«Ml  +  fr     •     alc{l  +  0^     '  •   •         ^^^(^_^^^ 

which  may  be  more  conveniently  divided  into  the  two 

r*  111  II II II 

c  ^^       •  s  I        ,      ,      av  c      ,       a  b  c       , 

lollowmoj  ones ;  -7-7 r     aba  4- +  ~ -;  4- 

ab  c       ,  iif ^  __     s  r  ale 

(i+^)'  "^ 7^^"-J       '~oJic]JfTi) 


II  II    II  HI  III  III 


0  +  f) 


+ 


ab  c      .     ab  c      .  ajSy"!         _,  , 
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ret,'  ^  l  +  iJBC)^~^     ^  ,       , 

first  Oi  these  is  equal  to  ^  X  ; n — ;      and    the 

.  C+.f) 

second,  v  hich  is  to  be  subtracted,  is  evidently  equal 

to  s^j^BCf:  consequently  the  required  value  of  the 
assurance  /or  the  give?!  term  might  be  denoted  by  the 

L        (1  +  ?)  ^  -^  -i 

But,  since    (ABC)^"'^  -{-  •  ''^^'  ^^    is   equal    to 

alc{\  +  of 

(.4BC)^t  whereby  {ABC)^^^  becomes  equal  to 
(v^5C/— ^X(l+e)~"j  and  since,  by   Prob.  I, 

cor.  4,  {ABCf  is  equal  to  ABC-{ABC)^;  we 
may  render  the  above  formula  more  convenient  for 
general  use  by  substituting  such  value  therein  instead 
of  (^ABC)^:  whereby  it  will  become  equal  to  ^  X 

(i  +  f)  ' 

following  rule. 


and  whence  the 


§    184.     From  the  present  value  of  the  assurance 
of  the  given  sum  payable   on   the  extinction  of  the 


* 


.t-l 


The  new  character  {ABC)  ~  denotes  the  value  of  a  tem- 
porary annuity  on  the  joint  lives  AEC  for  n—l  years  only,  and  is 
introduced  here  merely  to  sho\v  the  steps  of  the  process  j  and  be- 
cause the  rules,  given  by  Mr.  Morgan,  for  the  solution  of  this  and 
other  similar  questions,  are  founded  on  one  of  these  incomplete 
steps.  See  Price's  Ohs.  on  Rev.  Pay.  vol.  i.  p.  53,  note  Xj'  and 
p.  6l,  note  e. 

f  As  is  evident  by  continuing  the  series  which  this  quantity  ex- 
presses. 
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given  lives,  subtract  the  present  value  of  the  same  as- 
surance Deferred  for  the  giirji  term:  the  difference 
will  be  the  value  required* 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXIX  in  Chapter  XII. 

*  We  ma]''  oftentimes  obtain  a  near  value  of  an  assurance  for  a 
give  term  (particularly  when  only  one  life.  A,  is  concerned)  by 
the  following  simple  method.   The  series  expressing  such  value  is, 

I  n  II      III 

,       ,            ,,                 1         ^        r    o.—a          a— a          a  — a 
by  the  corollary,  equal  to  —  x     ■  +  -, r-  H + 

a — a  ~ 

:  now,  if  we  suppose  the  decrements 

(l  +  f)"J 
of  life  to  be  equal  and  uniform  throughout  the  given  term  (which 

is  usually  the  case  in  the  middle  ages  of  life,  particularly  if  the 

Northampton  tables  are  made  use  of),  and  if  such  decrements 

be  denoted  by  5":  then  will  this  series  become  — -I  — + 

^  a  L(l+f) 

B         5  __L_'l  _  ^  •  ^ 

L"L''Iij___  .     But,  since  c  should  in  all  those  cases  where  the 


decrements  are  not  exactly  uniform  be  taken  equal  to ' ,   tliis 

formula  may  be  more  conveniently   expressed  by  5  x  x 

an 

- —  - :  whence  the  foUowins:  rule. 


Divide  the  prQlaliUty  that  the  life  shall  Jail  in  the  g'rven  term  hy 
the  nmnler  of  years;  multiply  the  quotient  hy  the  present  value  of 
an  annuity  for  the  given  term,  and  also  hy  the  given  sum  :  the  pro- 
duct 7vill  he  the  value  required. 

It  will  readily  appear  that,  if  the  given  term  is  wholly  within 
the  limits  of  equal  decrements,  the  above  formula  will  give  the 
exact  value  of  the  assurance  for  such  term  ;  and  that  if  the  decre- 
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COROLLARY    III.* 

§  185.  Though  in  this  problem  the  investigation 
is  confined  to  the  case  of  three  joint  lives,  yet  it  is 
easy  to  apply  the  same  method  of  reasoning  to  the 
case  of  any  single  life,  or  to  any  number  of  joint  lives, 
or  to  the  longest  of  any  number  of  lives,  or  to  any 
number  of  lives  out  of  any  other  number  of  lives,  &c. 
And  it  will  be  found  that  by  substituting  the  value  of 
an  annuity  on  such  single  life,  on  such  joint  lives,  on 
such  longest  lives,  &c,  &c,  instead  of  the  quantity  de- 
noted by  ^BC  in  the  given  formula  in  §  179,  we 
ghall  obtain  the  true  values  in  such  cases  accordingly. 

§  186.  The  same  remark  will  also  apply  to  the 
two  preceding  corollaries,  if  (in  addition  to  the  sub- 
stitution above  alluded  to)  we  also  substitute  the  value 
of  similar  annuities  Deferred  for  the  given  term,  in- 
stead of  the  quantity  (ABC)     in  either  formula  in 

mcnts  are  not  exactly  uniform,  but  nearly  so,  it  will  not  materially 
differ  from  the  true  value  of  such  assurance.  The  formula,  how- 
ever, must  always  be  used  with  proper  caution,  and  with  reference 
to  the  table  of  observations  employed  j  as  it  is  not  suited  to  every 
case. 

The  same  observations  will  apply  to  the  case  of  joint  lives,  if  6 

,  ,       al'c—ocSy    ,  ,.,,.. 

be  taken  equal  to  ^:  but  we  are  not  so  Iilveiy,  in  practice, 

n 

to  meet  with  cases  of  assurances  on  joint  lives  for  terms,  where 
such  terms  fall  within  the  limits  of  equal  decrements. 

*  Simpson,  Prob.  22,  and  Sup,  Prob,  2/.     Morgan,  Prob.  8^, 
fpr.  and  Prob,  9,  cor. 
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§  181  or  183.  But  here  It  should  be  particularly  ob-! 
served  that,  when  a  Deferred  or  Temporary  assurance 
depends  on  the  longest  of  any  number  of  lives,  the 
quantity  --'J^(l  +  ^)~  in  the  given  formula  will  denote 
the  expectation  that  the  longest  of  such  lives  will  re- 
ceive <£l  at  the  end  of  the  given  term :  and  that^ 
"when  such  assurance  depends  on  the  extinction  of  any 
two  out  of  three  lives,  the  same  quantity  will  denote 
the  expectation  that  any  two  out  of  three  lives  will  re- 
ceive £,}  at  the  end  of  the  given  term  :  &c.  &;c. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Questions  XXVII,  XXVIII  and  XXIX  in 
Chapter  XU. 

PROBLEM  XXIII.* 

§  1 87.  To  find  the  value  of  an  annuity  to  com- 
mence at  the  end  of  the  yearf  in  which  any  number 
of  lives  become  extinct, 

SOLUTION. 

Let  us,  as  in  the  preceding  problem,  confine  the 
case  to  three  joint  lives  ABC,  whose  probabilities  of 
continuing  1,2,  S,  &c,  years  are  as  denoted  in  §  24: 
and  let  the  annuity  be  a  perpetuity,  or  estate  in  fee. 
Now,  the  chance  which  the  heir  of  this  estate  has  of 
receiving  the  rent  at  the  end  of  any  one  year  will  de- 

*  De  Moivre,  Prob.  6  and  2g.     Dodson,  rol,  ii.  Ques.  88. 

f  That  is,  the  Jirst  payment  of  the  annuity  is  to  be  then  made. 
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pend  altogether  on  the  joint  lives  becoming  extinct 
before  the  end  of  that  year.  The  probability  of  this 
event  happening  before  the  end  of  the  first  year  i$t 

(l 7—),  which  being  multiplied  by  (1  -f-  ^)~'  will 

give  the  value  of  his  expectation  of  receiving  the  first 

year's  rent.     In  like  manner,  the  probability  of  the 

joint  lives  failing  before  the  end  of  the  second  year  is 
II II II 

{ I  —  -^y- ) ,  which  being  multiplied  by  ( 1  +  ^)~'*  will 
give  the  value  of  his  expectation  of  receiving  the  se- 
cond year's  rent.     By  a  similar  method  of  reasoning  it 

will  be  found  that  (l —)  multiplied  by  (l-|-o)~'^ 

will  give  the  value  of  his  expectation  of  receiving  the 
third  year's  rent.  And  so  on,  ad  injimlum :  for,  since 
the  estate  must  eventually  revert  to  the  heir,  his  ex- 
pectadon  will  never  cease.  Consequently  the  sum  of 
all  those  values  continued  to  infinity  v/ili  be  the  total 
present  value  of  the  estate  to  be  enjoyed  after  the  ex,* 
tinction  of  the  joint  lives  ABC  :  or,  in  other  words,  it 
will  be  that  sum  which  a  person  ought  to  give  to  hav^ 
it  assured  to  him  after  the  extinction  of  those  lives, 

§   188.     But  the  sum  of  the  above  terms  is  equal 
to  the  two  following  seriesj  -^+_l-^+>-i-^ 

r~  / '  /         II II  It 
...,,...  aa  infinitum t-X     -, ^-r-, ; — U 

m  III  III  ""j 

~7~T3  +&C  .  The  former  of  these  is  equal  to  — , 
pr  the  present  value  of  the  perpetuity  of  an  annuity  of 
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«£l  per  annum :  but  the  latter,  which  Is  to  be  sub- 
tracted, will  cease  on  the  extinction  of  the  oldest  life, 
and  is  therefore  equal  to  the  value  of  an  annuity  on 
the  joint  lives  ABC.    Consequently  the  total  value  of 

the  reversionary  annuity  becomes  equal  to ABC: 

and  though  this  case  is  confined  to  that  of  three  joint 
Jives,  yet  it  is  easy  to  see  that  the  method  of  solution 
will  equally  apply  to  that  of  any  other  number  of  lives  j 
whence  the  following  rule. 

§  189.  Subtract  the  value  of  an  annuity  on  the 
given  lives  from  the  present  value  of  the  estate  or 
given  annuity,  the  difference  will  be  the  value  of  the 
reversionary  estate  or  annuity  required. 

For  examples  of  the  use  and  application  of  this  pro- 
blem, see  Question  XXVI  in  Chapter  XII, 

COROLLARY    I. 

5  1 90.  If  the  annuity,  instead  of  being  a  perpetuity, 
is  only  for  a  number  of  years  (  =  n)  greater  however 
than  that  to  which  it  is  probable  the  given  lives  may 
extend,*  we  must  substitute  the  value  of  such  termi- 

*  The  term  to  which  it  is  probable  that  any  given  life  or  lives 
may  extend  is — for  a  single  life,  equal  to  the  difference  between 
tlie  age  of  such  life  and  the  age  of  the  oldest  life  in  the  table  of 
observations  : — for  joint  lives,  equal  to  the  difference  between  tbQ 
oldest  of  such  lives  and  the  age  of  the  oldest  life  in  the  table: — 
for  the  longest  of  any  lives,  equal  to  the  difference  between  the 
age  of  the  youngest  of  such  lives  and  the  age  of  the  oldest  life  in 
the  table. 
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nable  annuity  instead  of  the  value  of  the  perpetuity 
above    mentioned :    whereby    the    formula   becomes 

■ ^ABC)    and    consequently   the    rule 

aboye  given  is  also  applicable  to  the  present  case. 

For  examples  of  the  use  and  application  of  this  ^q- 
rpllary,  see  Question  XXVI  in  Chapter  XII. 

C0R0LJ.ARY    II.* 

§  191.  But,  if  the  annuity  (instead  of  being  a 
perpetuity,  or  for  any  long  period)  is  for  a  term  of 
years  (=  n)  which  is  less  than  that  to  which  it  is  pro- 
bable the  given  lives  may  extend  ;  the  series,  express- 
ing the  required  value  in  the  problem,  will  terminate 
at  the  end  of  that  period ;  and  will  consequently  be- 
come  equal  to  ^  +  ^.+  ^  + 


II   II  II 


1  1     f"    abc  ah  c        ^^      a  be       , 

•      ''^  '^    .     But,  the  first  part  is  equal  to  ^^ — ^ — j 

and  the  latter  part  is,  by  Prob.  I,  cor.  4,    equal  to 
^  (^ABC)^ :  whence  the  following  rule. 

§  192.  Frojn  the  value  of  an  annuity  certain  for 
the  given  term,  subtract  the  value  of  a  Temporary 
annuity  on  the  given  lives  for  the  given  term :  the 
difference  will  be  the  value  required. 

*  Simpson's  Sup.  Prob.  14.     De  Moivre,  Piob.  28.     Morgan, 
Frob.  4,  cor.  2.     Dodson,  vol.  ii.  Ques.  c)2. 
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COROLLARY    III, 

S  193.  If  the  contingency  (on  which  the  payment 
of  the  annuity  mentioned  in  the  problem  depends)  is 
Deferred  for  a  given  number  of  years  (=70;  the 
series  expressing  the  general  value  of  the  reversion  of 
the  perpetuity  must  commence  at  the  end  of  that 
period,  and  be  continued  on  to  infinity  i  that  is,  the 

III  II II  n  HI  III  III 

"A?L  1  _„  ''  ^  y  .       a-  P:  y 

5€"es  — :^rrr ' : — 7~2-^: — :^3+  •  •  •  •  ^^^  m. 
(i+f)       (i^f)      (i+f) 

Jinitum,  will  denote  th^  value  of  the  required  rever- 
sionary annuity,  to  be  entered  on  provided  either 
of  the  given  lives  become  extinct  after  the  n^"^  year. 
Now  this  series  may   be  resolved  into  two   others, 

namely,  ( 1  4- e)''"x  [^  + -^3  +  ^,  +  . . 

*  .  .  .  .  ad  injinitu7n  U a/Sy   ,   a/3y     , 

^      ct/SyCi+frLli  +  f)     (1  +  ?)' 

Ill  III  in  "n 

-^-^  -f  &c    ;  the  first  of  which  is  equal  to  (1  +e)~"x 


— ;  and  the  latter  is,   by  Prob.  I,  cor.  3,  equal  to 

— (l+e)""  X  J^BC.     Consequently,  the  value  of 
the  reversionary  annuity  would  be  equal  to  (l-j-^)"" 
X  f—  —  A'EC^  were   it  certain  that    the  given 

lives  would  continue  in  being  to  the  end  of  n 
years:  but,  as  the  probability  of  this  event  is  ^— , 
we  must  multiply  the  above  expression  by  this  quan- 
tity, in  order  to  obtain  the  total  present  value  of 


Pr.  23.  ON    ASSURANCES.  257 

the  same.     Whence  the  true  value  will  be  equal  to 

^(i+,)-'-xi-."B^c-x-:fr(i+f)-"-  But 

yf'£'Cx~^(l4-e)  "is,  by  Prob.  I,  cor.  3,  equal 
to  {ABC)  \  therefore  the  above  value  becomes 
-^f^Cl+er^X  ^^(^ABCf:  and  whence  the  fol- 
lowing  rule.* 

§  194«.  Mulliply  the  expectation  of  the  given  lives 
receiving  JE\  at  the  end  of  the  given  term  by  the  per* 
petnity ;  from  the  product  subtract  the  value  of  an 
annuity  on  the  given  lives  Deferred  for  the  given 
term  :  the  difference  ivill  be  the  value  required. 


COROLLARY    iV.f 

§  195.  Or^  if  the  contingency  is  Temporary; 
that  is,  if  it  be  required  to  ascertain  the  value  of  such 
annuities  depending  on  the  extinction  of  any  given 
lives,  provided  that  shall  happen  ivithin  a  given  period 
(=  Tj)  J  the  value  of  the  assurance  will  be  expressed 

/  /  /  ///;;/  III  III  III 

a  b  c  _         a  b  r  a  b  c 


1.1  «  a  b  c     ,  ab  c      ,  ab  c      . 

by,hesenes-^j3^  +  ^j^j^  +  ^^^  + 

«/?y  afiy  « g  7 

abc      .  abc         ,  ab  c         ,  j    .     ^    .  — , 

7 T+^ JTi-^- ;:^+adtnfmium.    For, 

the  71^^  year's  rent  aiid  all  the  subsequent  ones  being 

*  See  the  note  in  page  147. 

t  Sinipson,  Prob.  23;  and  Sup,  Prob.  31.     Price,  Note  (G). 
Dodson,  vol.  ii.  Glues.  93. 
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dependent  on  the  given  lives  becoming  extinct  in  n 
years,  it  is  obvious  that  all  such  subsequent  ones  must 

be  multiplied  by  the  common  factor  ^1 p-).     But, 

the  first  n  terms  of  this  series  are  equal  to  — ^^ — — 

—  {ABC)  ;  as  found  by  the  second  corollary:  and 
the   remaining   terms   are   equal   to     ( 1 '—-  \  X 

(1  +  e)~""x  [(1  +  e)-'  +  (1  +  e)"'  +  (i  +  e)"  + 

ad  mjLniiurri\=^[\---^~-\Y^{\-\-^~^ 

X  — .     Consequently  the  total   value   of  the   series 

becomes  LliiiiE!  _  !ABCf  +  ii±il-  -  ^ 
(1+^)"'"X  — :  which,  since  {ABCf  -  ABC - 
{ABC)\  may  be  further  reduced  to  -^^ ABC  — 

[  W  0  +  e) ""  X  I  ~  {ABC)^]  :  and  whence 
the  following  rule.* 


*  If  the  annuity  is  to  be  entered  upon  at  the  eyul  of  the  given 
time  (in  case  of  the  failure  of  the  given  lives),  and  not  at  the 
end  of  the  year  in  which  such  failure  may  happe?i,    its  present 

value  will  be  equal  to   ( 1  —  -^y^  )  x  (1  +f)~"  X  ( 1  H )  = 

/         a/3yN(l  +  e)~^"~')    ,  ,  .  .      . 

M .  — 1 ^ :  for,  such  reversionary  perpetuity  is 

evidently  to  be  entered  on  and  enjoyed  at  the  end  of  the  n^^  year, 
provided  the  given  lives  fail  prior  thereto.  And  care  should  be 
taken  not  to  confound  this  case  with  the  one  mentioned  in  the 
text. 
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§    196.    From  the  luhole  value  of  the  reversion  of 
the  perpetuity  after  the  given  lives,  subtract  the  value 
of  the  same  Deferred  for  the  given  term :  the  dif- 
ference tvill  be  the  value  required. 


COROLLARY  V. 

§  197.  It  will  be  obvious,  from  what  has  been 
said  in  the  first  corollary,  that  if  the  annuity,  instead 
of  being  a  perpetuity,  is  for  a  given  term  only,  the 
rules  given  in  the  two  preceding  corollaries  will  still 
be  correct;  provided  we  substitute,  for  the  perpetuity^ 
the  value  of  an  annuity  for  the  given  term.  Such 
terminable  annuity  however  must  always  he  for  a  term 
of  years  greater  than  that,  for  which  the  assurance  is 
made. 

COROLLARY  VI. 

§  198.  Though  the  above  problem  and  its  corol- 
laries are  confined,  in  the  investigation,  to  the  case  of 
three  joint  lives,  yet  it  is  easy  to  apply  the  same  me- 
thod of  reasoning  to  the  case  of  any  single  life,  or  to 
any  number  of  joint  lives,  or  to  the  longest  of  any 
number  of  lives,*  or  to  any  number  of  lives  out  of 
any  other  number  of  lives,  &c,  &c,  either  for  the 
whole  lives  or  for  a  given  term.f  And  it  will  be 
found  that  by  substituting  the  value  of  an  annuity  on 

*  Dodson,  vol.  ii.  Ques.  QO,  Ql. 
f  Simpson,  Prob.  24. 
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such  single  life,  on  such  joint  lives,  on  the  longest  of 
Any  number  of  lives,  &c,  (either  for  the  whole  life  ot 
Deferred  for  the  given  term)  instead  of  the  value  ^5  C 
or  (^BC)  in  the  given  formulae,  we  shall  obtain  the 
true  values  in  such  cases  accordingly» 

§  199.  It  should  be  particularly  observed  however 
that,  when  the  longest  of  any  number  of  lives  are 
concerned,  the  quantity  — y^(l  +  f)  will  represent 
the  expectation  that  the  longest  of  such  lives  will  re* 
ceive  ,£l  at  the  end  of  the  given  term.  And  a  similar 
remark  will  apply  when  the  assurance  depends  on  the 
extinction  of  any  two  out  of  three  lives ;  &c.  &c.  See 
Problem  XXII,  cor.  3. 


SCHOLIUM. 

§  200.  From  these  two  problems  and  their  co- 
rollaries may  be  determined  all  questions  relative  to 
the  value  of  assurances  of  any  given  sum,  or  of  any 
given  annuity,  depending  on  the  contingencies  therein 
stated :  and  as  any  given  sum  may  be  converted  into 
a  corresponding  perpetuity  (or  into  a  perpetual  annuity 
of  a  corresponding  value)  by  multiplying  it  by  the 
interest  of  ^1  for  a  year,  it  would  seem  at  first  to 
be  the  same  thing  to  determine  the  present  value  of  a 
given  sum  depending  on  the  extinction  of  any  lives, 
as  to  determine  the  value  of  a  corresponding  annuity 
for  ever,  depending  on  the  same  lives :  that  is,  it  would 
appear  to  be  the  same  thing  to  determine  the  present 
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value  of  o£lOO  payable  at  the  end  of  the  year  in  which 
any  given  lives  became  extinct,  as  to  determine  the 
value  of  an  estate  yielding  Jis  per  annum,  and  to  be 
entered  upon  at  the  same  period ;  interest  being 
reckoned  at  5  per  cent.  But,  it  should  be  observed 
that  the  first  yearly  payment  of  a  reversionary  annuity 
becomes  due  and  is  payable  at  the  end  of  the  year 
in  which  the  lives  fail ;  however  much  or  httle  of  that 
year  may  then  happen  to  be  unexpired  :  and  this  like- 
wise is  the  time  when  a  reversionary  sum  becomes  due. 
The  expectant  therefore  in  the  former  case  will  have 
entered  on  his  annuity,  or  received  the  first  year's  rent 
of  it,  at  the  very  time  that  the  expectant  of  the  sum  is 
supposed  to  have  laid  out  such  sum  in  the  purchase  of 
a  perpetuity  of  a  corresponding  value  ;  the  first  year's 
rent  of  which  he  will  not  receive  till  the  end  of  the 
following  year.  Consequently,  a  reversionary  estate 
is  worth  one  year*s  purchase  more  than  a  correspond- 
ing reversionary  sum :  whence  the  former  is  to  the 
latter  in  the  ratio  of  ^'l,  increased  by  its  interest  for 
one  year,  to  ^£l  ;  that  is,  as  (1  -j-^)  to  I. 

§  201.  Therefore,  if  the  present  value  of  a  re- 
versionary sum  be  multiplied  by  (1+^)  it  will  give 
the  value  of  a  corresponding  reversionary  estate  or 
annuity.  Thus,  the  present  value  of  a  reversionary 
annuity  of  £,i  per  annum  for  ever  after  the  ex- 
tinction of  the  joint  lives  ABC  is,  by  Prob.  XXIII, 
equal  to  — ;  and  the  present  value  of  a  corre- 

M 
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spending  reversionary  sum  ( =  — )  after  the  same  lives, 

h,  by  Prob.  XXIII,  equal  to  i-  X  '-^^=  ~-^  X 

1-?JBC    .....  .  .         1         u     r 

:  but,  rt  IS  evident  on  mspection  that  the  ror- 

mer  value  is  to  the  latter  in  the  ratio  of  (1 4-f)  to  1. 


§  202.  Hence  it  is  evident  also  that  the  value  of 
any  reversionary  annuity  after  any  given  lives,  being 
divided  by  the  amount  of  ^£1  in  a  year,  will  give  the 
present  value  of  a  corresponding  reversionary  sum  after 
the  same  lives.* 

These  remarks  may  be  more  fully  confirmed  by  any 
of  the  similar  examples  in  the  tvi^o  problems,  or  their 
corollaries  :  as  may  be  seen  in  the  Scholium  to  Ques- 
tion XXVII  in  Chapter  XII. 

*  Mr.  Simpson  not  having  attended  to  this  circurastnnce,  it 
becomes  necessary  to  correct  the  rules  given  by  him  for  the  solu- 
tion of  Prob.  21  and  22  in  his  Doctrine  of  Annuities,  isfcj  and 
of  Prob.  26,  27,  32,  33,  and  others  of  a  .similar  kind,  in  his  Stip- 
plement.  The  same  observation  will  apply  to  the  problems  of 
M.  De  Moivre  and  Mr,  DodsoQ,  alluded  to  in  the  note  in  page 
-44. 
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CHAPTER  VII. 


On  Successive  Life  Annuities  and  Copi/hold  Estates, 

§  203.  In  all  the  preceding  problems,  involving  the 
question  of  reversionary  life  annuities,  the  lives  of  the 
expectants  have  been  supposed  to  be  such  as  are  noiv 
fixed  on  and  determined;  and  the  value  of  an  annuity 
on  their  lives  consequently  becomes  less  and  less,  ac- 
cording as  their  period  of  coming  into  possession 
might  he  prolonged.  In  such  questions,  however,  as 
relate  to  the  present  division  of  the  subject,  the  life 
which  is  to  succeed  to  the  annuity,  after  the  extinction 
of  the  life  in  possession,  is  supposed  to  be  one  which  is 
then  to  be  fixed  on  at  pleasure ;  and  which  will  pro- 
bably be  one  of  the  best  lives  that  can  then  be  found. 
This  life,  therefore,  may  be  considered  as  having  a 
fixed  and  determinate  value,  since  such  a  life  may 
generally  be  chosen  as  will  best  answer  the  views  of 
persons  concerned  in  questions  of  this  kind ;  and  it  is 
usual  to  conceive  a  mean  age  at  which  they  are  ail  ad- 
mitted. But,  the  nature  of  the  cases,  which  involve 
the  consideration  of  this  subject,  will  best  appear  from 
the  following  problems. 

M  2 
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PROBLEM  XXIV.* 

§  204.  Supposing  A  to  enjoy  an  annuity  for  his 
life;  and,  at  his  decease,  to  have  the  nomination  of  a 
successor,  B,  who  is  also  to  enjoy  the  annuity  for  his 
life :  To  find  the  present  value  of  the  annuity  on  the 
succeeding  Hfe ;  and  also  the  value  of  the  two  suc- 
cessive lives. 

SOLUTION, 

Let  the  succeeding  life  B,  to  be  put  in  nomination 
at  the  decease  of  A,  be  such  that  an  annuity  on  his 
life  at  that  time  may  be  equal  to  B.  Now,  since  the 
probability  that  the  first  life  fails,  or  that  the  second 

comes  into  possession,  in  the  first  year  is  -^ ;  and  as 
the  total  value  of  what  the  second  life  will  be  entitled 
to,  on  the  happening  of  this  event,  is  J5,  it  follows  that 
his  expectation  of  coming  into  possession  the  first  year 
(or  of  receiving  an  equivalent  sum,  equal  to  E)  will, 

as  in  Prob.  XXII,  be  denoted  hy  B  X  -  °~^v.  In 
like  manner,  it  will  be  found  that  his  expectation  of 
coming  into  possession  in  the  second  year  (or  of  re- 
ceiving an  equivalent  sum   jB)  will  be   denoted   by 

B  X  ~T~  '\i  *  ^^^  ^^^^  ^^s  expectation  of  coming  into 

*  Simpson,  Prob.  25,  and  Sup.  Prob.  24.  De  Moivre,  Prob. 
J3.    Morgan,  Prob.  14. 
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possession  in  the  third  year  (or  of  receiving  the  equi- 


a--a 


valent  sum  B)  will  be  denoted  by  5  X    ,    ,   y'    and 

so  on  for  every  succeeding  year  to  the  utmost  extent 

of  A's  life. 

But  the  sum  of  all  these  values  is  equal  to  — r  X 

^  a(iH-f) 


(i+f) '  (i+?r  '  (i+?> 


X 

a 


L(i+f) 


//  HI  ~~\ 

+  (7:^)5+ (T:^  +  ^^\y  ^'hich,  by  Prob.  XXII,  is 

1  r    J 

equal  to  -B  X  -; — —r\  and  which  would  be  the  value 
required,  were  B  in  reality  the  value  of  a  reversionary 
sum  to  be  received  on  the  decease  of  A:  but  since  it 
denotes  the  value  of  an  annuity,  the  first  payment  of 
which  commences  at  the  end  of  the  year  in  which  the 
life  A  fails,  we  must  multiply  the  above  expression  by 
(l-f^),  agreeably  to  what  has  been  said  in  the  scho- 
lium in  page  160;  whence,  the  true  present  value  of 
the  successive  life  will  be  B(l— ^y^);  and  whence  the 
following  rule. 

o 

§  205.  Muhiply  the  value  of  an  ayimdiy  on  the 
life  in  possession  by  the  rate  of  interest,  and  subtract 
the  product  from  unity ;  multiply  the  remainder  by 
the  assumed  value  of  an  annuity  on  the  succeeding 
life :  the  product  ivill  be  the  present  value  of  an  an- 
nuity  on  such  succeeding  life. 

§  206.  If  this  present  value  be  added  to  the  value 
of  an  annuity  on  the  life  in  possession,  it  will  give 
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ji^B(\  —  ^A)  for  the  value  of  the  two  successive 
lives. 

For  examples  of  the  use  and  application  of  this 
problem  see  Question  XXIII  in  Chapter  XII. 

COROLLAaV    I. 

§  207.  Hence  may  be  determined  the  present 
value  of  an  annuity  on  any  number  of  joint  lives,  or 
on  the  longest  of  any  number  of  lives,  &c,  nominated 
to  succeed  after  any  other  number  of  joint  lives,  or 
after  the  longest  of  any  other  number  of  lives,  &c : 
for,  by  making  A  and  B,  respectively,  equal  to  the 
value  of  an  annuity  on  such  joint  lives,  or  the  longest 
of  such  lives,  &c,  the  above  formula  will  express  the 
true  present  values  of  such  successive  lives. 

COROLLARY    II.* 

§  208.  If  the  succeeding  life,  instead  of  receiving 
an  annuity  during  his  life,  v^ere  to  receive  an  annuity 
cerLainfor  a  given  term  of  years  after  the  failure  of 
the  life  in  possession ;  then,  by  making  B  equal  to 
the  value  of  such  annuity  certain  for  the  given  term, 
the  above  formula  would  truly  express  the  present 
value  of  such  annuity  to  be  entered  on  at  the  failure 
of  the  life  in  possession. 

And  if  this  annuity  were  a  perpetuity  (that  is,  if 
the  succeeding  life  and  his  heirs  were  to  receive  an 

*  Morgan,  Prob.  13. 
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annuity  for  ever  after  the  failure  of  the  life  in  pos- 
session) B  would  become  equal  to  — ,   and  the  for* 

mula  would  in  this  case  become  equal  to  —  *^  d^ 
which  is  the  very  same  as  that  deduced  from  Prob. 
XXIII. 

For  examples  of  the  use  and  application  of  this 
corollary  see  Question  XXIV  in  Chapter  XII. 


PROBLEM  XXV.* 

§  209.  Three  lives  A,B,C,  being  given  in  succes- 
sion ;  To  find  the  present  value  of  an  annuity  on  the 
third  succeeding  life :  and  also  the  value  of  the  three 
successive  lives, 

SOLUTION, 

Let  the  values  of  an  annuity  on  each  of  the  three 
lives,  at  the  time  that  they  severally  come  into  pos- 
session, be  respectively  denoted  by  j4^B,C.  There- 
fore, since  the  value  of  an  annuity  on  the  second  life  in 
succession  (to  commence  at  the  decease  of  A)  is  to 
the  value  of  a  perpetuity  ( to  commence  at  the  same 
time)  in  the  ratio  of  jB  to  — ;  it  follows  that  the  present 
value  of  the  former  will  be  to  the  present  value  of  the 
Jatter  in  the  same  ratio.     But,  the  present  value  of  the 

*  Simpson,  Prob.  2Q,  and  Sup.  Prob,  i{5. 


168  ON  SUCCESSIVE  LIVES.  CA.  7. 

latter  Is,  by  Prob.  XXIII,  equal  to A—  — y— : 

therefore  -  \B\\  ^~^  :  ^(1  —  ^A)  =  the  present 
vakie  of  the  former;  and  which  is  the  same  value  as 
that  found  by  the  last  problem :  whence  the  two  me- 
thods of  solution  confirm  the  truth  of  each  other. 

The  present  value  of  the  first  two  successive  lives 
being  thus  found  equal  to  A -\- B{l~^A);   it  follows 
that  the  present  value  of  the  reversion  of  a  perpetuity 
after  these  lives  will  (by  a  deduction  from  Prob.  XXIII) 
be  equal  to  -^ -[{A^  B(^l- ^A  )~\= -{\ -^A) 
X(l  — c-S).     Consequently,  since    the  value  of  an 
annuity  on  the  third  life  in  succession  (to  commence 
at  the  decease  of  B)  is  to  the  value  of  a  perpetuity 
(to  commence  at  the  same  period)  in  the  ratio  of  C 
to  — ;  it  follows  that  the  present  value  of  the  former 
will  be  to  the  present  value  of  the  latter,  in  the  same 
ratio:  that  is,  — :   C::  -{l  —  ^A)x(l—^B):  Cx 
(l~^y^)  X  (1—  ^B)  =:  the  present  value  of  an  an^ 
nuity  on  the  third  successive  life :  whence  the  follow- 
ing rule. 


§  210.  Multiply  the  value  of  an  annuity  on  the 
life  in  possession  by  the  rate  of  interest,  and  subtract 
ike  product  from  unity,  multiply  also  the  assumed 
value  of  an  annuity  on  the  second  life  in  succession 
by  the  rate  of  interest,  and  subtract  this  product  like- 
wise froiib  unity:  multiply  together  these  two  remain' 
ders,  and  their  product  again  by  the  assumed  value 
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of  an  minuity  on  the  third  life  in  succession:  this  last 
product  will  be  the  value  of  the  third  successive  life, 

§  21 1.  If  the  present  value  of  each  successive  life, 
•as  above  found,  be  added  together,  their  sum,  or  yi-\- 
J5(l  — p^)+  C(!— f^)  X  (1  —  e-^),  will  be  the  pre- 
sent value  of  the  three  successive  lives :  but  this  ex- 
pression \Aill  be  found  equal  to  — j  1  — ( 1  —  ^v/  )  X 

(1  —  ^B)  X  (1  —  ^C)  :  whence  the  present  value  of 
any  number  of  lives  in  succession  may  be  discovered 
on  inspection  ;  and  thence,  the  following  rule. 

§  212.  Multiply  the  assumed  value  of  an  annuiti/ 
on  each  of  the  proposed  lives,  hy  the  rate  of  interest ; 
take  the  several  products  from  unity,  and  multiply 
together  all  the  remainders ;  let  the  product  thus 
arising  be  also  subtracted  from  iinity,  and  the  re- 
i7minder  divided  by  the  rate  of  interest :  the  quotient 
will  be  the  present  value  of  all  the  successive  lives,  in- 
cluding the  life  in  possession. 


PROBLEM  XXVI.* 

§  213.  Suppose  a  person  to  purchase  a  copyhold 
estate,  on  any  number  of  lives  A,B,C,  &c,  for  the 
sum  s,  on  condition  that  he  and  his  successors  may 

-*  Simpson,  Prob.  27;  and  Sup.  Prob.  29.     Dodson,  vol.  iii. 
Ques.  82  to  95.     De  Moivre,  Prob.  10. 
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renew  it  continually  by  paying  the  fine  /  whenever 
any  one  of  such  lives  becomes  extinct ;  To  find  the 
present  value  of  the  whole  purchase  of  such  estate. 


SOLUTION. 

Let  the  value  of  an  annuity  on  each  of  the  lives 
A,B,C,  &c,  in  possession,  be  respectively  denoted  by 
A^ByC,  &c:  and  let  the  value  of  an  annuity  on  each 

1  2  3 

of  the  lives  A,  A,  A,  &c,  (which  are  supposed  to  follow 
in  direct  succession  from  A )  be  respectively  denoted  by 
^,  ^,  y/,  &c.*     In  like  manner,  let  the  value  of  an 

12         3 

annuity  on  each  of  the  lives,  B,  B,  B,  &Cj  (which  are 
supposed  to  follow  in  direct  succession  from  B)  be 

1         -2  3 

respectively  denoted  by  B,  B,  B,  &c :  and  so  on  \^'ith 
respect  to  the  lives  immediately  succeeding  C,  D,  8cc. 
And  let  us  first  determine  the  present  value  of  all  the 
fines  payable  on  the  extinctioii  of  the  life  A  and  his 
immediate  successors. 

Now,  the  present  value  of  the  fine  f  payable  on 
the  decease  of  A,  in  whatever  part  of  the  year  that 
may  happen,  may  in  the  present  case  be  considered 
equal  to  the  present  value  of  an  estate,  yielding  Jl 
per  annum,  to  be  entered  upon  at  the  decease  of  A ; 

which,  by  Prob.  XXIII,  is  found  to  he /^{^ ^ )  = 

y(l— ^y^).     If  instead  of  j4  in  this  formula  we  sub- 

*  Care  must  be  taken  not  to  mistake  these  numeral  quantitlee 
for  the  index  of  the  quantity  to  which  they  are  annexed:  as,  they 
merely  denote  the  order  of  succession  among  the  given  lives. 


Pr,  26.  ON    COPYHOLDS,  171 

stitute  the  present  value  of  the  two  successive  lives 
A,  A,  which,  by  Prob.  XXIV,  is  found  equal  to  y/  -j- 

A{\—^A)^  we  shall  have /(I— ^^)  x{l—^A)  for 

the  present  value  of  the  fine  to  be  paid  on  the  decease 

I 
of  A.     And  if  instead  of  A  in  that  same  formula 

we  substitute  the  present  value  of  the  three  successive 

1  2 

lives  A,  A,  A,  which,  by  the  last  problem,  is  found 
equal  to  A  +  J  (^\  —  ^A)  -\-  A{\ --  ^A)  X{\  —  ^A), 

we  shall  have /(I —^^)  X  (1-^^')  X  (1  — e^*)  ^^^ 
the  present  value  of  the  fine  payable  on  the  decease  of 

A:  and  so  on  with  respect  to  all  the  subsequent  fines 
payable  on  the  extinction  of  each  life  in  direct  suc- 
cession from  A.  But,  the  sum  of  all  these  quanti- 
ties, or  the  series  /L(l  —  e^}+(l  —  f^)X  (1  — ^^)-f 

{\  -'^A)x{\'-' ^A)X{\  —  {yA)-\' ad  hifimtum} 

is  the  present  value  of  all  the  sums  that  may  be  paid 
from  time  to  time  for  the  renewals  of  the  several  lives 
in  direct  succession  from  A. 

By  a  similar  method  of  proceeding  it  will  be  found 

that  the  series /[(I  — ^B) -|- (l~e^)X  (^ —e^') + 

(\-'^B)x{\—^B)X{\—^B)-\- ad  injlnitiwi] 

will  denote  the  present  value  of  all  the  sums  that  may 
be  paid  from  time  to  time  for  the  renewals  of  the 
several  lives  in  direct  succession  from  B.  And  so  on 
with  respect  to  the  other  lives  C,D,  &c,  and  their  suc- 
cessors for  ever:  and  the  sum  of  all  these  different 
series,  or 
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/[(i~e^)+(i-~e^x(^-f-^)-i- «^?V-]  + 

/[(i-eO+(i-eOx(i-pC)+  ....  ^c?m/.]  + 

&C  &c  &c, 

will  be  the  total  present  value  of  all  the  fines  that  the 
tenant  can  ever  pay ;  and  which  being  added  to  s  Vv'ili 
give  the  whole  value  paid  for  the  purchase. 

COROLLARY    I. 

§  214.  Hence  if  the  lives^,  with  which  the  lease  is 
from  time  to  time  renewed,  be  supposed  equal  to  one 
another,  or  of  the  same  common  age  A,  the  general 
expression  above  given  will  become 

kc  &c  &c  8:c, 

the   sum   of   which    series,   since   I  1  -f-  ( 1  —  f-^)  + 

(1— ^^J"-l-(l— ^^)'-{- ad  iirftjiitum    is  equal  to 

-V,*  becomes  I-^i  —  - J-\-L  ^  B -\-~-C-\-kc\ 
^A  A^  ^  ^  f  ' 

*  It  is  well  known  that :=  I  +  r -^  x^  -\- x^  + ad 

1  — X 

I 
infiniluvi:  therefore,  by  substituting  (1  —^A)  for  x,  we  shall  have 

— J—  equal  to  the  series  given  in  the  text. 
^A 
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=z^-(— — A  —  B—C~kc];  where  n  denotes  the 

number  of  lives  on  which  the  estate  is  held:  whence 
the  following  rule. 

§  215.  Divide  I  he  number  of  lives  by  the  rate  of 
interest^  and  from  the  quotient  subtract  the  sum  of 
the  values  of  an  annuity  on  each  of  the  single  lives  in 
possession;  divide  the  remainder  by  the  assumed  value 
of  an  annuity  on  the  common  life  with  ivhich  the  lease 
is  from  tipie  to  time  to  be  reneived :  the  quotient^ 
thence  arising^  multiplied  by  the  fine  to  be  paid  on 
renewing  will  be  the  total  present  value  of  all  the  re- 
newals for  ever :  and  which,  being  added  to  tJie  sum 
given  for  the  estate,  will  give  the  ivhole  value  of  iJte 
purchase, 

§  2 1 6.  Example.  Suppose  a  person  to  have  paid 
down  c£lOOO  for  the  purchase  of  a  copyhold  estate 
held  on  three  lives,  whose  ages  are  30,  50  and  70; 
on  condition  that  he  may,  on  the  extinction  of  any 
life,  continually  renew  with  any  other  life  that  he  thinks 
proper,  on  paying  a  fine  of  c£6©0 :  What  is  the  present 
value  of  all  those  fines  with  which  the  estate  may  be 
continually  renewed,  reckoning  interest  at  5  per  cent, 
and  the  probabilities  of  living  according  to  the  obser- 
vations of  M.  De  Parcieux  ? 

Here  we  shall  have  ^=14*693,   5  =  11-363,  C=: 

6-05.5,  7i  =  3,  ^  =  -05,/=  600,  and  A  (or  thevahieof 
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an  annuity  on  the  best  life  in  the  table*)  =  16*213. 
Consequently,  ^^^(60  — 32111)  =  1402-171,  or 
j£l  402 ;  3  :  5  will  be  the  present  value  of  all  the  fines: 
and  which  being  added  to  the  ^ClOOO  paid  upon  en- 
tering will  give  the  total  value  of  the  fee  simple  of  the 
estate. 

COROLLARY   II. 

§  217.  When  all  the  lives  in  possession  are  of  the 
same  common  age  A,  the  formula  in  the  preceding 

corollary  will  become  equal  to  ~-( ^].     But,  if 

all  the  livesj  as  well  those  in  possession  as  those  to  be 
put  in  nomination  afterwards,  be  equal  to  each  other, 

or  of  the  same  common  age  A,  the  present  value  of 

fn 

all  the  renewals  for  ever  will  then  be  equal  to  -~- 

COROLLARY    IlL 

5  218.  If  the  present  value  found  by  either  of 
the  preceding  corollaries  be  multiplied  by  the  rate  of 
Interest,  it  will  show  how  much  the  rent-roll  of  the 
landlord's  estate  ought  in  each  case  to  be  increased  on 
account  of  the  fines  paid  at  renewing. 

*  This  is  always  the  assumed  value  of  A,  agreeably  to  what 
tas  been  said  on  this  subject- in  §  203. 
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Thus,  in  the  example  given  in  §  216,  it  will  be 
found  that  1402-171  X  "05  =--70- 109,  or  i;70  :  2  :  2 
is  the  sum  by  which  the  rent-roll  of  the  lord's  estate 
ought  to  be  increased  on  account  of  the  fines  there 
nientioned, 

COROLLARY   IV. 

§  219.  Since  the  purchase  money  paid  for  the 
lease,  together  with  the  present  value  of  all  the  fines 
to  be  paid  on  renewal,  is  equal  to  the  value  of  the  per- 
petuity of  the  rack-rent  of  the  estate  (~-/j);  that  is, 

since  <9  "I- -2  ( -/^— -B—C— &c]  = /jj    it  follows 

that  f,  or  the  fine  which  ought  to  be  paid  on  renew- 

1 

(  f)  _  s')ji 

In^,  will  be  equal  to  ~ — :     whence   the 

following  rule. 

§  220.  Subtract  the  teriant's  interest  in  the  lease 
{or  the  purchase  money  which  he  has  given  for  the 
same)  from  the  value  of  the  fee  simple  of  the  estate, 
and  multiply  the  remaiiuler  hy  the  assumed  value  of 
an  annuity  on  the  common  life  luith  which  the  lease  is 
supposed  to  he  constantly  reneired  ;  reserving  the  pro- 
duct-.-^-divide  the  number  of  lives  on  zvhich  the  lease 
is  noiv  held,  by  the  rate  of  interest ;  and  from  the 
quotient  subtract  the  S2im  of  the  values  of  an  annuity 
on  each  of  those  lives:  the  reserved  product  being  di- 
vided by  this  remainder,  will  give  the  sum  ivhich 
ought  injustice  to  be  paid  as  a  fine  on  each  reneivaL 
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§  221.  Example.  Suppose  a  person  to  have  pur- 
chased, for  ^1000,  a  copyhold  estate,  the  rack-rent 
of  which  is  estimated  at  ^100  per  annum;  and  that 
such  estate  is  held  on  three  lives,  renewable  for  ever 
on  the  extinction  of  either  of  those  lives  by  paying  a 
fine  certain :  what  ought  such  fine  to  be  fixed  at,  in 
order  that  the  purchaser  may  make  5  per  cent  interest 
of  his  money,  supposing  the  ages  of  the  hves  (on 
which  the  estate  is  now  held)  to  be  30,  50  and  70, 
and  that  the  probabilities  of  living  are  according  to  the 
observations  of  M.  De  Parcieux? 

Here  we  shall  have  j)  (or  the  value  of  the  perpetuity 
of  the  rack-rent  of  the  estate)  =  2000,  s  =  1000, 
and  the  remaining  quantities  as  in  the  example  in 
§  21().     Consequently  the  value   of  the  fine  ought  to 

,      1000xlO'-213  p 

be  -g^^TfiY-  —  581-340,  or  ot581  :  6  :  10. 

C0R0LJ.ARY    V. 

§  222.  If  the  estate  is  held  on  one  life  only,  the 
present  value  of  the  landlord's  interest  therein  will  be 
universally  expressed  by  _/  X  r — .     Now,  imme- 

diately  after-  the  receipt  of  a  fine,  the  life  in  posses- 
sion is  equal  to  A ;  whence  the  expression  in  this  case 

becomes  f  X  r — :  and  hnmedicUely  before  the  re- 

ceipt  of  a  fine,  the  life  in  possession  having  become  ex- 
tinct, the  expression  in  this  case  becomes^  x  — r* 

*  These  three  formulae  will  serve  to  express  the  value  of  per- 
petual Advowsons  (considered  as  an  object  of  traffic)  under  the 


-I 
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But,  since  the  present  value  of  the  next  fine  Is  uni- 
versally expressed  by  f(l—^v4)^  or  by  the  amount 
of  such  fine  multiplied  into  the  difference  between 
unity  and  the  product  of  the  rate  of  interest  by  the 
value  of  an  annuity  on  the  life  in  possession,  we  may 
readily  4etermine  the  landlord's  interest  in  the  estate, 
or  the  value  of  all  the  fines  to  be  paid  on  renewing^, 
by  the  following  rule. 

§  223.  Divide  the  present  value  of  ilte  next  Jine 
by  tJie  product  of  the  rate  of  interest  into  the  value 
of  an  annuity  on  the  common  life  with  ivhich  the  lease 
is  to  he  continually  reneiued:  the  quotient  tJtence 
arising  luill  he  the  value  required. 

three  most  usual  circumstances  :  1"*  where  the  living  is  possessed 
by  an  incumhe/it  whose  life  is  equal  to  A;  2°  immediately  q/iffr 
presentation,  where  the  life  presented  is  of  the  same  common  age, 
A,  as  that  with  -which  the  living  is  supposed  to  be  constantly  filled 
up ;  3°  with  immediate  resignation. 

It  must  however  be  here  particularly  observed  that,  in  thtse 
cases  the  value  of  A  (or  the  value  of  an  annuity  on  the  commou 
life  wiih  which  the  living  is  supposed  to  be  constantly  filled  up) 
must  never  be  assumed  so  great  as  in  those  cases  mentioned  in  the 
text :  because  the  person,  who  is  presented  to  tlie  living,  must 
always  be  above  24  years  of  age  :  and  it  seldom  happens  that  he 
is  even  so  young  as  this. 

It  ha^  been  ingeniously  suggested  that  the  ages  of  the  incum- 
bents, when  they  are  inducted,  may  be  partly  fixed  from  the  value 
of  the  livings.  See  De  Moivre,  Pvob.  14  and  15:  and  Dodson, 
vol.  iii,  page  347- 

N 
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§  224.  Example.  Suppose  that  a  copyhold  tenant 
pays  to  the  lord  of  the  manor  a  fine  of  <^100  on  his 
admission,  and  that  every  successor  does  the  same ; 
what  is  the  present  value  of  the  lord's  interest  in  that 
copyhold,  on  the  supposition  that  the  tenants  admitted 
thereto  are  (one  with  another)  25  years  of  age  at  the 
time  of  their  admission :  interest  being  reckoned  at  5 
per  cent,  and  the  probabilities  of  living  as  at  North- 
ampton P 

Here  we  shall  have  ^  =  13*567,  ^  =  "05,  and  /  = 
100;  consequently  the  value  of  the  lord's  interest  im- 
mediately  before  the  receipt  of  a  fine  will  be  equal  to 

'<^X  ^slHHS-;  =  l^'-^^'  °'  =£147:8:4:  and 
immediately  after  the  receipt  of  a  fine  it  will  be  equal 

'°  io«  X  ^^SjI^ = ^':*'«  °'  £*'  ••«=*• 

But  if  the  life  now  in  possession  be  70  years  of  age, 
we  shall  have  ^  =  6-023;  in  which  case,  the  lord's 
interest   will   be   100  X  ^Zi^^^f.^Jr—  103022,   or 

•05  X  13  567  ' 

£103  :  O  :  5. 

Therefore  if  the  tenant  gave  ^500  for  the  lease, 
the  whole  value  of  the  purchase  may  in  this  latter  case 
be  estimated  at  ^£603  j  and  the  corresponding  rent  at 
^30  :  3  :  0. 

.      COROLLARY    VI.* 

§  225,     If  the  estate  is  held  on  the  longest  of  any 

*  Simpson's  Sup.  Prob.  28.  De  Moivre^  Prob.  12.  Dodson, 
vol.  iii.  Ques.  85. 
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number  of  lives  (that  is,  on  condition  that,  wlienever 
all  those  lives  become  extinct,  the  lease  may  be  re- 
newed with  the  same  number  of  lives,  and  on  the  same 
conditions,  by  paying  the  given  fine)  the  formulae  in 
the  last  corollary,  since  all  the  lives  may  in  this  case 
be  considered  but  as  one,  will  still  express  the  true 
value  of  the  landlord's  interest ;  if  we  make  A  denote 

the  value  of  an  annuity  on  the  longest  of  all  the  hves 

1 

in  possession,  and  A  the  assumed  value  of  an  annuity 
on  the  longest  of  all  the  lives  with  which  the  lease  is 
to  be  condnually  filled  up. 

§  226.  Example.  Suppose  an  estate  to  be  leased 
on  two  lives,  with  condition  that,  on  the  extinction  of 
both  those  lives,  the  same  may  be  renewed  with  two 
other  lives  (the  best  that  can  be  found)  on  paying  a 
fine  of  c£300 ;  and  so  on  for  ever :  what  is  the  pre- 
sent value  of  the  landlord's  interest  in  the  estate: 
taking  the  probabilities  of  living  as  at  Northampton^ 
and  the  rate  of  interest  at  5  per  cent.  ? 

Here  we  shall  have  A  (or  the  value  of  an  annuity 
on  the  longest  of  two  lives,  both  aged  8  years)  = 
17'721,  ^  =  -05,  and  /■=  £00;  consequently  the 
value  of  the  landlord's  interest  immediately  before  the 

receipt  of  a  fine  will  be  equal  to  300  X  -rz — 7z-z:r,  = 

*  ^  05x17721 

340*656,  or  <£340:13:1:  and  immediately  after 
the  receipt  of  a  fine  it  will  be  equal  to  40*656.  But, 
if  the  ages  of  the  lives,  on  which  the  estate  is  now 
held,  be  40  and  60  years  of  age,  the  landlord's  in- 

N   2 
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terest  will  be  equal  to  300  X^-^^^^^Yy^—= 114-880: 

or,  if  the  eldest  of  those  lives  be  extinct,  the  land- 

11,-  -ii  1  1         ^^^       1— 05  X  11-837    _ 

lord  s  interest  will  be  equal  to  300  X  — ^r  "t^-^^tt- =^ 

338'192. 


SCHOLIUM. 

§  227.  From  the  principles  here  laid  down,  it  will 
be  easy  to  determine  whether  it  is  most  advantageous, 
to  the  lessee  or  the  landlord,  to  fill  up  a  life  as  soon 
as  it  becomes  vacant ;  or  to  wait  till  two  or  more  of 
them  have  dropt  before  the  renewal. 
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CHAPTER  VIII. 


On  Assurances  depending  on  a  particidar  Order  of 
Survivorship. 

§  228.  J.  HE  subject  of  the  present  chapter  is  cer- 
tainly one  of  the  most  mtricate  in  the  whole  doctrine 
of  annuities,  since  it  Involves  contingencies  for  which 
it  is  very  difficult  to  give  a  concise  and  accurate  ex- 
pression. When  two  lives  only  are  concerned,  the 
investigations  are  not  very  complex ;  and  the  solu- 
tions mav  be  obtained  without  much  labour  or  incon- 
venience :  but  when  three  or  more  lives  are  involved 
in  the  question,  the  investigations  become  more  intri- 
cate, and  in  many  cases  indeed  baffle  all  our  endeavours 
to  obtain  the  correct  value.  These  latter  cases,  which 
are  equally  numerous  with  those  whose  values  we  can 
obtain  correctly,  arise  out  of  the  subject  already  men- 
tioned in  page  1 23 ;  and  will  mostly  occur  towards 
the  end  of  this  chapter  :  we  may,  indeed,  approximate 
to  their  true  value  by  the  help  of  the  two  lemmata 
given  in  the  fifth  chapter;  as  will  more  distinctly  ap- 
pear hereafter. 

I  would  here  observe  that  I  have  not  considered  any 
cases  where  more  than  three  lives  are  involved :  those 


182  ^N  CONTINGENT  ASSURANCES.  Ch,  8. 

cases  are  so  very  rare  that  it  would  not  be  worth  while 
to  'ay  down  any  general  rules  on  the  subject ;  and  to 
investigate  them  properly  would  swell  the  present 
work  to  an  enormous  bulk. 

In  order  to  avoid  any  unnecessary  repetitions  in  the 
ensuing  problems,  I  will  take  this  opportunity  of  men- 
tioning, once  for  all,  that  I  shall  in  every  case  denote 
the  given  sum  by  s  ;  and  that  the  probabilities  of  liv- 
ing will  be  sail  represented  by  the  same  quantities  as 
in  §  23.  The  resulting  formulae,  which  show  the 
value  of  such  sum,  will  sufficiently  enable  the  expe- 
rienced analyst  to  determine  its  numerical  value :  but 
they  are  too  complex  and  intricate  to  be  inserted  as 
rules,  in  words  at  length. 

5  229.  I  would  also  observe  here,  that  I  use  the 
characters  A,  B,  C  to  denote  the  value  of  an  annuity 
on  a  life  one  year  older  than  the  life  A,  B,  or  C  re- 
spectively :  and  the  characters  A^  B,  C  to  denote  the 
value  of  an  annuity  on  a  life  one  year  younger  than 
the  life  A,  B,  or  C  respectively.  Consequently  when 
the  character  j4\  B\  or  C°  occurs,  it  is  meant  to  de- 
note the  value  of  an  annuity  on  a  life  n  years  older 

III 
than  A, B,  or  C  respectively:  that  is,  on  a  life  (?z-f-l) 

years  older  than  A,  B,  or  C  respectively. 

The  same  observations  will  apply  to  the  characters 
A\  B\  or  C\  which  respectively  denote  the  value  of 

an  annuity  on  a  life  n  years  older  than  A,  B  or  C : 

that  is,  on  a  life  {n  —  \)  years  older  than  A,  B,  or  C, 
8 
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respectively.  This  remark  will  also  extend  to  the  case 
of  such  lives  considered  jointly  with  any  other  lives  : 
thus  AB  denotes  the  value  of  an  annuity  on  the  joint 
lives  of  B  and  a  life  one  year  older  than  A  j  ABC 
the  value  of  an  annuity  on  the  joint  lives  of  BC  and 
a  life  one  year  older  than  A:  and  so  on. 

PROBLEM  XXVIL* 

§  230.  To  determine  the  present  value  of  a  given 
sum,  payable  on  the  decease  of  A,  provided  that  shall 
be  xhejirst  which  fails  of  tw^o  given  lives  A,  B. 

SOLUTION. 

The  chance  of  receiving  the  sum  at  the  end  of  any 
one  year  will  depend  on  the  happening  of  one  or  other 
of  these  two  events:  1°  that  A  dies  m  the  year,  and 
that  B  lives  to  the  end  of  it :  2°  that  both  lives  fail  in 
the  year,  restrained  however  to  the  contingency  that 
A  dies  first.     The  probability  that  the  first  event  will 

happen  in  the  first  year  is  ^^"y  ^  and  the  probability 
that  the  second  event  will  happen  in  the  same  period 

is  ^°~   J^  -"^ :  these   two   values,   therefore,  being 

added  together  and  multiplied  by  6(l  +  ^)"''5  or  the 
present  value  of  the  given  sum  certain  to  be  received 

*  Price,  Ques,  11,  and  Note  (M).  Dodson,  vol.  iii.  Ques.  23. 
Simpson's  Sup.  Prob.  32.  Morgan^  Prob.  \6,  and  in  Phil.  Trans, 
for  1788,  Prob  2. 
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at   the   end    of  the    year,   will   give  —  (l-f  ^)  '  X 

III  I 

(^, , —  —  H — t)  for  the  value  of  the  expectation 

^  ab         ab        a  b    '    ab '  ^ 

of  receiving  such  sum  at  the  end  of  the  first  year.  In 
like  manner,  since  the  probability  that  the  first  event 

will  happen  in  the  second  year  is  — -,  and  the  pro- 
bability that  the  second  event  will  happen  in  the  same 

period  is  -^ ,  it  follows  that  the  sum  of  these, 

multiplied  by  5(l-|-^)~",  will  give  the  value  of  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  se- 
cond year.  By  a  similar  method  of  reasoning  we  may 
find  the  value  of  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  year:  and  so  on  for  every  suc- 
ceeding year,  to  the  utmost  extent  of  human  life ;  the 
sum  of  ail  which  yearly  values^  or  the  series 

s  ,      ,     v_,       \    ab  ah  ah    ,    al     \   , 

s  ,,    ,     v_a       \    ah  ah  ah     .     ah    \    , 

^  /'^    I     ^-3  V    \    0,^)        ai         a  b    .    ah    \   . 

&c  &e  &c, 

will  be  the  total  present  value  of  the  sum  s  to  be  re- 
ceived  on  the  above  contingency. 

§  231.  But,  the  sum  of  the  first  two  of  these  per- 
pendicular series  (independent  of  the  common  mul- 
tiplier ^)  is  by  Prob.  XXIl,  equal   to  -  ~^  .  ;  the 
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third  will  be  found  equal  to .,  ,    .  X  "' ',    and  the 

U+f>         a 
a 

last,   equal  to   ABx  —*      Consequently    the    total 
present,  value   of  the   given   sum   will   be   equal  to 

i-rin^  _(y+^' _^fi.a)±1. 


a  h 

*  The  third  of  these  perpendicular  series,  or  — ;; r-  4- 

II  I  III  II 

-1 — —  +  &c  (by  taking  all  the  terms  as  affirraa- 


s  \ 

tive  and  omitting  the  common  multiplier — 1 ,  is  evidently  equal  to 


ah       \  a 


II    I  III  II  III!   Ill 

h  ah  ah 

+-J +- +  &C 

^(1+^)      al{\-^it      al{\^oy         _J 


:  which 


(since 1-  -; V 1-  S:c  is  equal  to  AB) 

Gi(l+f)       ab{\+2Y       ah{\+^Y 

I                                      I  I 

.„  ,                       ,              fi^       /■          v't^N       l-k-AB        a      ^    ,., 
Will  become  equal  to  -77 rU  ■\-AB)^=.—, x  — .    In  like 

manner,  it  will  be  evident  that  the  fourth  perpendicular  seriesj  or 


(                     /  ;/                       II  III 
ah                ah                  ah         .  „      .  ,  , 

•\ r-  -\ — 77 rj  +  &c,  is  equal  to 


a  P      ab 

/  //                       ;;  /';                         I  ' 

ah                   a  b              „  1.1,.               ih 

+  -rr c^  +  -rz r,  +  S:c     :  which  (since  — -f 

^  ab{l-^2T      f^^-^^y          J  abi^l  +  2) 

I  II  II  I" 

—, -f  — -1  +  Sec  is  equal  to  JB)  will  become  equal 

ab{l  +  sr^at{l  +  0'  ^  ^  >  ^ 

I  I 

a 

to  ABx  — . 
/  a 

The  value  of  these  series,  however,  may  be  expressed  in  a  dif- 
ferent manner,  by  inverting  the  method  here  pursued:  for,  tlie 
third  perpendicular  series  is  (on  the  assumption  just  mentioned) 
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As  this  formula  will  often  be  referred  to  in  the  sub- 
sequent problems,  it  will  be  convenient  to  denote  it  by 
a  more  simple  expression;  therefore  let  it  be  repre- 
sented by  ,.4.^:  that  is,  let  jl^  denote  the  present 
value  of  c£l  to  be  received  on  the  contingency  men- 
tioned in  the   problem  j    consequently  s  X  ^^  will 

also  equal  to  -  ]^-^^  +  ^--  + -f^j:^. -^  &c J  = 

I  '  '  ' 

JIB  X  -7-  '•    3nd  the  fourth  perpendicular  series  is  also  equal   to 


ah 


a^l+f) 


r~  ;  //  II  in  in  iiii 

ab  ah  ah  ~1 

1  + +  ~ + +  &c 

L-        a^(l+f)        ah{\^^Y        a^(i+f)'  J 


a-b      ,  ,'\         1  +  JB        h 

-— — - — Al-^AB)  =     .,  ,    .    X  -7-.     Whence   it  appears  that 


1  +  JB       a 

X  —  =  -^B  X 


b 


(1  +  F)       «         '       ^ 
l+AB        b        ^^      f 

X  -;-=  JBx 


(l  +  §)        b        ,  a 

and  consequently,  (since  each  series  may  be  summed  up  in  two  dif- 
ferent ways)  that  we  may  adopt  either  expression  for  the  value  of 
the  same  :  a  circumstance  of  which  I  have  availed  myself  in  some 
of  the  subsequent  problems.  The  same  observations  -will  apply 
to  any  other  two  lives. 

Mr.  Morgan  (apparently  not  aware  of  this  property)  has  run 
into  some  strange  errors  on  this  subject.  He  has  given  bot/i  ex- 
pressions in  the  same  formula:  and  such  expressions,  being  there 
always  used  with  contrary  signs,  of  course  destroy  each  other  j 
and  are  therefore  unnecessarily  introduced !  These  cases  are  by 
no  means  singular,  as  they  occur  in  almost  all  the  problems  (in- 
volving similar  contingencies)  inserted  by  him  in  the  Philosophical 
Transactions.  See  a  reiTiarkable  instance  of  this  kind  in  the  note 
to  the  First  Case  of  Problem  XLV. 
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denote  the  present  value  of  the  given  sum  under  the 
came  circumstances.* 

*  The  only  methods  of  solving  this  problem  (previous  to  the  in- 
vestigation of  it  by  Mr.  Morgan  from  the  real  probabilities  of  life) 
were  those  given  by  Mr.  Simpson  in  the  Supplement  to  his  Doctrine 
of  Annuities,  Prob.  XXXII,  and  by  Mr.Dodson  in  the  third  volume 
of  his  Mathematical  Repository ,  Ques.  XXIII :  both  of  which  are 
deduced  from  M.  De  Moivre's  hypothesis,  Mr.  Simpson  however 
has  inserted  a  rule  which  may  be  applied  to  any  table  of  observa- 
tions :  whilst  Mr.  Dodson  still  abides  by  the  hypothesis  of  his 
friend  De  Moivre.  Mr.  Morgan,  with  his  usual  antipathy  against 
that  theory,  has  despatched  Mr.  Dodson's  rule  in  very  few  v/ords, 
by  saying  that  "  having  derived  his  rule  from  a  wrong  hypothesis, 
"  he  has  rendered  it  of  no  use."  {Phil.  Trans,  vol.  Ixxviii.  p.  332): 
and  Dr.  Price  has  observed  that  he  knows  of  no  other  method  of 
solution  but  that  of  Mr,  Simpson.  Had  these  gentlemen,  how- 
ever, taken  the  trouble  to  compare  Mr.  Simpson's  rule  with  that 
given  by  Mr.  Dodson,  they  would  have  found  that  the  latter  (even 
on  De  Moivre's  hypothesis)  gives  the  values  oftentimes  more  cor- 
rectly than  the  former :  and  were  it  adapted  to  the  real  probabi- 
lities of  life,  in  the  same  manner  as  they  have  adapted  Mr.  Simp- 
son's, it  would  in  many  cases  give  the  values  still  more  correspond- 
ing to  the  true  values.  I  agree  with  them  however  that  neither 
of  these  methods  can  be  safely  used,  except  in  the  middle  stac'es 
of  life :  and  that  it  will  be  best  in  all  cases  to  deduce  the  values 
from  real  observations.  Nevertheless  as  a  near  value  may  be 
oftentimes  required,  without  much  labour  of  computation,  I  have 
thought  it  necessary  to  point  out  how  far  these  methods  may  be 
depended  on. 

But,  is  it  not  singular  that,  after  the  unlimited  censure  which 
Mr.  Morgan  has  cast  upon  the  "  wretched"  hypothesis  of  De 
Moivre,  he  should  (as  editor  of  Dr.  Price's  Observations  on  Re- 
versionary Payments)  suffer  the  Fortieth  Table  in  that  work  to 
remain  without  a  comment  ?  particularly  as  he  must  well  know, 
because  he  lias  taken  much  pains  to  prove,  tliat  the  values  in  that 
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COROLLARY    I. 

§  232.  Having  thus  found  the  present  value  of 
the  given  sum  on  the  contingency  of  B  surviving  A  ; 
the  present  value  of  the  same  sum  on  the  contingency 
of  A  surviving  B  (that  is,  of  the  same  sum  to  be  re- 
ceived on  the  death  of  B,  provided  his  life  be  the  fisrt 
that  becomes  extinct)  is  readily  found  by  substituting 
the  symbols  «,  a,  a,  &c  for  h,  b,  b,  &c  m  the  above 
analysis :  whence  such  value  will  come  out  equal  to 

iflrX^f  _(ii±4^  -jRj,)l.~\. 

table  are  extremely  erroneous,  and  in  many  cases  are  more  than  one 
third  of  their  true  vakie  too  much.  And  is  it  not  more  singular 
that,  to  this  very  hour,  it  should  serve  to  determine  the  value  of 
such  assurances  at  the  Equitable  Society,  the  business  of  which 
Mr.  Morgan  has  so  long  and  so  ably  conducted !  It  is  true,  that, 
the  concerns  of  that  society  being,  for  the  most  part,  established 
upon  such  fair  and  truly  equitable  principles,  it  little  signifies  how 
much  is  paid  for  an  assurance  provided  every  one  pays  hi  propor- 
tion: but  it  must  be  evident  that,  in  the  present  case,  the  rest  of 
the  society  are  benefited  at  the  expense  of  those  who  assure  on 
the  contingency  mentioned  in  this  problem.  And  it  is  amusing 
to  observe  how  blindly  the  other  established  Offices,  as  well  as  the. 
new  ephemeral  Companies,  have  followed  this  error  of  their  great 
prototype. 

I  have  inserted  the  table,  above  alluded  to,  at  the  end  of  the 
present  work  (being  the  fifty-third  table  there  given)  j  not  only  as 
a  matter  of  curiosity,  but  to  show  upon  what  erroneous  principles 
the  business  of  those  Offices  is  sometimes  conducted.  See  the 
Sphqlium  to  Question  XXX  in  Chapter  XII. 
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But,  if  the  present  value  of  the  given  sum  to  be 
received  on  the  death  of  A  according  to  the  problem 
be  once  determined,  we  may  easily  find  the  value  of 
the  same  sum  to  be  received  on  the  death  of  B,  pro- 
vided his  life  be  the  first  that  fails,  by  subtracting  the 
value  found  by  the  problem  from  the  present  value  of 
the  given  sum  to  be  received  on  the  extinction  of  the 
joint  lives  AB,  as  found  by  Prob.  XXII :  or,  in  other 
words,  by  changing  the  sign  of  the  second  term  in  the 
general  expression  deduced  from  the  problem.     Thus 

i.ri=i^  +  (ii±^  _  AB.a)L\  will  also  denote 

the  present  value  of  the  given  sum  on  the  contingency 
of  A  surviving  B.* 

As  these  formulas  will  be  often  referred  to  in  the 
subsequent  problems,  it  will  be  more  convenient  to 
denote  them  by  a  more  simple  expression ;  therefore 
let  them  be  represented  by  B"^ :  that  is,  let  I^^  de- 
note the  present  value  of  £,1  to  be  received  on  the 
contingency  mentioned  in  this  corollary;  consequently 
<?  X  J5^^  will  denote  the  present  value  of  the  given  sum 
under  the  same  circumstances. 


*  Universally  we  shall  find  that,,  by  this  method  of  investigation, 
the    expression     ^  [j^:^  +  K-JT^—  ^^f)  -^J  = 

^ri^+(0_±^^_^5.Al1  will  denote  the  value 

In  either  case;  where  the  upper  sign  is  to  be  taken  if  the  sum  de- 
pends on  the  contingency  of  A's  dying  first  j  and  the  lower  sign,  if 
on  B's  dying  first. 
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COROLLARY    II. 


§  233.  From  the  principles  laid  down  in  the  pro- 
blem we  may  readily  find  the  value  of  any  sum  de- 
pending on  the  contingency  of  C  surviving  A ;  that 
is,  of  such  sum  to  be  received  on  the  death  of  A  pro- 
vided his  life  be  the  first  that  becomes  extinct  of  the 
two  lives  A,  C.     The  value  of  such  sum  will  be  equal 

to  ±r?pi^^^((i±-^'^_^C.a)^l  :  and  which 
I  shall  (for  the  reasons  above  mentioned)  denote  by 

In  like  manner  the  value  of  any  sum  depending  on 
the  contingency  of  C  surviving  B  will  be  found  equal  to 

.^n-1^^  _((ill^  -,Bah)L\  which  I  shall 

for  the  same  reasons  denote  by  5  X  J5^'  These  for- 
mulas will  often  be  referred  to  in  the  subsequent 
problems. 


COROLLARY   III. 

§  234.  If  the  contingency  mentioned  in  the  pro- 
blem, and  on  which  the  given  sum  is  to  be  received, 
is  Deferred  for  any  given  number  of  years  (=w),  less 
than  that  to  which  it  is  probable  the  two  joint  lives 
may  extend,  it  is  evident  that  the  several  perpendicular 
series,  in  the  general  expression  given  in  page  184, 
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must  be  continued  from  after  the  n^^  term  only ;  and 
thence  to  the  utmost  extent  of  human  life.  The  sum 
of  which  terms  will,  by  an  attention  to  the  steps  pur- 
sued in  Problem  XXII,  cor.   1,   be  found  equal  to 

expression  which  I  shall  denote  by  5  X  («//^)  . 


COROLLARY  IV. 

§  23.5.  Or,  if  the  contingency,  on  which  the 
given  sum  is  to  be  received,  is  Temporary  (that  is,  to 
continue  only  for  a  given  term  =  n,  less  than  that  to 
which  it  is  probable  the  two  joint  lives  may  extend) 
it  is  evident  that  the  several  perpendicular  series,  in 
the  general  expression  given  in  page  184,  must  be  con- 
tinued for  n  terms  only:  and  the  sum  of  these  will, 
by  an  attention  to  the  steps  pursued  in  Prob.  XXII, 

cor.  2,  be  found  equal  to  4~\  ^    .      \ (ABf— 


(nS^-'~(l^^)-?)T]- 


*  It  must  be  remembered  that  JVB'  denotes  the  value  of  an 
annuity  on  two  joint  lives,  each  n  years  older  than  A  and  B  j  and 
that  A'B'  denotes  tlie  value  of  an  annuity  on  two  joint  lives,  each 
n  years  older  than  A  and  B  respectively :  agreeably  to  what  has- 
been  said  in  §  229. 
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I 

But,  since  (Jb)^~^  -\--j-^^—^=:{Jb)^  =  Jb -- 


ARx— — ( 1  +  f )      }  we  may  (by  substituting  these 

ah 

values,  as  explained  in  the  problem  just  referred  to) 
render  this  formula  more  convenient  for  practice  by 

the   rollowm^   expression  -      — -— ; — — --  X 


that  is,  equal  to  the  difference  between  the  present 
value  of  the  sum  found  by  the  problem,  and  the  pre- 
sent value  of  the  same  sum  Deferred  as  in  the  pre- 
ceding corollary.* 

*  I  believe  that  this  formula  is  the  first  correct  rule  that  has  ever 
been  given  for  determining  the  value  of  such  assurances  for  given 
terms.  In  the  solution  of  the  fifteenth  question  in  Dr,  Price's  0!js: 
on  Rev.  Pay.  the  author  has  given  a  rule  by  which  vi'e  may  obtain 
a  near  value  of  such  assurances,  and  has  referred  to  note  H  for  a 
demonstration  of  the  same.  This  demonstration  (as  he  calls  it) 
would  indeed  lead  us  to  the  exact  value  according  to  any  table  of 
observations,  agreeably  to  v^'hat  the  author  has  justlyremarked:  the 
rule,  hovt'ever,  has  not  been  deduced  from  this  investigation,  but 
from  Question  XXIII  in  the  third  volume  of  Mr,  Dodson's  Ma- 
thematical Repositonj,  or  from  the  process  laid  down  by  Mr. 
Simpson  in  the  Supplement  to  his  Doctrine  of  Annuities,  page  62. 

Mr.  Morgan,  by  way  of  improving  on  this  explaiiation,  has  given 
a  rule  (without  a  demonstration)  which  he  says  is  obtained  "  with- 
out the  aid  of  M.  De  Moivre's  hypothesis."  This^  however,  is 
not  strictly  true ;  for,  his  rule  is  deduced  on  the  supposition  that 
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COROLLARY  V. 


§   2S6.     If  the  two  lives  are  equal  to  each  other, 
or  of  the  same  age  A,  the  general  expression  in  the 

problem  becomes  equal  to  —  X  -rr-rj    because   the 

second  term  in  such  expression,  or  —C^'t:~\ 

jiA.ci^,  will  then  vanish  altogether:  whence  it  fol- 
lows that  the  value  will  in  such  case  be  equal  to  one 

the  decrements  of  life  are  equal  during  the  given  term ;  similar 
to  the  method  explained  in  the  note  in  j)age  150  of  the  present 
work:  and  this  use  of  M.  De  Moivre's  hypothesis  but  little  accords 
with  what  he  has  repeatedly  advanced,  "  that  it  is  best  to  exclude 
it  entirely  from  the  doctrine  of  survivorship."  This  very  fact  will 
show  that  it  mny  occasionally  be  used  with  good  effect,  even  in 
the  solution  of  the  very  problem  where  he  has  censured  it  the 
most,  I  shall  here  subjoin  an  investigation  of  Mr.  Morgan's  rule, 
which  will  show  the  method  of  proceeding  in  similar  cases,  when 
we  wish  to  adopt  the  same  principles. 

It  will  appear  that  the  general  series  in  the  problem  may  be 
converted  Into  the  following  one, 

s  a — a  I  I         V  s 

2(1+7)  ^  "a~'^T  ■•"  Ti  "*■ 

;      II      I  'I 

s  a—a/  b         ^  >  , 

2(1  +_f)*  ^  T"  W/  "^  T  /  "^ 

//       hi      V  III 

s  a — a  I  6        V  \ 

2(1+7)5  ^T'vT'^'Ti'^ 

See  &c. 

Now,  if  we  suppose  the  decrements  of  A's  life  to  be  eqnal  du- 
ring the  given  term,  (which  in  many  cases  will  be  found  to  cor- 
respond very  nearly  with  the  fact,}  and  if  such  decrements  be  de- 

o 
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half  the  present  value  of  the  given  sum  to  be  received 
on  the  extinction  of  the  joint  lives. 

This  observation  will  equally  apply  to  the  formulcE, 
in  the  last  two  corollaries,  for  terms ;  and  is  indeed 
self-evident.      For^  as  the  given  sum  is  not  to  be  re- 


(I 3j 

noted  by  J= -'j  then  will  the  first  n  terms  of  this  series  be 

n 

equal  to  , 

5.5        I  h         b  \ 

2fl(l+f)  \b'^~b)'^ 
s.S        ft         h  \ 

(t+t)  + 


20(1+^)*^  b         h 
11         III 

S.$         ft)  by 


s.^       f?       B 


2«(1+?)" 


But,  the  first  of  these  perpendicular  series,  within  the  parentheses, 

is  (independent  of  the  common  multiple  —  j  equal  to  — r —  • 

and  the  second  is,  in  like  manner,  equal  to  (B)  :    whence   the 
total  present  value  oi'  the   assurance  for  the  given  term,   will 


s.o 
upon  this  hypothesis  be  denqted  by  — 


'+*^>"'+w' 


]= 


aud  whence  Mr,  Morgan's  rule 


2an     [_    (l+.f)  . 

is  manifest. 

■n  1  .  ,  1  •  ,  II       ^(<^  —  *) 

i3ut  this  rule  may  be  more  conveniently  expressed  by —  x 

l+(2  +  ?)i?-[l  +  (2  +  f)£T  X  y(l  +  f)~" 

— -— :  which,  when  the 

_(l+f) 
two  series  are  continued  to  the  utmost  extent  of  human  life  (B  be- 
ing the  oldest),  will  become  — — ~  x —    /    •  .     In  this  lat- 

2an  1+f) 
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ceived  nil  after  the  extinction  of  the  joint  lives,  and 
as  it  is  certainly  an  even  chance  which  of  the  two 
may  survive,  it  is  manifest  that  one  half  the  present 
value  of  the  sum  to  be  received  on  the  extinction  of 
those  joint  Hves  will  be  the  true  value  of  the  sum  de- 
pending on  this  contingency;  whether  such  contin- 
gency extends  to  the  whole  continuance  of  the  given 
lives,  or  exists  only  for  a  given  term. 


Observations  on   Mr.  Morgan^ s   Method  of  investi- 
gating this  Problem, 

§  237.  I  cannot  dismiss  this  problem  without 
some  remarks  on  the  singular  and  unscientific  manner 
in  which  Mr.  Morgan  has  sunmied  up  the  four  col- 
lateral series  (in  page  184)  which  express  the  present 
value  of  the  given  sum  to  be  received  on  the  contin- 
gency mentioned  in  the  problem  :  and  I  am  the  more 
induced  to  do  this  because  similar  expressions  arise 
in  many  of  his  subsequent  problems,  in  which  the 
same  loose  and  eccentric  method  has  been  pursued ; 
whereby  an  air  of  obscurity  and  difficulty  has  been 
thrown  over  the  subject,  which  it  is  my  intention  here 

ter  case,  however,  the  formula  cannot  be  depended  upon,  unless 
A  is  much  the  youngest  of  the  two  lives  ;  but  at  the  same  time 
not  younger  than  15  years  of  age  :  indeed  it  must  at  all  times  be 
used  with  proper  caution,  and  with  a  due  regard  to  the  tables  of 
observations  made  use  of  These  remarks  will  equally  apply  to 
the  solution  of  the  sixteenth  question  in  Dr.  Price's  work  above 
quoted. 

o  a 
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to  remove.     Mr.  Morgan  divides  the  whole  expression 
into  the  two  following  collateral  series,*  viz. 


2(1 -1-f) 


{a  —  a)h  (a—a)b    I, 

_      ab         '         ^1      J  "^ 

(a — a)b    j 


'      "  j" 


2(l  +  f)-L       «^ 

5  {a  —  a)h  {a  —  a)h    \   . 

2[iTf)'L       «^  «^       J 

&c  &C; 

which  is  evidently  the  same  series  as  that  which  I  have 
given  in  page  184.      ' 

*  In  the  subsequent  process  given  in  the  text  I  have  adopted 
the  method  of  notation  made  nse  of  throughout  the  whole  of  this 
work,  in  order  to  prevent  any  obscurity  or  circumlocution  by  th& 
introduction  of  new  symbols.  But,  lest  I  should  be  charged  with 
having  misrepresented  Mr.  Morgan,  I  shall  here  subjoin  the  me- 
thod which  he  himself  has  pursued  in  investigating  this  problem; 
and  for  the  sake  of  greater  accuracy  shall  adopt  the  same  characterg 
which  he  has  used. 

,  Let  r  denote  jTl  increased  by  its  interest  f()r  a  year:  let  a  re- 
present the  number  of  persons  living  in  the  table  at  the  age  of  A; 
and  let  a,  a,  a,  &c,  represent  the  decrements  at  tlie  end  of  the 
first,  second,  third,  &c,  years  from  the  age  of  A.  Let  h  represent 
the  number  of  person*  living  at  the  age  of  B  ;  and  let  c,  d,  e,f, 
ice,  represent  the  number  of  persons  living  at  the  end  of  the  firsts 
second,  third,  fourth,  &c,  years  from  the  age  of  B. 

Then  (in  the  words  of  Mr.  Morgan,  in  Ph'd.  Tran$.  fov  1788» 
p.  343)  it  will  follow  that  the  present  value  of  S  to  be  received  on 

the  death  of  A,  .should  that  happen  in  the  life-time  of  B,  will  be 

ti  II  III 

([■  +  c)a        (c  +  d)a      (d-\-e]a 
2abr  2abr*  2abT^ 

nil 

-: T \-  Sec  \.     This  series  may  be  resolved  into  the  two  fol- 
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§   2^^.     The  first  of  these  collateral  series  he  ex- 
pands into  a  more  complex  one,  by  maldng  it  equal  to 


2(1 +?) 
5 


L^  ah  ^     '    aO 


2(l+fr-| 

A  n    h  /'•  n    7i         i 

-1- 


s         \     h  ah  'i    '^  ^     I 

and  he  then  proceeds  to  sum  up  these  several  colla- 
teral series  in  the  following  manner.  The  first  he 
makes  (independent  of  the  common  multiple—)  equal 
to  J5,  the  second  equal  to  —  AB,  the  third  equal  to 


s 

2^ 


r—  '  II  I"  III  _g 

S  \   ca        da  ea  fa  \         t 

'"2  l-alr       ahr^       abr^        air*  J  i 

/  II  III  iin 

tl  a  ca  da  e  a         „      \      r^,      ^  ^    , 

-y-  +  —r-T  +  — TT  +  ~rT  +  ^''^    '     ^he  first  of  these  two 
ahr        atr^        air*        abr  -J  , 

...  S         r  c         ca  —  ca  d 

may  be  again   resolved  into   —  x  1   -,- 1 — t-^ 

•^  °  2         \_br  abr     ^    hr^ 


da — da  —  da  e  ea — ea — ea — ea  ~\  Sc 


abr*  hr^  ubr^  J  2br 

I  I        /I 

r  d  da — da  e         ea  —  ea~ea       „     "1       ,       „   , 

i_  _  _  . 1_  &-C    .     I^t  B  denote 

L  cr  acr  cr*  acr^  J 

the  value  of  an  annuity  on  the  life  of  B,  C  the  value  of  an  annuity 

on  a  life  one  year  older  than  B,  AB  and  AC  the  values  of  annuities 

on  the  joint  lives  of  A  and  B  and  of  A  and  C,  and  these  series 

Sx{B-AB)       Sxc(C-AC)       ,     . 

will  be  = ^ , .     Aeain,    the   second 

2  2br  ^ 

I  n  III 

,  .        .         S       [~  la         ca  da  ~i     . 

series  above  nientioned.  or       x       ,    H — ,  ^  +  —tt+^c  \,  by 
2       l^abr       air*        abr  J       ' 
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SO  that  the  total  value  of  these  four  collateral  series 

(or  oiihejirst  collateral  series  in  page  106)  is  made 

(  /  II 

equal  to  ^  —  -—-^  X  -t+tti^T  X  'i ^^' 

And,  by  proceeding  in  a  similar  manner  with  respect 

to  the  second  collateral  series  in  page  196,  the  suni 

f  B 

of  it  is  found  equal  to  ij  X  -i .,  ,    ^  —  AB  X 

^          AB 
-^ — [-- -.     Consequently,  the  total  present  value 

of  the  given  sum^  to  be  received  on  the  contingency 

mentioned  in  the  problem,  is  equal  to  —    Bx-j  -r- 

B       .     AB  ju  \    n  ^  ^  A.    ^^     \y 


-]■ 


/3S 
pursuing   the  same   steps  may  be   found  =   — .-(K  — AK)  — 

i^ -,  where  ^  denotes  the  number  o£  persons  living  at 

the  age  of  a  person  one  yerir  younger  than  B^  K  the  value  of  ijn 

annuity  on  that  life^  and  AK  the  value  of  an  annuity  on  the  joint 

lives  of  A  and  K.     The  whole  value  of  the  survivorship  is  there- 
.            c       r(r-l)x(B_AB)       0(K-AK)      c(C-AC)-j 
fore  =  S  X +  -^ -, — ; . 

These  are  Mr.  Morgan's  own  words:  and  if  the  several  values, 
above  alluded  to,  be  expressed  by  the  characters  which  I  have 

adopted  in  the  present  work,  they  will  be  found  to  agree  with  the 

.      ,  ^       „        c.C         c  ,   /3.K 

process  given  m  the  text.     But  B  —  —z —  =  -- ,  and  — ; 

Or         br  b 

R  1 

—  =  — ;  whence  the  absurdity  of  his  formula.      Mr.  Morgan 
r  r 

however  has  at  length  altered  his  formula  for  this  particular  case; 
although  he  stiil  preserves  the  same  methad  of  solution,  both  here 
and  in  all  his  subsequent  problerns.  See  Price's  O/w.  edit.  1803, 
note  (O). 


4 
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§  239.     But,  surely  it  cannot  be  necessary  to  tell 
,  Mr.  Morgan  that  B  — ■  X  -,-  is  equal  to 


i  ^  B       ' 

-7-;*  and  that   B  X —, ; ^   is  equal  to    .        . 

only  I  ! !  Whereby  the  complex  and  troublesome 
formula,  above  given,  may  be  more  simply  expressed 
,       s  \\  —  pAB    ,    \-\-AB         'b         AT,  ^,    i  J 

which  is  one  of  the  formulas  which  I  have  given,  in 
the  note  in  page  189,  for  the  value  of  the  sum  de- 
pending on  this  contingency.  Indeed  it  is  difficult  to 
conceive  why  he  should  ever  ha^e  thought  it  necessary 
to  employ  those  quantities  which  denote  the  value  of 
an  annuity  on  a  single  life;  since  it  is  clear  from  the  na- 
ture of  the  several  series  in  page  196,  that  such  values 
could  not  properly  belong  to  the  subject ;  and  that 
no  quantities  are  involved  in  the  solution  but  such  as 
arise  from  two  joint  lives. 

As  this  strange  error  runs  through  the  vi'hole  of 
Mr.  Morgan's  papers  in  the  Philosophical  Transactions, 
where  this  and  similar  contingencies  are  involved,  I 
have  thought  it  right  to  take  this  public  notice  of  it ; 

*  This  is  indeed  evident  on  inspection  of  the  first  and  third  of 
the  collateral  series  in  page  197.  For,  it  is  manifest  that  all  the 
Bubsequent  terms  of  those  two  series  after  the  Jirst  term,  destroy 
each  other ;  and  consequently  that  the  sum  of  those  two  collateral 
series  will  be  equal  to  the  first  term  only:  that  is,  (independent 

?  \  h 

of  the  common  multiple  —  )  equal  to x  — .      In  like 

^       2  I     ^  (1+f)         b      - 

manner  we  may  prove  the  equality  of  the  other  two  quantities  al- 
luded to  in  the  text. 
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not  only  with  a  view  to  obviate  any  difficulty  that  may 
arise  from  a  comparison  of  his  formulss  with  those 
which  I  have  here  deduced,  but  to  clear  the  subject 
from  all  difl'use  and  unconnected  matter.  And  I  shall 
have  occasion  to  make  a  similar  remark  on  his  method 
of  summing  the  several  series  where  three  lives  are 
concerned:  for  which,  see  the  Observations  in  §  251 
&c,  at  the  end  of  Problem  XXIX ;  and  in  §  272  at 
the  end  of  Problem  XXXV. 


PROBLEM  XXVIII.* 

§  240.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  that  shall 
be  the  second  which  fails  of  two  given  lives  A,  B. 

SOLUTION. 

It  is  evident,  in  this  case,  that  the  chance  of  recelv* 
ing  the  sum  at  the  end  of  the  first  year  will  depend 
only  on  one  contingency;  viz.  that  both  the  lives  be- 
come extinct  in  that  period,  restrained  however  to 
the  condition    that  A   dies  last,    the  probability   of 

which  in  the  first  year  is    ^~^^       ~    ;  and  which, 

*  Price,  Ques.  ]'2,  and  Note  (M).  Dodson,  vol.  iii.  Ques,  24, 
Simpson,  Piob.  28;  and  Sup.  Prob.  33  j  also  Prob.  3  in  page  72. 
De  Moivie,  Prob.  17,  Morgan,  Prob.  1 73  and  in  Phil.  Trans, 
for  1/88,  Prob. 3,  page  347. 
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being  multiplied  by  <?(l4-c)~'?  ^^  ^^^  pr^ent  value  of 
the  given  sum,  certain  to  be  received  at  the  end  of 


/  / 


the  year,  will  give  ^^  ^  1  ^{)     X   (^^  +-^  "  ITb  " 

— -)  for  the  expectation  of  receiving  such  sum  at  the 
end  of  the  first  year. 

In  the  second  and  following  years,  however,  the 
chance  of  receiving  the  sum  will  depend  on  the  hap- 
pening of  either  of  two  events  :  1°  that  both  the  lives 
fail  In  the  year,  A  having  died  last :  2°  that  only  A 
dies  in  the  year,  and  that  B  dies  in  either  of  the  pre- 
ceding years.     The  probability  that  the  first  event  will 

I     II       I     II 

1  '       1  1  .     (a—a)x(b  —  b)  .       . 

happen  m  the  second  year  is  ■^^ 7-7 — — ;    and    the 


probability  of  the  second  event  happening  in  the  same 

period  is  — —  (1---7-).     These  two  yalues  therefore, 
being  added  together  and  multiplied  by  .9(l-|-^)~*,  wilj 

s  ,,  ,  v_«,  ,2a  la  ab  .  ah  ab  ab\ 
give-(l+e)  -X  (-^^  -  T  -7  ah  +-ab-^-al  -  -ab) 
for  the  expectation  of  receiving  the  given  sum  at  the 
end  of  the  second  year. 

In  hke  manner,  it  will  be  found  that  the  proba- 
bility of  the  first  event  happening  in  the  third  year  is 
//    ///       '/    III 

^"""^  ;    and   the  probabihty  that  the  second 

event  will  happen  in  the  same  period  is (l j; 

therefore  these  two  values  being  added  together  and 
multiplied    by   5(l~|-^)~^   will   give  —  (l  +  ^)~^X 


/;  ni  n  ij  in  in  I'l  ii  n  w 


1 2a        2a  ab     .    a  0     ,    a  b  a  b    x      (.         . 

{■ — -  — , — — T-T-rr' r)    ^or  the  ex^ 

\a  a  a  V     '    a  b     '    a  b  ab   J 
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pectation  of  receiving  the  sum  at  the  end  of  the  third 
year:  and  so  on  for  every  subsequent  year,  to  the 
utmost  extent  of  human  life ;  the  sum  of  all  which 
yearly  values,  or  the  series* 


/,,N_]       (2(2        2a        al    .    ah     .     al         ah     \   . 

J —    /  n  II  ii  >i  ii  I  I II '~\ 

^ ,    ,     \_2       \   2a        2a         ah    .     ah     .     ah  ah    \   . 


"    /;  '/;  /'  /;  /;/  ///  in  ii 

2a        2a        a  h    ,    a  h    ,     ah 


II  III    I 

j'—^-^^lL    . 

a  a  ah        ah  ah         ^^_J 


&c  &c  &c, 

will  be  the  total  present  value  of  the  sum  s  to  be  re- 
ceived on  the  above  contingency. 

§  241.  But  the  sum  of  the  first  tv/o  of  these  per- 
pendicular series  is,  by  Prob.  XXII,  equal  to  the  pre- 
sent value  of  the  given  sum  to  be  received  on  the  de- 
cease of  A  ;  that  is,  equal  to  ^  X  ,,      t:  and  the  re- 

.       (i  +  ?) 
maining  four  of  these  perpendicular  series  arathe  same 

as  those  produced  in  the  last  problem,  with  a  contrary 
sign;  and  the  sum   of  which   is   there  denoted   by 

*  The  value  of  the  first  year's  expectation  has  been  found  in 

the  preceding  part  of  the  investigatioUj  equal  to  —  (l+f)~'  X 

I  I         I  I  2 

,  ah       ah       ah       a  6  \  .         ,.,.       .,,  , 

I  — —  -I r- V ;  an  expression  \\hich  is  evidently  equal 

\  ah       ah       ah       a  b' 

I  III  I 

5   ,     ,    ,    ,       ,2a      2a      ah      ah      ah      ah\       _, .    ,  ,, 

to  —  (1  +  p)-'  X  ( ,  +    ,  +-T j].    This  latter 

2  V  a        a       ah      ah      ah      ah' 

value  has  been  assumed  in  order  to  correspond  with  the  terms  of 
the  subsequent  expectations,  and  thereby  render  the  several  col- 
lateral series  complete,  A  bimilar  method  is  pursued  in  many  of 
the  following  problenas. 
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T['(^-(^Tt^#-t^^-f)l-];   Consequently 
the  total  value  of  these  several  series  will  be  expressed 


COROLLARY    I. 

§  242.  Having  thus  found  the  present  value  of 
the  given  sum  on  the  contingency  of  A  dying  after 
3 ;  the  present  value  of  the  same  sum  on  the  contin- 
gency of  B  dying  after  A  (that  is,  of  the  same  sum 
to  be  received  on  the  death  of  B,  provided  his  life  is 
the  second  that  fails)  is  readily  determined  by  sub- 
tracting the  value  above  found  from  the  present  value 
of  the  given  sun)  to  be  received  on  the  extinction  of 

the  longest  of  the  tvi^o  lives ;  which,  by  Prob.  XXII, 

o  '  •                   J  u            'i-HA  +  B-JB)       ^ 
cor.  3,  IS  expressed  by  ^  X  — -^ — ~x .     Con- 
sequently,  the  present  value   of  the  given  sum,  oa 
the  contingency  of  B  dying  after  A,   will  be  equal 


COROLLARY    II. 

§  243.  If  the  contingency  on  which  the  sum  is 
to  be  received  is  Deferred  for  a  given  number  of  years 
(cr:n),  less  than  that  to  which  it  is  probable  the  life 
A  may  extend,  it  is  evident  that  the  sum  of  all  the 
terms  of  the  first  two  perpendicular  series,  alter  the 
w^^  year,  will,  by  Prob.  XXII,  cor.  1,  be  equal  to 
*  X  ~~T  X  -^-(1  +?)"";  and  the  sum  of  all  the 
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similar  terms  of  the  remaining  four  perpendicular 
series  will  be  denoted  by  the  same  expression  as  that 
which  has  been  deduced  in  the  second  corollary  to 
the  preceding  problem,  but  with  a  contrary  sign. 
Therefore  if  the  value  found  by  that  corollary  be 
subtracted  from  the  present  value  of  the  assurance  of 
the  given  sum  after  the  extinction  of  the  life  A,  pro- 
vided that  happens  after  the  given  term,  the  difference 
yill  be  the  value  required. 

COROLLARY    III. 

§  244.  If  the  contingency  on  which  this  sum  is 
to  be  received  commences  immediately,  but  continues 
only  for  a  certain  number  of  years  (=  n),  less  than 
that  to  which  it  is  probable  the  life  A  may  extend: 
or,  in  other  words,  if  we  wish  to  determine  the  value 
of  a  Temporary  assurance  of  such  sum ;  it  is  evident 
that  the  several  perpendicular  series  given  in  the  pro- 
blem, must  be  continued  only  for  n  terms.  Now, 
the  sum  of  the  first  n  terms  of  the  first  two  of  these 
perpendicular  series  will,  by  Prob.  XXII,  cor.  2,  be 

found  equal  to  -—-^  — ~f  ,  X  — (1+p)""":  from 
which,  if  we  subtract  the  first  ii  terms*  of  the  four 

*  When  n  is  equal  to,  or  greater  than,  the  number  of  years 

between  the  age  of  B  and  that  age  in  the  table  of  observations  at 

which  human  life  becomes  extinct,  we  must  subtract  the  whoU 

value  of  the  four  remaining  series  as  found  by  the  last  problem. 

That  is,  the  correct  value  in  both  such  cases  will  be  denoted  by  < 

l_p^_(l_f^)-^(l+,^)-« 

multiplied  into         — 7-— — r — ■■  — ^"   ■■  —  ».'(l  • 

(1  +  f) 
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remaining  series,  as  found  by  cor.  4  in  the  preceding 
problem,  the  difference  will  be  the  value  of  the  as- 
surance for  the  given  term.* 

*  See  the  note  to  Cor.  4  in  the  last  problem ;  where  the  pro- 
cess there  pursued  will  enable  us  to  find  a  near  value  of  an  as- 
surance for  a  given  term,  according  to  the  conditions  of  the  pre- 
sent problem.  For,  if  we  deduct  the  near  value,  there  deduced, 
from  the  near  value  of  an  assurance  of  the  same  sum  on  the  life  of 
A  for  the  same  term,  as  found  by  the  process  laid  down  in  the  nota 

to  Prob.XXII,  cor.  2,  the  ditFerence,  or  ^     2  x  -~^-^^ —  — 
t-i  -I  2a  L  P 

— --^ — ; (B)     I,  will  be  the  value  required. 

This  formula  is  the  same,  in  fact,  as  that  given  by  Mr.  Mor- 
gan in  Note  H  of  Dr.  Price's  Obs.  on  Rev.  Pay. ;  and  is  an- 
other instance  of  the  utility  of  De  Moivre's  hypothesis:  but, 
it  may  be  rendered  more  convenient  for  practice  by  the  sub- 
•titutions  adopted  in  the  note  to  Cor.  4  of  the  preceding  pro- 
blem:  whereby  it  will  become   1  2  x  ^ — 

'  •'  2an     \_  § 

l  +  (2+f)5-[l  +  (2+f)5]xf-(]+f)~" 

"^  'OTJ)  J* 

When  n  is  equal  to,  or  greater  than,  the  number  of  years  be- 
tween the  age  of  B  and  that  age  in  the  table  of  observations  when 

human  life  becomes  extinct,  (3  is  equal  to  O;  and  consequently 

S  _ 

[1  +  (2  +  f  )£"]  X  -,-(1  +?)    "  vanishes :  whereby  the  formula  in 


both  these  cases  would  become  — : 2  x 


?D 


s{a-ci)f^        l-(t  +  f)     " 

—    I         V.\it    in  nil   cjjrh 


2cin     L  f 

1 -f  (2-}-c)i?l 

-    .    But  in  all  such  cases  the  value  is  best  obtained 


by  the  rule  given  in  the  preceding  note  :  since  it  is  then  equal 
to  the  ditFerence  between  the  value  of  an  assurance  on  the  life  A 
for  the  given  term,  and  the  value  of  an  assurance  on  the  wliole  llfo- 
A  provided  he  be^ie  first  that  falls. 
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COROLLARY   IV. 


§  245.  If  the  two  lives  are  equaf,  or  of  the  sarrte 
age  A,  the  general  expression  in  the  problem  becomes 
(agreeably  to  what  has  been  already  said  in  cor.  5  of 

the  last  problem )  equal  to  —  X  — ^TITS —  '  ^^^^  ^^> 
equal  to  one  half  the  present  value  of  the  given, sum 
to  be  received  on  the  extinction  of  the  longest  of  the 
two  lives. 


PROBLEM  XXIX.* 

§  246.    To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
^rst  that  fails  of  three  given  lives  A,  B^  C. 

SOLUTION. 

In  order  to  receive  the  given  sum  at  the  end  of  any 
one  year,  it  is  necessary  that  one  or  other  of  four 
different  events  should  happen:  1°  that  all  the  three 
lives  fail  in  the  year,  A  having  died  first :  2°  that  A 
and  B  fail  in  the  year,  A  having  died  first,  and  that 
C  lives  to  the  end  of  it :  3°  that  A  and  C  fail  in  the 
year,  A  having  died  first,  and  that  B  lives  to  the  end  of 
it :  4°  that  only  A  dies  in  the  year,  and  that  B  and  C 
both  live  to  the  end  of  it.  The  probabilities  of  the  hap- 
pening of  these  several  events  in  the  first  year  are  re- 

*  Dodson,  vol,  iii.  dues.  32.  Morgan,,  Prob.  iQj  and  in; 
Phil.  Trans,  for  1791,  Prob.  I,  page  248. 
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I  I  I  I  It  I  II 

.     ,     (a—a).(l'—l).(c—c)  (a—a).(o—l')c   (a—a).(c—c)b 

spectively -^^ , ^^^ , ~j^ , 

and        °    '^^  which  being  added  together  and  multi-, 
plied  by  ^(1  +e)"''  ^^''^^  give  ^(1  +e)"  X  (-^  - 

2a  b  c         2a  b  c    .    2a  b  c     .    a  b  c         a  b  c     .    a  b  c  a  be  % 

abc  abc  abc  abc         ab  c  abc  abc  f 

for  the  expectation  of  receiving  the  sum  at  the  end  of 
the  first  year. 

In  Hke  manner,  it  will  be  found  that  the  probabilities 

of  the  happening  of  these  several  events  in  the  second 

I     It    t     II     I     II        I     II     I     II  II 

year  are  respectively ^— ,  ^- , 

/       //       ;       (/   //  /       ;/   //  // 

(a—a).{c—c)    ^^^  (a— a      ^  vvhich  beinsT  added  toge- 

2alc  ^  ah  too 

ther,  and  multiplied  by  5(1+^)""',  will  give  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  second 
year.  And  by  a  similar  process  we  may  find  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  third 
and  every  succeeding  year,  to  the  utmost  extent  of 
human  life  j  the  sum  of  all  which  yearly  values,  or 
the  series 

'  /;/  I  II  I  II  I  //~1 

2a  be        2a  b  c       2a  be.   2a  be.     abc        abc  j^  ab  c        ah  c   \   . 

f)  |__  abc  abc  abc  abc  abc         ahc         ahc  abc  _\ 

I 


I         /   /   /  ini  II  II I  I 

\    2alc        2a be        2ahc 

l"f)*L.  "^<^  ^^<-'  <^^^ 


I  /'  //         /  //,  '  II I  II         II  II        II  II  I ' 

.   2a  b  c    .    abe        ab  e     .abc        abc 


ab c  abc         ahc         abe         abc 


y    nun       ■    III  III  III  III  11 II  II  111  III  II  III  II  III  II 11/  nil  III 


III  III  II 


L.,     y   .,  ...   ...    ...  ...    ..    ..  ..    ,..    ,11  ,,    ,,:   „  lit  II  III  ft    II   III  III   III    II 

2a  b  c        2a  be        2a  b  e    .    2a  b  c   .    a  b  c        abe  ^^  abc        abc 
abc  abc  ale  abc  al/c         aoc         ale         abe 

&c  &c  &c  &c  kc, 

will  be  the  total  present  value  of  the  given  sum  to  be 

received  on  the  contingency  above  mentioned. 


+ 
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§  247.     But  the  sums  of  these  eight  perpendicular 
and  collateral    series    (independent   of  the   common 

1  .  ,      ^                     .     ,            .1  -\-JBC      ABC 
multiple  s)  are  respectively  equal  to  ;,; — 

i-^JbC    a  J,      f  j,i+^BC  i         .^       f 

'     '  c 

__ ~^-ifBC'~.*     Whence,  the  sum  of  the 

t)(^l+f)     c  /      oc  ' 

*  The  sum  of  the  first  antl  second  of  these  collateral  series  is 
found  by  the  process  laid  down  in  Prob.  XXII ;  and  the  reinaining 

ones,  in  the  following  manner.     I'he  sum  of  th("  third  perpendi- 
/  //  /  /  /'  II  II 

a  be  ,  ab c  a  b  c  „      ,^ 

cular  series,  or  — -\ --; +  -^- — ~w\-  &c  (by 

lakingj  all  the  terms  as  affirmative  and  leavinsr  out  the  common 


//  /  / 
ab  c 


.  .  .      \is  \   .        ...             ,                o  t; 
multiple  -—     is  evidently  equal  to  —r— 1  H + 

w  II  It                  nil  III  m                                                            II I  I  , 
ab  c                  ab  c                    ~\         ,.,        .              ab  c 
— _j_   -f  &c     :     whichj   since  + 


:~j:     W] 


abc{\+2Y       abc{\-\-^Y  J  aic(l-ff) 

///  //    //  ////  /"  Ul 

a  h  c  ab  c  .  .  '^^       .,,    , 

_|.  _ j_  3;c  is   equal  to  ABC,  will   become 


abc{l+^y     abc(l  +  0^ 

I  I  '  . 

o-^c     (  '.T.^\        l  +  ABC       a       _    ,., 

equal  to  -T— — — -U  +JBC)  =  -7- r-  X  — .    In  like  man- 

^  abc{l  +  p)  (1+^)         a 

ner,  it  is  evident   that,  by  leaving    out  the  common  multiple 

/  /  I  II 1/ 

Is      ,     ^       ,               ...           .                   abc  a  be 

-f  the  fourth  perpendicular  series,  or  — -j- 


6*  ^    '^^  aUxl+§)       abc{l+§)* 

II  III  III  a  r~  i   '  '  'i" 

a  V  c                     .            ,         I            abc               abc 
\   __^ ^^  j_  &c,  is  equal  to  -      -7-- r  H — 7-; + 

i '  I 

II  in  III  ~~|  '   /  /  ''  // 

abc  „  ...       .  abc  abc 

—, r,  +  &c     :   which,   since  — -— +  -r— -f 

/;  iiijii 

-~ —    -f  &c   is  equal   to  JBC,    will    become   equal    to 
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first  and  second  Is  (as  in  Prob.  XXII)  equal  to  —  X 
—77---—-',  the  sum  of  the  third  and  fourth  is  equal  to 


s 
3a 


— r,"T  A ABC -a 


;  the  sum  of  the  fifth 


a 

ABCx  —  .  Therefore  the  sum  of  these  two  series,  taking  the  for- 
/a 

mcr  of  them  as  negative,  agreeably  to  the  general  expression  in  the 

text,   will  be -— — —  x \-  ABC  x  — ;  and  which  being 

(1  +  f)  a         ,  a 

2?  s 

multiplied  by  their  common  multiple  -^  y  will  produce  —  — x 
^  ^  '^        Q  ^  ia 


L  (1  +  f)      '      'J 


for  the  value   of  the  same.      The 


same  method  must  be  pursued  in  order  to  find  the  sum  of  the 
next  two  series,  and  also  of  the  last  two:  but  enough  has  beea 
here  said  to  enable  the  reader  to  perform  these  operations,  w  ithout 
stating  the  process  at  large. 

I  would,  however,  observe  that  these  several  series  may  be  ex- 
pressed by  other  formulae  than  those  given  in  the  text :  for,  the 
third   perpendicular   series,    taking   all  the  terms   as   affirmative 

and  leavins:  out  the  common  multiple  -  -,  is  also  equal  to  -, —  x 
'^^  ^6  be 

r"       f  //  /  ;  ////(/;  ~~\ 

I         ahc  ah c  ah  c  „  ,  .  ,    ,  . 

I    -; H ; 1 ■ — ; j-  +  &c     J  which  (sincs 

\jilc{\^2)      aj^<^  +  kr      ^j^<^+k?  J 

the  sum  of  the  terms  within  the  brackets  is  equal  to  ABC)   will 
be 

become  equal  to  ABC  x  -^:  and  the  fourth  perpendicular  series, 
I  ,         oc                                                   ,  , 
2s    .                                ah  c 
leavlngf  out  the  common  multiple  -—,  is  also  equal  to  -7- , r  X 

[;/'//  (/  /,'/  /;/                     in  mi  hn 

ahc  ahc                  ahc             ^      \ 

^  +  — +  ~ +   T^ +^^    \:      whicl^ 

aic(l+fO  alc{l+0*       ahc^l+^y             J 

P 
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and  sixth  is  equal  to  -/,  ■  .    ,      —AEC.h    ;  and 

the   sum   of   the    seventh    and   eighth    is   equal    to 

•(since   the   sum  of  the   terms  within  the  brackets  is  equal  fo 

1  +/1BC)  becomes  equal  to x  -% — .     Consequently,  the 

sum  of  the  third  and  fourth  perpendicular  series  given  in  the  text 

^—^, ~ ABC.l  c     ;  and 

(1  +f)  '  '  '  '  J 

may  be  substituted  at  pleasure  for  the  same.      And  universaHy  w? 
shall  find  that 


will  also  be  denoted  by  -}-  — — 
3  be 


'+^'^^    "        ABC.    '  ■ 


(1 +  f)      «  '  '        he 


a 


I  I 


jBcS=l±A?£J± 

I  a  (1  -f-^)      l/c 

l+^A^4  =  ABC." 

(1  +  f)      V  I      I    ac 

(1  -f  f)       c  II         ah 


I  I 


/      c  (1+j)       (^i^ 

It  therefore  appears  that  cacJ'.  strics  may  be  summed  up  in  two 
different  ways,  and  that  we  m.ay  adopt  either  mode  of  expression 
for  the  value  of  the  same.  For  the  sake  of  uniformity  I  have,  in 
this  and  the  following  problems,  kept  to  those  which  are  given  in 
the  text :  but  Mr.  Morgan  (by  merely  changing  these  expressions, 
one  for  the  other,  according  to  the  seniority  of  the  lives,  and 
then  treating  them  as  diff'ercnt  quantities,)  has  thrown  an  air  of 
obscurity  and  confusion  throughout  the  whole  of  his  investigations  j 
as  [  shall  point  out  in  tlie  Observations  at  the  end  of  this  problera« 
See  §251. 
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■^  (~ — r^  — -.^BCc  .  Consequently,  the  total 
present  value  of  the  given  sum  to  be  received  on  the 
above  contingency,  will  be  equal  to  s  multiplied  into 


+  4"  X 


1  —  oJBC 
3(1  +  ?) 

L   (1  +  ?)         '     'J    ^^'-^L    (i+?i  /  /J 

As  this  formula  will  ofien  be  referred  to,  in  the 
subsequent  problems,  it  will  be  convenient  to  denote 
it  by  a  more  simple  expression ;  therefore  let  it  be  re- 
presented by  ,4^^:  that  is,  let  ,,4^^  denote  the  pre- 
sent value  of  ^£l  to  be  received  on  the  above  contin- 
gency: consequently  sY,,/!^^  "vvill  denote  the  present 
value  of  the  given  sum  under  the  same  circumstances. 


COROLLARY    I. 

I 
§   248.     If  it  were  required    to   find   the  present 

value  of  the  given  sum  payable  on  the  decease  oi"  B, 
provided  he  be  the  first  that  fails  of  the  three  lives^ 
we  may  readily  obtain  such  value  by  substituting  A 
for  B,  and  B  for  A,  in  the  investigation  of  the  pro- 
blem.    Whence,    the   present  value  required    would 

come   out  equal    to    s  multiplied   into — -—  -|- 

A  ^  ^(i+?) 

p  2 
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u4BC.b     + 


By  a  similar  process  it  will  be  found  that  the  present 

value  of  the  given  sum  payable  en  the  decease  of  C, 

provided  he  be  the  first  that  fails  of  the  three  lives,  is 

1  1-  V  J-        \—^^BC,     1   V(\+ABC)a 

equal  to  .?  multiplied  nito  -r7-—-—s--\-~,—    -— r- — v 

i  ^  3(1 +f)        £»«  L     (i+?) 

.fpr>~\      ,        1     [il-\-ABC 
AhL^.a    \   -r  -7.7- 77-,— T 


-ABC.b 


-^x 


{\+ABC)c 


^1  -ABC.c 

(l  +  iO  /    ;_J 


_  ^*'/B,*    ^s  these  formuke 

may  occasiqnally  be  found  of  use,  I  have  thought  pro- 
per to  insert  them  here. 


COROLLARY    II. 

§  249.     If  the  three  lives  are  equal,  or  of  the  same 

*  I  have  represented  these  complex  formulae  by  the  more  sim- 
ple quantities  B^^  and  C"*^ ,  for  the  sake  of  a  more  convenient 
reference;  and  the  following  process  will  show  with  how  little 
trouble  they  may  be  converted  into  each  other. Let  us  make 


a. 


\±A^^-ABC.^ 
(i+,0  '    'J 


b,  and  — 
c 


(\-\-ABC)c        .„^  .          ... 

\_r^ J- ABC.c      =  c:  then  wdl 

_      (1  +  f)  ''J 

S-       -  3(1  +  0)        3    ^    6  G 


*AC 


UB 


3(l  +  f) 
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age  A,  the  last  three  terms  in  each  of  the  above  ex- 
pressions destroy  each  other ;  and  the  formula  is  then 
reduced  to  —  X  —7^——,—  '  ^n  expression  which  denotes 

3  (l+f) 

one  third  of  the  present  value  of  the  given  sum  to  be 
received  on  the  extinction  of  the  three  joint  lives. 


COROLLARY   III.* 

§  250.  If  the  contingency,  on  which  the  sum  is 
to  be  received,  continues  only  for  a  given  term  {  =  n), 
the  present  value  of  such  sum  will  be  equal  to  the 
sum  of  the  first  71  terms  of  the  several  series  given  in 
the  problem  :  the  method  of  determining  which  will 
be  manifest  from  the  many  examples  which  have 
preceded.! 

*  Morgan,  Prob.  31. 

f  We  may  in  general  obtain  a  near  value  of  the  sum,  in  this 
case,  by  the  help  of  M.  De  Moivre's  hypothesis,  which  will  save 
much  time  and  trottble.  For,  the  series  given  in  the  problem  is 
evidently  equal  to 


5  a — a 

I       I; 

s  a  —  a 


X 


6(1 +  f)"  a 


2b  c  2b  c  be 

_b  c  he  be  ' 

2b  c  2b  c  he  I  c 

1/  c  b  c  /•  c  c  c 


II     in 

a — a 

X 


//  II  III  III       III  II        II  III 

2b  c        2b  c        be        ^  ^     , 


Ail 

-] 
] 


0(1+6)3 

Sec  &:c  &c, 

'A'hich  being  continued  to  Ji  terms  will  be  the  required  value  of  the 

;     ;       II     II      III 
given  sum.     But,  since  the  quantities  a  —  a,  a  —  a,  a — a.  Sec  are 

supposed  to  be  equal  and  uniform  (that  is,  equal  to  5  =  ]  the 

sum  of  the  first  n  terms  of  these  several  perpendicular  series  will 
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Observalions  on   Air.  Morgan's   Meiliod  of  hwesti- 
gfiting   this  Problem. 

§  251.  The  motives,  which  induced  me  to  notice 
(in  page  195)  the  strange  method  which  Mr.  Morgan 
has  adopted  in  summing  up  the  several  series  arising 
from  the  investigation  of  the  tvventy-seventh  problem, 
miist  be  my  apology  here  for  again  detaining  the  reader 
whilst  I  expose  the  equally  diffuse  and  obscure  manner 
which  he  has  also  adopted  in  summing  up  the  several 
series  arising  from  the  investigation  of  this  problem. 

It  vv^ill  be  seen,  from  an  inspection  of  the  series  in 
page  207,  that  such   series  may  be  expressed  in  the 

follov»?ing  manner  : 

ti  t  I  It  '\ ;  '"~1 

{a  —  a)hc  j^  (a—a)bc  ^^  {o.—  a)lc  ^^  (a.  —  a)l:c   I, 
3a  c        •"  ~'6alc       '    "Qahc       '        3ahc\\    ' 

+ 


CI      II  1 1  I      II   II I  I       I'    I II  I      "Ji"~~\ 

{a—a)I-c    .    (a  —  a)I'C    .    (ri  —  a)l:c    ,    (a—a)bc 
~~3afc       ^      6abc      '■"  '^Qalc     "^       3aic    J 

I —   i<      11   nil  'I      IK  mil  n      ;/'  /////  /)       /;/,','/'//    1 

s  {a  —  a)hc^.{a—a)ic    ^    {a—a)''C   ,    {a  —  a)bc 

(l+^)?[_~'3a/.c        '    "~6alc      '       6abc     "^       3  ale     J 


I —   i<       11    nil  'I      IK  mil  n      ;/'  /////  /)       /;/,','/'//    1 

o  t.  I 

&C  &C  &C  J 

and  this  is  the  way  in  which  Mr.  IMorgan  has  thought 


be  equal  to  s. multiplied  into  ; ^, —         -f 

an  ^  3(1 +f)  3 

l+(BC)^''     b         iBC)"-     ^       ,,  ,  .      ^  ^     ,   , 

'    _,_ — L  _i_- —  .  __.     If  A  IS  the   vounsfest  of  the 

6(i+f)         b    ^       6         b  '       "^ 

three  lives,  and  differs  much  from  the  ages  of  both  the  other 

lives,  this  formula  v.">ll  be  tolerably  correct,   even  if  the  several 

perpendicular  series  are  continued  to  the  utmost  extent  of  human 

life;  and  will  consequently  serve  in  such  cases  to  find  a  near  value 

of  the  sum  for  thf  whole  continuance  of  the  lives :  but  it  must 

alwjiys;  be  ufced  with  proper  caution. 
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21. 


proper  to  represent  the  present  value  of  the  given  sum, 
to  be  received  on  the  contingency  mentioned  in  the 
problem.* 

*  In  this  investigation  I  have  adopted  the  same  symbols  whijch 

have  been  used  throug'hout  the  whc^le  of  tliis  vi'oik :   but,  lest  I 

may  be  accused  of  having  misrepresented   Mr.  Morgan^   I  shall 

]iere  give  his  own  solution,  and  in  his  own  style. 

Let  r  denote  ^^^l  increased  by  its  interest  for  a  year.     Let  a  de- 

I    II    III 
note  the  ntimber  of  persons  living  at  the  age  of  A;  and  a,  a,  a^  &c, 

the  decrements  of  life  at  the  end  of  the  first,  second,  third,  &c, 

years  from  the  age  of  A.     Let  h  denote  the  number  of  persons 

living  at  the  age  of  B ;  and  m,  n,  o,  p,  &c,  the  number  living  at 

the  end  of  one,  two,  three,  &c,  years  from  that  age.     Let  c  dencjie 

the  number  of  persons  living  at  the  age  of  C ;  and  d,  e,f,  &c,  the 

number  living  at  the  end  of  one,  two,  three,  &c,  years  from  that 

age.     Let  F  denote  the  value  of  an  annuity  on  a  lite  one  year 

younger  than  B;  and  /3  the  number  of  persons  living  at  that  age. 

Let  K  denote  the  value  of  an  annuity  on  a  life  one  year  younger 

than  C  ;  and  >c  the  number  of  persons  living  at  that  age.     Let  P 

denote  the  value  of  an  annuity  one  year  older  than  B  :  and  T,  tlie 

value  of  an  annuity  one  year  older  than  C.     And  let  the  given 

sum  be  denoted  by  S. 

Then   (in   the  words  of  Mr.  Morgan,   Phil.  Trans,  for  179 1, 

p,  2-lC))   the  whole  value  of  the  given  sum  will  be  =.  - 
I      ahr         n/iid    ,    aen        ^  S 


S 


a b r         nmd        a  en 
r  ■/  r^ 


r^ 


+  &c 


oubc 

these  seties  (he  observes)  is  = 
(BC- ABC) ;  the  second  is  = 
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§   252.     In  order  to  sum  up  these  four  collateral 
series   he   proceeds   in  the  following  manner.     The 


m(PC-APC)     ..,.,.          S         p(FC-AFC)         S 
y ;  the  thu-d  IS  =  -^-  X  ^ -  -g^^   X 

^(BT-AET)  ^  ^j^^  .^^^^^j^  is  =  1  X  (BC  -  ABC)  ^  --^  x 
c  3  or 

md{VT-k.?T)      ^,       ,        ,  ,  ,    .         , 
■-.     Ihereiore  these  several  expressions  being  ad- 

.„  ,     ^       ,        n  .         ■>^         r/3(FK  — AFK) 
ded  togetlier  \\m  be  found  =  b  into  • —  x  J  7 + 

£liz^!L]+  !_  ,  (I.-C-AFC)  +  rr_l  ,(BC-ABC)- 
»k(PC-^APC)  d         r  ET-ABT        »«(PT-APT)  "] 


6^r                 3tT        L  2  /^  J' 

Thus  far  Mr.  Morgan. And  these  several  values,  beuig  ex- 
pressed by  the  characters  made  use  of  in  the  present  work,  will 
be  found  to  agree  with  die  process  given  in  the  text.  But  it  inay 
^e  demonstrated  that 

/3>c.FK  EC      _l^ 

Ic  r  r 

x.BK  777.  PC  m 


c  br  br 

/S.FC  f/.BT  d 


Ip  cr  cr 

_  dm.VT  _    dm 

bcr  Lcr 

whence,  the  complex  formula  above  given  may  be  divested  of  all 

those  expressions  involving  tivo  joint  lives,  and  may  be  more  sim- 

1                  J  u     c        ,  •  r    ,.          l-(r-l)AFC  1 

ply  expressed  by  S  multiplied  into  ■ — 1 ,—  X 

1    r  (l+ABTid        .^,,    "1 
—  ~ ABK.jc    :  which  corresponds  with  the  for- 

P)ula  given  in  the  text. 
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first  of  them  he  expands  (as  in  FhiL  Trans,  for  1789, 
page  44)  into  the  more  complex  serits 

*              ^'  c            ahc  , 

(l+f)  L^^^         ^ahc J    ' 

r"  '. '       " ' '       7 '       '  /' '~ 

s  he  a  be        .be      .     ahc       ■ 

\^+^)"\_^ohc  2iibc  '6/;c         3aZ'C_j 

I —    II  II  III  II  n  I'  II  II II  II    I 

s  be  a  be  be      .     a  b  c        . 

"(lT7?[_3^7  ~  Sale  Sl'c     '    3abcJ   ' 

&c  &:c  ^-c, 

the  sum  of  all  which  (independent  of  the  common 

be 
multiple  — '\  he  makes  equal  to  BC  x  ,' —  j4BCx 

f  f  __     BC  ABC_ 

'i>c         (i  +  f)  "^"(i+f)* 

By  proreeding  in  a  similar  manner,  he  makes  the 

^exo/it/ collateral  series,  in  page  214,  (independent  of 

c 
the  common  multiple  -r\  equal  to  BCx ABCx 

f  BC  b    ,     JBC         ^       t        7  •    7  ^ 

BC  X  -^-JBC  X  T-lwl-r  X  '  +  TTTT  X 
— :  and   the  fourth  equal  to  BC—ABC—- —  X 


Ic     .     j4BC  he 


{-  7 r-  X    ,  ".     Consequently,  the  sum  of  the 

four  collateral  series  in  page  214  (or  the  total  present 
value  of  the  given  sum  to  be  received  on  the  contin- 
gency mentioned  in  the  problem)  will,  as  he  observes, 

be 

be  found  equal  to  s  multiplied  into  BC  X  -rr 
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(i  +  f)  '^  '6b  +  XmT)"  ^  6^'  "^  '      ^ 

BC  c  ABC    y  _^    , 

BC_  __  ^^C £^(i_       ^c^       _^:i.4.       il 


§  253.  Now,  a  moment's  attention  to  the  steps  of 
this  process  will  convince  us  that  all  those  quantities, 
in  which  two  joint  lives  are  involved,  are  unnecessarily 
introduced  into  the  above  formula ;  since  they  evi- 
dently destroy  each  other,  and  may  consequently  be 
made  to  vanish  altogether.     For, 

BC  X  -V- ^^  -  —  -  * 


/  / 


^c  (I+f)         (l+f) 


c 


BC  h 


-SC  X  —  -  -rf^  X 


c  (l  +  o)    '      b         ^(l+f) 

^  '  '  ' 
T\/-^  I  BC  c  c 
BC  X  -4 r   X  —  =  -, r 

BC  ^  c  _  _l  c_  , 

^C  —  ~(i+f)  >^  77  —  ^1+7)' 
whence,  the  complex  formula  given  by  Mr.  Morgan 

may   be   reduced   to  s   multiplied   into  -7:7; —r-  + 

■*  It  is  evident;,  on  inspection,  that  this  is  the  value  of  the  first 
anil  third  collateral  series  in  page  21 7  ;  because  all  the  subsequent 
terms  after  thefrst  term  manifestly  destroy  each  other.  Conse- 
quently the  sum  of  those  two  collateral  series  will  be  equal  to  the 
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'yC 


JBC.hc 


I  I  1 1 


+  -.L 


i\+ABC)b 


J         07;  L      (l+f) 


1     rii+JBC)lc 

JBC.b\+  -^.-  fli  +  ^-^f If  -  .^/i  Cc]:  and  which 
is  the  very  same  as  that  which  I  have  given  in  page 


first  term  only:  that  is,    (independent  of  the  common  multiple 

s  \  ,  1  Ic  1  ^     ...  . 

—     equal  to X   ,    = -•     In  hke  manner  may  be 

3  ^     ^  (l+f)         Ic        (1  +  f) 

demonstrated  the  truth  of  the  remaining  equations. 

I  shall  however  mai<e  another  observation  here,  which  I  think 
of  considerable  importance.  Although  these  equations  are  strictly 
and  mathematically  correct,  yet  (owing  to  the  imperfection  of  the 
rabies  which  show  the  value  of  Life  Annuities)  they  oftentimes 
I'ary  in  a  m.aterial  degree  when  solved  crithraeticaUy:  an  inac- 
curacy which,  be'mg  repeated  so  frequently  in  the  same  formula, 
must  render  the  solution,   according  to  Mr.  Morgan's  inve^tigationJ, 

extremely  erroneous,  , 

BC 

Thus,  the  compound  quantity  £C.-'-^ ; r    is  equal    to 

J  '  ^  ^    ^  i     Ic        (l  +  O 

■ ,  and  (if  simplicity  and  elegance  were  out  of  the  ques- 
tion, and  no  regard  were  paid  to  the  labour  and  intricacy  of  tlie 
solution)  might  be  substituted  instead.  Let  us,  however,  reduce 
these  expressions  to  numbers :  for  which  purpose  let  us  lake  the 
age  of  B  15  years,  the  age  of  C  18  years,  the  rate  of  interest  4 
per  cerit,  and  the  probabilities  of  living  as  at  Northampton.     In 

this    case  we    should    have =  "002  ;  but   the   value  of 

BCA' is  equal   to  K5-5fi(5  -  12  6l4  =  -952  only:  a 

/  .      be         {\  +  0 

diti^erence  which  arises  from  the  want  of  more  enlarged  tables  of 
die  value  of  annuities  on  two  joint  lives,  and  which  will  have  a 
considerable  effect  upon  the  proper  solution  of  the  problem.  This 
remark  extends  to  all  the  formulae  inserted  by  Mr.  Morgan  in  the 
several  volumes  of  the  Phihsophkal  7'ransaclions ;  and  will  show 
that  those  formulas,  however  correct  ;"i  principle,  are  of  little  or 
n,o  use  in  practice. 
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"^     Zlc 


1 


for    its    equal  — 
,  agreeably  to  what  I  have 


21 1,  except  as  to  the  substitution  of  the  second  term 

{\+ABC)hc  .„.,  . 

— -— — . —  JiriL  .V  c 

u     (i+f)  /  '    // . 

said  in  the  note  in  page  210. 

From  this  it  will  be  readily  seen  that  Mr.  Morgan's 
formula  consists  of  double  the  number  of  terms  that 
are  requisite  for  solving  the  problem ;  whereby  it  is 
rendered  not  only  unnecessarily  intricate  and  laborious, 
but  also  liable  to  considerable  error  in  the  ariilimetical 
solution.  Indeed  it  is  mamfest,  from  the  nature  of  the 
series  in  page  207,  that  no  expression  involving  tivo  joint 
lives  can  properly  arise :  and  it  is  singular  that  this 
consideration  did  not  induce  Mr.  Morgan  (if  his  object 
were  perspicuity  and  information)  to  retrace  the  steps 
of  his  investigation^  in  order  to  render  the  process  at 
once  more  simple  and  clear. 

§  254.  But,  there  is  another  part  of  Mr.  Morgan's 
investigation  on  which  I  think  it  equally  necessary  to 
make  some  observations.  He  states  that  the  theorem 
which  he  has  deduced,  as  above,  ''  gives  the  exact 
"  value  when  either  B  or  C  is  the  oldest  of  the  three 
"  lives  ;  but  when  A  is  the  oldest,  it  will  be  necessary* 

*  It  certainly  is  not  necessary  to  cliange  the  symbols  j  since,  in 
whatever  manner  the  characters  are  varied,  we  must  come  to  the 
same  general  series  at  last :  neither  does  such  a  measure  facilitate 
the  means  of  investigaiion.  Indeed  I  am  at  a  loss  to  conceive 
why  IMr.  Morgan  should  have  attempted  to  render  so  obscure  this 
inttiesting  branch  of  the  subject.  As  a  display  of  ingenuity  it 
must  completely  fail  :  since,  his  papers  uill  be  read  with  very 
different  emotions  from  those  of  adiuiratioii. 
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*  to  change  the  symbols  &c:"  and  he  has  deduced 
mother  formula,  for  the  solution  of  the  problem  in 
:his  case,  involving  other  characters  and  symbols  which 
render  the  investigation  still  more  confused.  From  all 
which  he  would  seem  to  imply  that  the  first  formula 
ivas  not  applicable  to  the  second  case. 

But  the  second  formula  v/hich  he  has  deduced  is 
;till  the  same  (mixed  however  with  the  useless  and 
extraneous  quantities  above  alluded  to)  as  that  which  I 
lave  given  in  page  211;  except  as  to  the  exchange  of 


:he  last  term  -j-  ~j- 


.    (i  +  ?)  '  /. 


for  its  equal 
F-r    —1 /IB  Cab    ,  agreeablv  to  what 


[  have  said  in  the  note  in  page  210.*     And  it  may 

*  Mr.  Morgnu's  formula,  expressed  by   his  own  aixibiEruous 

characters,   is  in   this  case  equal   to   S   multiplied  into  ~-  x 

3ff 
ra(HF-fiHFC)      ,,^,,,^^,-1        l        ra(HB  +  2HBC) 


(AF  +  UFC)]+  -i-x  [■ 


-  (AB  +  2AEC)]  -f  -  L  X  [Z(^^^)_  _  (AB  -  ABC)] 

+    "-  X  r  ^(P^-P-^'9-  -(AP-APC)I.     WhereHandN 
bar        L.  a  J 

denote  the  value  of  an  annuity  on  a  life  one  year  younger  and  one 
year  older  than  A  respectively;  and  where  a  and  .?  denote  the 
number  of  persons  living  at  those  ages  respectively:  the  other 
symbols  being  the  same  as  in  the  note  in  page  215. 

But  this  complex  formula,  being  divested  of  those  useless  quan- 
tities which  express  the  values  of  annuities  on  two  'joint  lives,  may 
be  reduced  to  the  simple  terms  alluded  to  in  the  text.  See  the 
original  formula  in  Phil.  Trans,  for  1 79 1,  page  251  :  or  in  Price's 
Obs.on  Rev.  Pay.  Problem  I  in  note  (P). 
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be  here  useful  to  remark  that  the  formula,  which  I 
have  given  in  page  211,  is  universally  true,  and  does 
not  depend  on  the  seniority  of  the  Hves  concerned. 
The  substitutions  above  mentioned  are  mere  arbitrary 
arrangements  for  the  numerical  solution  of  the  pro- 
blem; which  may  be  occasionally  used,  or  not,  at  the 
option  of  the  calculator. 

§  255.  It  is  easy  to  perceive,  from  what  is  here 
said,  that  the  formula  (denoting  the  value  of  the  sum 
depending  on  the  contingency  in  this  problem)  may 
be  varied  in  three  different  ways,  merely  by  the  manner 
of  summing  up  the  several  collateral  series  given  in 
page  207  ;  agreeably  to  the  method  laid  dov.'n  in  the 
note  in  page  209.  But  such  variation  is  by  no  means 
necessary  or  useful.  Mr.  Morgan  has,  in  a  very  cir- 
cuitous and  diffuse  manner,  demonstrated  only  tivo  of 
these  ways:*  but,  by  this  additional  attempt  at  eluci- 
dation, he  has  certainly  rendered  the  subject  still  more 
confused.  The  introduction,  indeed,  of  unnecessary 
qnantities  into  any  investigation  (but  more  particularly 
the  retaining  of  them  in  any  resulting  formulae)  and 
the  capricious  changing  of  the  symbols  employed, 
ought  to  be  universally  reprobated ;  not  only  as  sub- 
versive of  the  true  ends  of  science  (whose  object  is 

•*  That  is,  when  B  or  C  is  the  oldest  o{  the  three  live^,  and 
when  A  is  the  oldest  of  the  three  lives.  But,  in  none  of  the  pro- 
blems (inserted  by  him  in  the  Phil.  Trans,  for  1/88,  1789,  or 
1791)  do  the  values  depend  on  the  seniority  of  the  lives  concerned : 
for,  cither  of  the  formulae  deduced  by  him,  in  the  respective  pro- 
blems, will  be  equally  correct  whether  A,  B,  or  C  b6  the  oldest  life. 


Pr,  29.  ON  CONTINGENT  ASSURANCES.  223 

information  and  not  mystery),  but  also  as  destructive 
of  all  good  taste  in  mathematical  reasoning. 

I  have  thought  it  proper  to  make  these  observations 
in  this  place,  because  the  present  problem  is  of  consi- 
derable importance  in  enabling  us  to  determine  the 
value  of  many  of  the  subsequent  problems ;  and  is 
made  use  of  by  him  for  that  purpose :  therefore  the 
remarks  here  made  will  equally  apply  to  those  pro- 
blems in  which  Mr.  Morgan  has  so  used  it.  Indeed, 
I  believe  there  is  not  a  single  problem  inserted  by  him 
in  ani/  of  his  papers  in  the  Philosophical  Transaction:^, 
respecting  the  value  of  Contingent  Assurances,  wherein 
this  prolix  and  confused  method  has  not  been  adopted, 
in  order  to  determine  the  same. 


PROBLEM  XXX.* 

5  256.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
aecond  that  fails  of  three  given  lives  A,  B,  C. 

SOLUTION. 

The  sum  may  be  received  at  the  end  of  the  first 
year,  on  the  happening  of  either  of  three  different 
events :  i°  that  all  the  three  lives  fail  in  that  year,  A 
having  died  second :  2""  that  A  and  B  fail  in  the  year, 

*  Morgan,  Prob.  20;  and  in  Phil.  Trans,  for  1791,  Prob.  2, 
page  253. 


224"  CN  CONTINGENT  ASSURANCES.  Cli.  g. 

A  having  died  last,  and  that  C  lives  to  the  end  of  it : 
S^  that  A  and  C  fail  in  the  year,  A  having  died  last, 
and  that  B  lives  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  several  events  are  rcspeclively 


/  J 


(a-a).{b-0).(c-c)      {a-a).(h-h)c         ,    (a_fi).(c_^ 

anQ „  ,  . 

3abc  '  2aic  2abc 

which,  being  added  together  and  multiplied  by 
^(l-}-^}"'?  ^^ill  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
seven  different  events :  1°  that  ail  the  three  lives  be- 
come extinct  in  the  year,  A  having  died  second:  2° 
that  A  and  B  both  fail  in  the  year,  A  having  died 
last,  and  that  C  lives  to  the  end  of  it :  S°  that  A  and 
C  both  fail  in  the  year,  A  having  died  last,  and  that 
B  lives  to  the  end  of  it :  4°  that  A  and  B  both  fail 
in  the  year,  B  having  died  last,  and  C  having  failed 
in  either  ol  the  preceding  years:  5°  that  A  and  C 
both  fail  in  the  year,  C  having  died  last,  and  B  having 
failed  in  either  of  the  preceding  years:  6°  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and  C 
having  died  in  either  of  the  preceding  years:  7*^  that 
only  A  dies  in  the  year,  C  living  to  the  end  of  it,  and 
B  having  died  in  either  of  the  preceding  years.     The 

probabilities  of  the  happening  of  these  several  events 

I     i<     •    II      I     11 

11  .1      {a  —  u).(b—b).{c—c\ 

m  the  second  year,  are  respectively  — 


3aic 


{a—a).{l  —  h)c    {a—a).{c  —  c)b    {a  —  a).{h  —  b)/  c\ 

'  2alc  '  2abc  '  2al;  ^  '^  J  > 
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^a).(c-c^  (1-1),       (^'jliii^i.],    and 


2ac 


(rt__a)c.    __^N     ^^,|^j^.|^    1^  -     2^^^^  together  and 

■ac      ^  i>   J  " 

multiplied  by  5(  1  +«)"*,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  it  will  be  found  that  the  probabilities  of 
the  happening  of  these  several  events  in  the  third  year 

//      //;      //     II!      II      II) 

Ml    1  •     t       J  J    L       (a—a).{L—l^).{c~c) 

Will   be  respectively  denoted    by   ^^ — 


3  die 


II       ni      II      III  in       II      III      I!      m   m 


{a  —  a).{b-'b)c     (a  —  a).(c  —  c)b      (a  — a).(/' —  i)  /    _c\ 

2alx  '  2abc  '  2al;  ^  C'* 

II         III         II         III  II  II        I"    'II  II  V         III  III 

(a-a).(c-.c)_.    ___|.    _(a-^.^__^v     and^^:::^X 
2ac  ^  b  1^       ab       \  c  l^  ac 

(l — -V.  which,  being  added  togethef  and  niultiplied 

by5(l-}-^)~^  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  year:  and  so  on  for 
every  subs^^quent  year  to  the  utmost  extent  of  human 
life:  the  sum  of  all  which  yearly  expectations  will  be 
the  total  present  value  of  the  given  sum  to  be  received 
on  the  above  contingency. 


§  257.  Now  if  these  several  annual  expectations 
be  reduced  to  their  least  terms,  and  then  arranged 
under  each  other  as  in  the  preceding  problem,  they 
will  be  found  to  form  six:teen  collateral  series ;  the 
sum  of  all  which  will  be  equal  to  s  multiplied  into 

1—§AB  __   {±^B     a_        jj.  ^       \--^AC  __  l+AC    a^ 
2(1  +  ^)         2(r+7)*"a"*"  ,       •2a  +  2(l  +  f)         2^i-f^)a 
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+  ^^-Ta  -  T  X lT+7r+  ^cTTTT-—  -1^^^-ir 

3(1 +  f)     b     *        ,         3b  3(H-f)     c     '  ,3c 

But,  the  first  three  terms  here  given  are,  by  Prob. 
XXVII,  equal  to  ^//^;  the  next  three  terms  are,  by 
the  second  corollary  to  the  same  problem,  equal  to 
•./l^ ;  and  the  remaining  seven  terms  are,  by  Prob. 
XXIX,  equal  to  —  2,4^^.  Consequently,  the  total 
present  value  of  the  given  sum  depending  on  this  con- 
tingency will  be  equal  to  s  \  ,/i^  +  .^-^^  —  2jl^^\'* 

COROLLARY. 

§  258.  If  the  three  lives  are  equal,  or  of  the  sam© 
age  A,  then  ,/jf^  and  ^.4^  will  each  of  them  become 
(as  in  Prob.  XXVII,  cor.  .5)  equal  to  ^~^  ;  and 
^cc  ^^.jii  become  (as  in  Prob.  XXIX,  cor.  2)  equal  to 
-^ r-.     Consequently   the   present  value   of   the 

*  It  will  be  evident  from  an  inspection  of  the  several  quantities, 
whence  this  formula  is  deduced,  that  a  more  convenient  one  might 
have  been  formed  for  the  numerical  solution  of  the  problem :  si- 
milar to  the  method  pursued  in  the  SQth  and  subsequent  problems. 
But  the  present  simple  formula,  at  the  same  time  that  it  is  more  easily 
retained  in  the  memory,  has  also  the  additional  advantage  of  en- 
abling us  readily  to  discover  any  error  which  may  arise  in  the  pro- 
cess. I  have  therefore  on  this  account  inserted  it :  but  the  reader 
may,  from  the  values  of  the  several  series  above  given,  arrange  the 
formula  in  such  other  manner  as  he  may  tind  most  convenient  to 
himself.  The  same  observations  will  apply  to'many  of  the  suhse- 
*]'qent  problems  in  this  chapter. 
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giv€n  sum  will  in  such  case  be  represented  by  *  X 

' — - — z,y  -  - "r -''  or,   by   one   third  or  the  present 

3(i+f)  ^  ^ 

value  of  the  given  sum  payable  on  the  exUnction  of 
any  two  out  of  the  three  given  lives. 

PROBLEM  XXXI.* 

§  259.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
last  which  fails  of  three  given  lives  A,  B,  C. 

SOLUTION. 

It  is  evident  that  the  sum  can  be  received  at  the 
end  of  the  first  year,  only  on  the  extinction  of  all  the 
lives,  A  having  died  last,  the  probability  of  which  is 

^  "7  ^^^~^^»  and  which,  being  multiplied  by 
^(1  +  ^)"',  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years  the  sum 
may  be  received  on  the  happening  of  either  of  four 
difierent  events :  1°  that  all  the  lives  fail  in  the  year, 
A  having  died  last :  2°  that  A  and  B  fail  in  the  year, 
A  having  died  last,  and  that  C  fails  in  ehher  of  the 
preceding  years :  S°  that  A  and  C  fail  in  the  year, 
A  having  died  last,  and  that  B  fails  in  either  of  the 
preceding  years:  4°  that  only  A  dies  in  the  year,  B 

*  Morgan,  Prob.  21  j  and  in  Phil.  Trans,  for  179I,  Prob.  3/ 
page  256.     Simpson,  Prob.  30. 

a2^ 
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and  C  having  failed  in  either  of  the  preceding  years. 
The  probabilities  of  these  several  events  happening  in 

.r  J  .      ,      (a  —  a).(h  —  h).(c  —  c) 

the  second  year  are  respectively — ^ -, 

{a  —  a).(l'  —  f))/^         c\       (a~a).(c  —  c)  f  ^         b  y^  . 

• 2ab (^-7)'   2ac 11~t)'    ^^^ 

1      n  I  I 

( I  — ^r-)  X  (1 -)'  which  being  added  together 

and  multiplied  by  .9(1 4-e)~'5  ^^'^^^  g^^e  the  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year. 

In  like  manner  may  be  found  the  expectation  of 
receiving  the  sum  at  the  end  of  the  third  and  every 
subsequent  vear  to  the  utmost  extent  of  human  life : 
and,  if  these  several  yearly  expectations  be  reduced  to 
their  low^est  terms  and  arranged  under  each  other, 
they  will  form  eighteen  collateral  series,  the  sum  of  all 
which  will  be  the  present  value  required  :  and  which 
will  be  found  to  be  equal  to  s  multiplied  into      ^     — 

l—^AB        1+Jb    a  __  jr>  j_  _  1~§^C    ,     l+JlC  _a 
2(l  +  f)"^2(l+f)"a"'        ,       '2^1        2(l+f)   "•"  2(l  +  f)*  a 

~r      2a"^    o{l+0  3(l+f)'a    '^r         3a    + 

l+_^^.l-jBC.)r-\-\±^,.^--JBal.   But 

6(1 +f)    ^  /        6i    '     0(1  +f)    c  ,  6c 

this  expression  is  equal  to  s  I  -rrl~)  ~"  «^^^  ~"  •^^  "^ 
^scj.  which  therefore  denotes  the  present  value  re- 
quired. 

COROLLARY. 

§  260.     If  the  three  lives  are  equal,  or  of  the  same 
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age  A,  the  present  value  of  the  given  sum  will,  agree- 
ably to  what  has  been  said  in  the  corollary  to  the  last 

problem,  be  denoted  by  5  X  — ^^ — xj  --^ •  or, 

by  one  third  of  the  present  value  of  the  given  sum  to 
be  received  on  the  extinction  of  the  longest  of  the 
three  lives. 

SCHOLIUM. 

§  261.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXIX,  XXX,  and  XXXI,  be  added 
together,  they  will  be  found  equal  to  the  present  value 
of  the  same  sum  to  be  received  on  the  decease  of  A  ; 
that  is,  the  sum  of  those  three  values  will  be  equal 

to  5  X     ~'  .:    which   proves    the   accuracy   of  the 

investigations. 

PROBLEM  XXXIL* 

§  262.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  ^rst  or  second  that  fails  of  three  given  lives  A, 
B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  either  of  four  diiferent 

*  Morgan,  Prob.  24;  and  in  Phil.  Trans,  for  J79I,  Prob.  5, 
page  261.     Simpson's  Sup,  Prob.  40. 
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events :  1°  that  all  the  three  lives  fail  in  the  year,  A 
having  died  first  or  second :  2°  that  A  and  B  both 
die  in  the  year,  and  that  C  lives  to  the  end  of  it: 
3°  that  A  and  C  both  die  in  the  year  and  that  B  lives 
to  the  end  of  it :  4°  that  only  A  dies  in  the  year,  and 
that  B  and  C  both  live  to  the  end  of  it.  The  proba- 
bilities of  the  happening  of  these  several  events  are  re- 

.      ,     J  J  ,      2(a-^a)  (I>-i).(c—'c)    {a-a).(b-h)c 

spectively  denoted  by ^^,^ , ^^ , 

(a  —  (t).(c—c)b  ,   (a-^o)bc  ,        i  »  i     u   •  u* 

-^ ; ,  and -^ — ; :    and   which  beinoj  multi- 

u!)C  ale 

plied  by  s(l-{-^)~\  will  give  the  expectation  of  receiv- 
ing the  sum  at  the  end  of  the  first  year» 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
eight  different  events :  1°  t^at  all  the  three  Hves  fail 
in  the  year,  A  having  died  first  or  second :  2°  that  A 
and  B  both  die  in  the  year,  and  that  C  lives  to  the 
end  of  it :  3°  that  A  and  C  both  die  in  the  year  and 
that  B  lives  to  the  end  of  it :  4°  that  only  A  dies  in 
the  year  and  that  B  and  C  both  live  to  the  end  of  it: 
5°  that  A  dies  before  B  in  the  year,  C  having  failed 
in  either  of  the  preceding  years :  6°  that  A  dies  be^. 
fore  C  in  the  year,  B  having  failed  in  either  of  the 
preceding  years :  7°  that  only  A  dies  in  the  year,  G 
having  died  in  either  of  the  preceding  years,  and  B 
living  to  the  end  of  it :  8°  that  only  A  dies  in  the 
year,  B  having  died  in  either  of  the  preceding  years, 
and  C  living  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  several  events  in  the  second 
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/       //       I      n       I      n 
,  f  '11       2(a  —  a).(b—l).(c—c) 

year  are  denoted  respectively  by  -^^- —- ; — — , 

1      II       1      II    II        I       II       I       II   n  I      II  II  II         I        II       1       <i 

{a—a).{h—l3)c     {a—a).{c~c)b      (a—a)hc     (a—a).{h  —  h) 


abc  ale  abc  2ab 


X 


I      n    n  I 

-^^ — (l — 7-):  which  being  added  together,  and 
multiplied  by  5(l4-c)~%  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  succeeding 
vear  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  expectations  will  be  the  total  present  value 
of  the  given  sum,  to  be  received  on  the  above  con- 
tingency. 

These  several  yearly  expectations,  being  reduced  to 
their  least  terms  and  arranged  under  each  other,  will 
form  sixteen  collateral  series;*  the  sum  of  all  which 
is  the  present  value  required  :  and  will  be  found  equal 

to  -{^^H-./ir^-^i^^J.t 

*  It  would  be  needless  for  me  to  swell  the  present  work  by  in- 
serting the  several  values  of  these  series,  since  (from  the  examples 
■which  have  preceded)  they  may  be  readily  discovered  by  an  in- 
spection of  the  resulting  formnla.  Few  persons,  perhaps,  who 
read  this  part  of  the  treatise,  will  be  satisried  without  going  through 
the  several  steps  of  the  process :  in  which  case,  such  a  measure 
would  not  be  requisite.  And  I  cannot  here  avoid  the  opportunity 
of  recommending  the  reader  to  adopt  this  plan  through  all  the 
subsequent  problems  ;  as  he  will  find  it  an  excellent  praxis  for 
this  species  of  analysis. 

I  It  may  be  here  useful  to  remark  that  this  formula  may  be  ob^ 
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COROLLARY, 

§  263.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  this  expression  (agreeably  to  what 
has  been  said  in  the  corollary  to  Prob.  XXX)    will 

become  equal  to  5  X  — ^ :    or.   equal  to 

fhe  difFarence  between  the  value  of  an  assurance  of  the 
given  sum  on  the  two  joint  lives,  and  one  third  of  the 
value  of  an  assurance  of  the  same  sum  on  the  three 
joint  lives. 


PROBLEM  XXXIIL* 

§  264.  To  determine  the  present  value  of  a  glvei^ 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
second  or  third  that  f^ils  of  three  given  lives  A,  B,  C, 


SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 

talned  by  taking  the  sum  of  the  values  deduced  from  Prob,  XXIX 

1  —  p. 4 
and  XXX  :  or,  by  takinsj  the  difference  between  5  x —  and 

the  value  deduced  from  Prob.  XXXI :  which  is  evident  from  the 
nature  of  the  questions.  For,  the  sum  is  to  be  received  on  the 
death  of  A  provided  he  d'lesjirst  or  second :  or  (which  is  the  same 
th'ng)  it  is  to  be  received  on  the  death  of  A  provided  he  does  not 
die  third. 

*  Morgan,  Prob,  25;  and  in  Phil,  Trans,  for  I/gi,  Prob.  6, 
pagp  263. 
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first  year,  on  the  happening  of  either  of  three  different 
events:  1°  that  all  trie  three  lives  become  extinct  in 
the  year,  A  having  died- the  second  or  third  :  '/'  that 
A  and  B  both  fail  in  the  year,  A  Raving  died  last,  and 
that  C  lives  to  the  end  of  it :  3'^  that  A  and  C  both 
fail  in  the  year,  A  having  died  last,  and  that  B  lives 
to  the  end  of  it.  The  probabilities  of  the  happening 
of  these  several  events  in  the  first  year,  are  respectively 

2(a  —  a).{b—^).(c-^c}      {a— a)Xi'— l)c  ,   (a'^a).(c —c)b ^ 

3abc  '  'lal'C  '  2abc 

which  b^ing  added  together  arjd  multiplied  by  ^(1  +^')~', 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

But  in  the  second  and  following  years,  the  sum 
may  be  received  on  the  happening  of  either  of  eight 
different  events:  1°  that  ail  the  three  lives  fail  in  the 
year,  A  having  died  second  or  third  ;  2°  that  A  and 
B  both  fail  in  the  year,  A  having  died  last,  and  that 
C  lives  to  the  end  of  it :  3°  that  A  and  C  both  fail  in 
the  year,  A  having  died  last,  and  that  B  lives  to  the 
end  of  it :  4°  that  A  and  B  both  die  in  the  year,  C 
having  died  in  either  of  preceding  years  :  5°  that  A 
and  C  both  die  in  the  year,  B  having  died  in  either 
of  the  preceding  years :  6°  that  only  A  dies  in  the 
year,  B  living  to  the  end  of  it,  and  C  having  died  in 
either  of  the  preceding  years :  7°  that  only  A  dies  in 
the  year,  C  living  to  the  end  of  it,  and  B  having  died 
in  either  of  the  preceding  years  :  8°  that  only  A  dies 
in  the  year,  B  and  C  having  both  failed  in  either  of 
the  preceding  years.     The  probabilities  of  the  hap=- 
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pening  of   these  several  events  in  the  second   year 

.     ,      2(a  —  a).(b  —  b).{c  —  c)     {a  —  a).{h  —  h)c 

are  respectively  -^^ ,  ^^^ , 


);   n 


(a^a).{c~c)b     (a  ~  c).(l;  — b)  / c^\      (a  —  a).(c  —  c) 

2al-c  "  ab  V  c   z '  ac 

S"~^l ^1  — T-)»(l  — -)'  which,  being  added  together 
snd  multiplied  by  s(l~{-f)~",  will  give  the  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year. 
In  like  manner  we  may  find  the  expectation  of  receiv- 
ing the  sum  at  the  end  of  the  third  and  every  subse- 
quent year  to  the  utmost  extent  of  human  life :  the 
sum  of  all  vi^hich  expectations  will  be  the  total  present 
value  of  the  given  sum,  depending  on  the  above  con- 
tingency. 

These  several  yearly  expectations,  being  reduced  to 
their  least  terms  and  arranged  under  each  other,  will 
form  ten  collateral  series :  the  sum  of  all  which  will 
be  found  equal  to  .yF  —t/1^^  I.* 

COROLLARY. 

§  265.     When  all  the  lives  are  equal,  or  of  the 

*  The  value  of  the  sum  depending  on  the  contingency  mentioned 
in  this  problem  is  manifestly  equal  to  the  difference  between  the 
value  of  such  sum  to  be  received  on  the  decease  of  A,  and  its 
value  depending  on  the  contingency  that  A  shall  be  the  Jirst  that 
fails  r  or,  it  is  equal  to  the  sum  of  the  two  values  found  by  Prob. 
XXX  and  XXXL 
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same  age  A,  the  last  term  in  this  formula  becomes 
gqual  to  ^"^"^^  (agreeably  to  what  has  been  already 
said  in  Prob.  XXIX,  cor.  2),  consequently  the  whole  ex- 

pression  is  m  this  case  reduced  to  s  X 3(1X7) ' 

that  is,  equal  to  the  difference  between  the  value  of  aa 
assurance  of  the  given  sum  on  a  single  life,  and  one 
third  of  the  value  of  an  assurance  of  the  same  sum  oa 
the  three  joint  lives. 


PROBLEM  XXXIV  * 

§  266.     To  determine  the  present  value  of  a  giveii 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
Jirst  or  last  that  fails  of  three  given  lives  A,  B,  C, 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year  on  the  happening  of  either  of  four  different 
events:  1°  that  all  the  three  lives  fail  in  the  year,  A 
having  died  first  or  last :  2°  that  A  and  B  both  fail 
in  the  year,  A  having  died  first,  and  that  C  lives  to 
the  end  of  it :  3°  that  A  and  C  both  fail  in  the  year, 
A  having  died  first,  and  that  B  lives  to  the  end  of  it: 
4°  that  only  A  dies  in  the  year,  and  that  B  and  C 
both'hve  to  the  end  of  it.  The  probabilities  of  the 
happening   of  these    several    events   are    respectively 

*  Morgan,  Prob.  2(5;  and  in  Phil,  Tran>^.  for  !/pl,  Prob.  7, 
|)age  2()5. 
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I  1  I  I  II  I  II 

7{a—a).{l—'l).{<'  —  c)     (a  —  a).(b  —  l)c      (a—a).(c—c)b  . 

3^c  '  2a  fc  '  2^rc  >    ^^^ 

1       III 

-^—-~:  which,  being  added  together  and  multiplied 
by  -5(1 +(;')''',  vvill  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  first  year. 

But  at  the  end  of  the  second  and  following  years 
the  given  sum  may  be  received  on  the  happening  of 
either  of  seven  different  events :  1°  that  all  the  lives 
fail  in  the  year,  A  having  died  first  or  last :  2°  that 
A  and  B  both  fail  in  the  year,  A  having  died  first, 
and  that  C  lives  to  the  end  of  it :  3°  that  A  and  C 
both  fail  in  the  year,  A  having  died  first,  and  that  B 
lives  to  the  end  of  it :  4°  that  only  A  dies  in  the  year 
and  that  B  and  C  both  live  to  the  end  of  it :  5°  that 
A  and  B  both  fail  in  the  year,  A  having  died  last,  and 
C  having  failed  in  either  of  the  preceding  years :  6® 
that  A  and  C  both  fail  in  the  year,  A  having  died  last, 
and  B  having  failed  in  either  of  the  preceding  years : 
7°  that  only  A  dies  in  the  year,  B  and  C  having  both 
failed  in  either  of  the  preceding  years.  The  proba- 
bilities of  the  happening  of  these  several  events  in  the 

(      /,'     I     I'     I     II 

second   year,    are   respectively  -^^ );— -, 

;       //       /       /;   ;.'  ;        N.      inn  i      n    ii  n         in        in 

(a—a).{l  —  l)c      {a  —  a).{c—c)b      (a^a)h  c     {a—a).{h  —  l) 

'         2ab~c     ^'  'QmJc         "'        afc      '  2a  b  *^ 

('-4)'^f'^'('-4)'-d¥('-|)x 

[l y.  which,  being  added  together  and  multiplied 

by  5(1  -\-^)~^i  vill  give  the  expectation  of  receiving 
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the  sum  at  the  end  of  the  second  year.  In  like  manner 
we  may  find  the  expectation  of  receiving  the  sum  at 
the  end  of  the  third  and  every  subsequent  year  to  the 
utmost  extent  of  human  Hfe:  the  sUm  of  all  which 
yearly  values  will  be  the  total  present  value  of  the 
given  sum  to  be  received  on  the  above  contingency. 

These  several  yearly  expectations,  being  reduced 
to  their  least  terms  and  arranged  under  each  other, 
will  form  eighteen  collateral  series :  the  sum  of  all 
which  will  be' found  equal  to  5  X  I  ,~"/  ^— c^^~>^^ 

COROLLARY. 

§  267.  When  the  three  lives  are  equal,  or  of  the 
Same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob.  XXX)  will  become 

equal  to  ^X  — ^ ^.^  ,   . :  that  is,  equal  to 

the  difference  between  the  value  of  an  assurance  of 
the  given  sum  on  a  single  life  and  on  two  joint  lives, 
added  to  two  thirds  of  the  value  of  an  assurance  of 
the  same  sum  on  the  three  joint  lives. 

SeHOLIUM. 

§  268.     If  the  present  values  of  the  given  sum,  as 

*  This  formula  may  be  obtained  by  taking  the  su7n  of  die 
values  deduced  from  Prob,  XXIX  and  XXXI:  or^  by  taking  the 

difference  between  s  x  -, — -—  and  the  value  deduced  from  Prob. 

XXX. 
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found  by  Prob.  XXXII,  XXXIII,  and  XXXIV,  be 
added  together,  they  will  be  found  equal  to  twice  the 
present  value  of  the  same  sum  to  be  received  on  the 
decease  of  A  :  that  is,  the  sum  of  those  three  values 
will  be  equal  to  2s  X  ,~,    .. 


PROBLEM  XXXV.* 

§  269.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  Jirst  that  fails  of  three  given  lives  A, 
B,C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  any 
one  year,  on  the  happening  of  either  of  six  different 
events :  1°  that  all  the  lives  fail  in  the  year,  A  or  B 
having  died  first :  2°  that  A  and  B  both  die  in  the 
year,  and  that  C  lives :  3°  that  A  and  C  both  fail  in 
the  year,  A  having  died  first,  and  that  B  lives  to 
the  end  of  it :  4°  that  B  and  C  both  fail  in  the 
year,  B  having  died  first,  and  that  A  lives  to  the  end 
of  it :  5°  that  only  A  dies  in  the  year,  and  that  B 
and  C  both  live  to  the  end  of  it :  6°  that  only  B 
dies  in  the  year,  and  that  A  and  C  both  live  to  the 
end  of  it.  The  probabilities  of  the  happening  of 
which  several  events  in  the  first  year  are  respectively 

*  Phil.  Trans,  for  1791,  Prob.  8,  page  267. 
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2(a-a).(b-i;).(c-c)      (a-a).ib-h)'c      Ca-c).(c-/)^^ 


3abc  '  abc  '  'labc  ' 

•iaZ-f         '        a(^t      '  abc  ^ 

added  together  and  multiplied  by  6(  1  +f )"'?  will  give 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
first  year. 

In  like  manner  may  be  found  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  second,  third  and 
every  subsequent  year  to  the  utmost  extent  of  human 
life  :  which  several  yearly  values,  reduced  to  their  least 
terms  and  being  arranged  under  each  other  as  in  Prob. 
XXIX,  will  form  the  following  series, 

\   4alc        4a  be       abc  ^^  abc         abc  j^  abc        2a  be        2a  b  c    l   . 
)  [_  abc  abc         abc     *     abc  abc     '^  abc  abc  abc  _] 

r~     I  I  I  II  nil  II I  I  I  II  II  I II  I  I!  I  II  II  II  II  II  I  "-t 

\   4q  be        4a  be  abc  j^  ab  c        abc    ^^  ab  c    .2a  b  c        2abc    \ 

)*[_  t^bc  abc  abc         abc  abc         abc  abc  abc_j* 

til  II II  III  III  III        III  II II         II  III  III  II  III  II         III  II  III  II II  ill  III  III  II  —\ 

4a  b  c       4a  b  c        ab  c    ^^  abc  abc  j^abc  _.2abc        2abc\. 

abc  abc  abc  ^^  abc  abc     "^  abc  ~    abc  abc  _} 

:  &c  ^  ^    &c  &c  &c, 

the  sum  of  all  which  will  be  the  total  present  value 

required, 

§  270.  But,  if  we  compare  this  general  series  with 
the  one  inserted  in  page  207,  it  will  be  found  that  the 
several  collateral  series,  of  which  it  is  composed,  are 
for  the  most  part  the  same  as  those  which  are  there 
given:  and  that  the  07ili/  difference  between  them  is  in 
the  common  multiple,  and  in  the  iign  prefixed  to  the 
fifth  and  sixth  collateral  series.  Consequently,  the  sum 
of  these  several  perpendicular  and  collateral  series  may 
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be  readily  obtained  from  the  process  there  laid  down. 
For,   the  first  and  second  collateral  series  will  be  thus 

found  equal  to  ^  X  •^- .-v  ;  the  third  and  fourth^ 
equal  to  -  J-Ultd^^-^  ^^BCmU  the  fifth  and 

«xth,  equal  to  -  -gj-  {^-j;,-^-^ ^i5C.; 

the  seventh  and  eighfhj  equal  to 


and 


L~(T+7r 


ABC.c    .     Therefore  the  total  value  of  the  general 
series  above  given  will  be  equal  to  s  multiplied  into 

\V{\^ABC)h  .D/^/"]     ,       1  {{\  +ABC)c 

jiBC.cl 

As  we  shall  have  occasion  to  refer  again  to  this  for- 
mula in  some  of  the  following  problems,  it  will  be 
convenient  to  denote  it  by  a  more  simple  expression  j 
therefore  let  it  be  represented  by  jJ3^:  that  is,  let 
^15*^  denote  the  present  value  of  £1  to  be  received 
on  the  above  contingency;  consequently  sX^l^^  will 
denote  the  present  value  of  the  given  sum  under  the 
same  circumstances.* 

*  By  comparing  this  formula  with  the  second  formula  in  Prob. 

XXIX,  cor.  1,  it  will  be  seen  that  JS^=  1±^^  _  C^fi. 

(1  +  f) 
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COROLLARY. 


§   271.     When  the  three  lives  are  equal,  or  of  the 
same  age  A,  the  last  three  terms  in  the  above  expres- 
sion destroy  each  other ;  and  the  whole  is  then  re- 
duced to  -^  X  — - — r— :  or.  to  two  thirds  of  the  pre- 
3   ^'     {1+0  '  ^ 

sent  value  of  the  given  sum  payable  on  the  extinctioa 
of  the  three  joint  lives. 


Ob'iervations  on   Mr.  Morgaii's   Method  of  investi' 
gating  this  Problem, 

§  272.  I  cannot  omit  the  present  opportunity  of 
recalling  the  reader's  attention  once  more  to  the  sin- 
gular and  confused  manner  which  Mr.  Morgan  has 
adopted,  in  this  case  also,  for  finding  the  value  of  the 
general  series  in  page  2S9 :  and  I  am  the  more  in- 
duced to  do  this,  because  it  appears  that,  the  further 
Mr.  Morgan  proceeds  in  his  subject,  the  more  disorder 
and  irregularity  seems  to  run  through  the  whole  of  his 
investigations.  I  would  previously,  however,  intreat 
the  reader's  patience  whilst  I  conduct  him  through  this 
mathematical  labyrinth. 

The  sum  of  the  several  expectations  of  receiving 
the  given  sum,  on  the  contingency  mentioned  in  this 
problem,  Mr.  Morgan  makes  equal  to  the  following 
series 
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§  273.     Now,  the  last  six  collateral  series  in  the 
above  general  expression  may  be  reduced  to  the  two 


following  ones:  vi 


til  '  I  i~~\ 

{h-Dcc        (lj^b)ac 
2abc        '"      2aic     J   ' 


(l  +  f) 

I —     I      I)     II  t  inn  II     I 


ti      ii    II  I  I      n  II  II    I 

{l  —  l)ac    .  (b  —  b)ac 

'~2abc        '  2alc     J 

I —  //      III  lit  II  <i     I'l  III  III    I 

{b  —  b)ac.  {h-'b)ac 

'|_"2aZc        '  2abc~J 


&c  &c  &:c, 

fti  which  case,  that  expression,  instead  of  being  com- 
posed of"  iwenty*  different  series,  might  have  been  re- 
duced to  tivelve.  Or,  had  the  whole  of  these  colla- 
teral series  been  reduced  to  their  simplest  terms,  they 
would  have  formed  the  veri/  same  expression  as  that 
given  in  page  239;  and  which  consists  of  only  eight  dif- 
ferent terms!!!  But,  owing  to  this  careless  and  diffuse 
mode  of  treating  the  subject,  it  follows  that  the  formula, 
which  denotes  the  value  of  the  given  sum  depending 
on  the  contingency  mentioned  in  this  problem,  con- 
tains (upon  Mr.  Morgan's  method  of  solution)  no  less 
than  twenty  different  terms:!  and  when  it  is  considered 

*  Eath  of  the  ten  collateral  series  in  page  242,  evidently  forms 
two  distinct  series  when  expanded  by  multiplication  j  '.he  sum  of 
loth  which  it  is  necessary  to  find. 

\  Lest  1  should  be  charged  with  misrepresentation  I  shall 
here  insert  Mr.  Morgan's  formula  in  his  own  characters  :  viz  S 


2(r^l).(BC-ABC)       to(PC-APC)         d 
3r  "^  Qbr 

7?i(PT-APT)     1  ^    ,^     ^  .  ,  ,  re  *u 

■^ — ;-j +  2  (2  denotmg  the  value  ot  b  on  the  con- 

R  2 
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that,  in  order  to  obtain  those  terms,  it  is  necessary*  to 
sum  up  between  thirti/  and  forty  different  series,  the 
reader  is  equally  struck  with  surprise  and  indigna- 
tion; and  is  left  in  doubt  of  the  motive  which  could 
have  induced  the  author  to  pursue  so  anomalous  a 
course. 

§  274.  There  is,  however,  still  another  part  of 
Mr.  Morgan's  investigation  on  which  I  consider  myself 
equally  obliged  to  make  some  comment.  He  says 
that  the  formula  (above  alluded  to)  gives  the  exact 
value  when  C  is  the  oldest  of  the  three  lives ;  "  but  if 
A  be  the  oldest,  the  symbols  must  he  changed:^*  and 
the  value  of  the  given  sum  he  has,  in  this  case,  de- 
noted by  another  formula ;  which  (being  introduced 
in  a  new  dress,  and  in  new  characters)  appears  ma- 
terially different  from  the  former  one.f  It  is^,  how- 
ever, (when  divested  of  all  its  useless  and  extraneous 
quantities)  precisely  the  same  as  that  which  I  have 

tingency  of  C's  surviving  B).  The  other  symbols  being  the  same 
as  already  explained  in  the  note  in  page  215.  See  the  original  for- 
mula in  Phil.  Trans,  for  1791?  page  2675  or  in  Price's  Ohs.  on 
Rev.  Pay.  Note  (P),  Problem  VIII. 

*  I  mean  upon  Mr.  Morgan's  principles,  as  explained  in  page  217* 
f  Take  Mr.  Morgan's  o\^n  words.     "  The  general  rule  express* 

(r_l).(V— AB) 
jng  the  value  of  the  reversion  will  be  =  S  into  — 


r 


_  _^r  ^(HF-HFC)    .     HB-HBC  -[  _  /3(AF-AFC) 

3(r-l).(AB-ABC)       7n(AP-APC)         5    r(BN-BNC) 
H — ^7 1"  ~ 


3r  6br  3qt 


{} 
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given  in  page  240,  except  as  to  the  substitution  of 
_       '[il+^^i-JBCal^  for  its  equal    + 

-r—    - — 7-— ABC.c    ;  agreeably  to  the  princi- 
ples explained  in  the  note  in  page  210. 

§  275.  It  surely  cannot  be  unknown  to  Mr. 
Morgan  that  the  value  of  the  given  sum  does  not  in 
this  case  depend  upon  the  seniority  of  the  lives  con- 
cerned.* For,  let  the  ages  of  A,  B,  and  C  be  what 
they  may,  and  let  him  change  his  symbols  as  often  as 
he  pleases,  he  must  still  come  to  the  same  general 
series,  at  last,  as  that  given  in  page  239 :  the  sum  of 
which  may  be  expressed  in  three  different  ways,  ac- 
cording to  the  method  of  summing  up  the  several  col- 
lateral series  of  which  it  is  composed.!  And  either  of 
these  formulae  will  denote  the  value  of  the  given  sum, 
whether  A,  B,  or  C  be  the  oldest  of  the  three  lives. 

w(PN-PNC)-|  ,;    „,^       „  J 

— ^ 7 .       Where  V  denotes  the  perpetuity  j  and  the 

remaining  letters,  the  same  quantities  as  already  explained  in  the 
note  in  page  221.  Seethe  original  formula  in  Phil.  Trans,  for 
1791,  page  2683  and  in  Price's  Obs.  on  Rev.  Pay.  Note  (P),  Pro- 
blem VIII. 

*  This  observation  will  apply  to  the  whole  of  the  Problems  in- 
serted by  Mr.  Morgan  in  the  Phil.  Trans,  for  1/88, 1789and  179I. 
See  the  note  in  page  222. 

■\  See  what  has  been  already  said  on  this  subject  in  page  222, 
and  in  the  note  to  page  220. 
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These  observations  are  the  more  necessary  to  be  at- 
tended to,  because  the  solution  to  the  present  problem 
IS  of  use  in  enabling  us  to  determine  the  value  of  sums 
depending  on  the  contingencies  mentioned  in  several 
of  the  subsequent  problems.  Consequently,  the  more 
simple  we  render  the  present  formula,  the  more  easily 
we  may  obtain  the  solution  to  those  problems.  This 
motive,  therefore,  will  be  a  sufficient  apology  for  th^ 
present  digression. 


PROBLEM  XXXVL* 

§  276.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  second  that  fails  of  three  given  lives 
A,  B,  C. 

SOLUTION, 

The  given  sum  may  be  received  at  the  end  of  the 
.first  year,  on  the  happening  of  either  of  four  different 
events:  1°  that  all  the  three  lives  fail  in  that  year,  A 
or  B  having  died  second :  2°  that  A  and  B  both  die 
in  that  year,  and  G  lives  to  the  end  of  it:  3°  that  A 
and  C  both  fail  in  that  year,  A  having .  died  last,  and 
that  B  lives  to  the  end  of  it :  4°  that  B  and  C  both  fail 
in  that  year,  B  having  died  last,  and  that  A  lives  tp 

*  Phil.  Trans,  for  IjQl,  page  269. 
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the  end  of  It.     The  probabilities  of  the  happening  of 

,  ,  ,     ,     2(a—a).(b  —  b).(c-~c) 

these  several  events  arc  respectively  -^^ ' -^ 

i^-^hl    (a-^ic-hj,     ^^j  il-iuc-'c)a  .    „,^i^^ 
aac  'labc  labc 

being  added  together,  and  multiplied  by  ^(1+^)"', 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

But  at  the  end  of  the  second  and  following  years, 
the  sum  may  be  received  on  the  happening  of  ei±er  of 
eleven  different  events  :   1°  that  all  the  lives  fail  in  the 
year,  A  or  B  having  died  second :  2°  that  A  and  B 
both  die  in  the  year,  and  that  C  lives  to  the  end  of 
it :  3°  that  A  and  C  both  fail  in  the  year,  A  having 
died  last,  and  that  B  lives  to  the  end  of  it :  4°  that 
B  and  C  both  fail  in  the  year,  B  having  died  last,  and 
that  A  lives  to  the  end  of  it:  5°  that  A  and  B  both 
die  in  the  year,  C  having  died  in  either  of  the  pre- 
ceding years :  6°  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  B  having  died  in  either  of 
the  preceding  years :  7°  that  B  and  C  both  fail  in  the 
year,  B  having  died  last,  and  A  having  died  in  either 
of  the  preceding   years:  8°  that  only  A  dies  in  the 
year,  B  living  to  the  end  of  it,  and  C  having  died  in 
either  of  the  preceding  years:    9°  that  only  A  dies 
in  the  year,  C  living  to  the  end  of  it,  and  B  having 
died  in  either  of  the  preceding  years:   10°  that  only 
B  dies  in  the  year,  A  living  to  the  end  of  it,  and  C 
having  died  in  either  of  the  preceding  years:   11°  that 
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only  B  dies  in  the  year,  C  living  to  the  end  of  it,  and 
A  having  died  in  either  of  the  preceding  years.  The 
probabilities  of  the  happening  of  these  several  events 

,  ,  .      ,     2(a-a).<b—b).(c—c) 

m  the  second  year  are  respectively ~-j — , 

I      II       I      II  ti     I       n      I      II   ■(        '       II       I     II  II      I       II       '       n 
(a—Q).{h  —  J))c  {a^a).{c—c)h     (b  —  b).(c—c)a  (a—a).{h—h) 

abc  '  2abc  '  2abc         '  ab 

I  1       n      I      II  I  >      'I       I      r  I 

(^       —\      (a-a){c—c)f^         b_\      ib-l).(c  —  c)  f  ^       _a  x 

V^        c)'  2ac  V^~   b  i'  2bc  V^         a  i' 

I  II      »  I  I  II      II  I  I  V     II  I 

(a—a)lf    c^^.        {a-a)c  r b\        (b-b)a/ c\ 

ab      ^  c  i'  ac       ^  b  ^  ab  '^         V^ 

inn  I 

and — J- — (l ):    which   being   added   together, 

and  multiplied  by  ^(l  +(>)"",  will  give  the  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  may  be  found  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  yearly  values  will  be  the  total  present  value 
of  the  given  sum,  to  be  received  on  the  above  con- 
tingency. 

Now  ihese  several  yearly  expectations,  being  reduced 
to  their  lowest  terms  and  arranged  under  each  other, 
will  form  eighteen  collateral  series:  the  sum  of  all 

which  will  be  found  equal  to  •^j  7—^— t"  +  ,.</^  + 

COROLLARY. 

5  277.     When  all  the  lives  are  equal,  or  of  the 
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same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corolb^ry  to  Prob.  XXX)  will  become 

equal  to  --  X  — -    ,,  .   , :  or,  to  two  thirds  ot 

the  present  value  of  the  given  sum  payable  on  the 
extinction  of  any  two  out  of  three  given  lives. 


PROBLEM  XXXVIL* 

§  278.  To  determine  the  present  valup  of  a  given 
sum  payable  on  the  decease  of  AorB,  provided  either 
of  them  be  the  last  that  fails  of  three  given  lives  A, 
B,C. 

SOLUTION. 

The  given  sum  can  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  one  event  only ;  viz. 
the  extinction  of  all  the  lives  in  that  year,  C  having 
been  the  first  or  second  that  failed.     The  probability 

of  this  event  is  ~ — — ^-r — '^^-—^— ;  which  being  mul- 
tiplied by  ^(1  +  ^)"',  will  give  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given  sum 
may  be  received  on  the  happening  of  either  of  six 
difterent  events :  1°  that  all  the  three  lives  fail  in  the 
year,  C  having  died  first  or  second :  2°  that  only  A 
and  B  fail  in  the  year,  C  having  died  in  either  of  the 

*  Phil.  Trans,  for  1791,  Prob,  10,  page  272. 
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preceding  years:  S°  that  A  and  C  both  fail  in  the 
year,  A  having  died  last,  and  B  having  died  in  either 
of  the  preceding  years:  4°  that  B  and  C  both  fail  in 
the  year,  B  having  died  last,  and  A  having  died  in 
either  of  the  preceding  years:  5°  that  only  A  dies  in 
the  year,  B  and  C  having  both  failed  in  either  of  the 
preceding  years:  6°  that  only  B  dies  in  the  year,  A 
and  C  having  both  failed  in  either  of  the  preceding 
years.  The  probabilities  of  the  happening  of  these 
several    events   in   the   second   year   are  respectively 

2{a—a).{b—l).{c—c)   {a  —  a).[h—b)f  Cx    (a— a).(c— c) 


•'(•-7).' 


3alc  '  ab  V  c  i^  'lac 

I       II      I     II  I  I      II  I 

{l;—l>].{c  —  c)/  ax        {a— a)  I  h 


X' 


\^        I)'  Ihc  ^  a  I'    ~^~~V^         I  )    ^ 

(i- j).  andi^(l-|).(l-i):  which  being 

added  together  and  multiplied  by  ^(1 +(>)"%  will  give 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
second  year.  In  like  manner  we  may  find  the  expec- 
tation of  receiving  the  sum  at  the  end  of  the  third 
year.  And  so  on  for  all  the  subsequent  years  to  the 
utmost  extent  of  human  life :  the  sum  of  all  which 
yearly  values  will  be  the  total  present  value  of  the 
given  sum,  payable  on  the  above  contingency. 

These  several  yearly  expectations,  being  reduced  to 
their  lowest  terms  and  arranged  under  each  other, 
will  form  twenty-two  collateral  series :  the  sum  of  all 

which  will  be  found  equal  to  sT — ^ r — 
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COROLLARY. 

§  279.  When  the  three  lives  are  equal,  or  of  the 
same   age   A,  this  expression   will  become  equal  to 

—  X  — ; ;; :  or^  two  thirds  or  the  pre- 

3    ^  (i+f)  ^ 

sent  value  of  the  given  sum,  payable  on  the  extinction 
of  the  longest  of  the  three  lives, 

SCHOLIUM. 

§  280.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXXV,  XXXVI,  and  XXXVII,  be 
added  together,  they  will  be  found  equal  to  the  present 
value  of  the  same  sum  to  be  received  on  the  decease 
of  A,  added  to  the  present  value  of  the  same  sum  to 
be  received  on  the  decease  of  B :  that  is,  the  sum 

of  such  three  values  will  be  equal  to  s       ~^  ,  -\- 

PROBLEM  XXXVIII.* 

§  281.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  them  be  xhejlrat  or  second  that  fails  of  three 
given  lives  A,  B,  C. 

SOLUTION. 

It  is  evident  that  jn  this  case  the  payment  of  the 
given  sum  at  the  end  of  any  one  year  depends  wholly 

*  Fhil.  Trans,  for  1800,  Prob.  1 ,  page  22. 
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on  the  extinction  of  the  joint  lives  AB  in  that  year, 
independent  of  C:  its  present  value  therefore  will,  by 

1     r      J  f> 

Prob.  XXII;,  be  in  all  cases  equal  to  ^X  -7"- — ^. 

^  (1  +  ?) 


SCHOLIUM. 


§  282.  In  the  preceding  problems  I  have  deduced 
torrect  expressions  for  the  value  of  reversionary  sums 
depending  on  the  several  contingencies  therein  men- 
tioned :  but  the  remaining  problems,  for  the  most  part, 
involve  a  contingency  for  which  it  is  very  difficult  to 
find  such  an  expression  as  will  denote  the  true  value 
of  the  same,  and  be  likewise  fit  for  general  use.  The 
contingency,  to  which  I  allude,  is  the  probability  that 
one  life  in  particular  will  die  before  or  after  another, 
during  any  given  period  of  their  joint  lives.  This 
subject  has  been  already  discussed  in  the  fifth  chapter, 
where  it  is  applied  to  the  method  of  determining  the 
present  value  of  certain  reversionary  annuities:  and  I 
now  come  to  consider  it  again  in  its  application  to  the 
method  of  determining  the  present  value  of  rever- 
sionary sums.  In  the  investigation  of  the  following 
problems,  the  contingencies  above  mentioned  will  be 
expressed  in  italics.  And  since,  by  means  of  the  two 
Lemmata  in  Chapter  V,  we  may  obtain  a  more  con- 
venient expression  for  the  expectations  of  receiving  the 
given  sum  after  the  extinction  of  the  oldest  life  in- 
volved, I  shall  divide  the  investigation  into  two  distinct 
parts  J  the  first   of   which  will  denote   the  value  of 
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all  the  expectations  for  the  first  n  years,*  or  during 
the  continuance  of  the  oldest  life  involved;  and  the 
second  will  denote  the  value  of  all  the  expectations 
after  that  period. 

PROBLEM  XXXIX.t 

§  283.  To  determine  the  present  value  of  a  givca 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  second  or  third  that  fails  of  three  given 
lives  A,  B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year  on  the  happening  of  either  of  four  different 
events  :  1°  that  all  the  lives  fail  in  that  year:  2°  that 
A  and  B  fail  in  that  year,  and  that  C  lives  to  the  end 
of  it :  3°  that  A  dies  after  C  in  that  year,  and  that  B 
lives  to  the  end  of  it :  4°  that  B  dies  after  C  in  that  year, 
and  that  A  lives  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  several  events  are  respectively 


/  / 


{a  —  a).{b~l).{c—c)      {a—a).(b—h)c     (a—a).{c—c)b  , 

abc  '  abc  '  2abc  ' 

'  '\ ' 

(^j-^/j^c— c^^  which,  beinor  added  ton:ether  and  multi- 

*  I  shall  here  observe^  once  for  all,  that  I  take  ji  to  denote  the 
number  of  years  between  the  age  of  the  oldest  life  and  that  age 
in  the  table  of  observations  when  human  life  becomes  extinct : 
consequently  the  value  of  n  will  vary  in  each  problem  according 
to  the  seniority  of  the  lives  concerned. 

f  Phil.  Trans,  for  1800,  Prob-  2,  page  23'. 


254)  ON  CONTINGENT  ASSURANCES,  CLU. 

plied  by  5(14-^)"^',  will  give  the  expectation  of  re-* 
ceiving  the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  during  the  ex- 
istence of  the  oldest  life,  the  given  sum  may  be  received 
on  the  happening  of  either  of  thirteen  different  events: 
1°  that  all  the  hves  fail  in  the  year:  2°  that  A  and  B 
fail  in  the  year,  and  that  C  lives  to  the  end  of  it : 
3°  that  A  and  C  both  fail  in  the  year,  A  having  died 
last,  and  that  B  hves  to  the  end  of  it :  4°  that  B  and 
C  both  fail  in  the  year,  B  having  died  last,  and  that  A 
lives  to  the  end  of  it :  5°  that  A  and  B  die  in  the 
year,  C  having  failed  in  either  of  the  preceding  years : 
6°  that  A  and  C  die  in  the  year,  B  having  failed  in 
either  of  the  preceding  years :  7°  that  B  and  C  die  in  the 
year,  A  having  failed  in  either  of  the  preceding  years: 
8*^  that  only  A  dies  in  the  year,  B  living  to  the  end 
of  it,  and  C  having  died  in  either  of  the  preceding 
years:  9^^  that  only  A  dies  in  the  year,  C  living  to 
the  end  of  it,  and  B  having  died  in  either  of  the  pre- 
ceding years:  10'^  that  only  B  dies  in  the  year,  A 
living  to  the  end  of  it,  and  G  having  died  in  either 
of  the  preceding  years :  11°  that  only  B  dies  in  the 
year,  C  living  to  the  end  of  it,  and  A  having  died  in 
either  of  the  preceding  years:  12°  that  only  A  dies 
in  the  year,  and  that  B  and  C  both  Jail  in  either  of 
the  preceding  years,  B  having  died  Jirst :  13°  that 
only  B  dies  in  the  year,  and  that  ui  and  C  both  Jail 
in  either  oj  the  preceding  years,  A  having  died  Jirst, 
The  probabilities  of  the  happening  of  these  several  events 
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I       V      I      II        in 

m  the  second  year,  are  respectively  -^ ^ — y     ■> 

;       //        I      II  11       I      II       I       II  n      I       II       I      II   II       I      II       I       II 
(a-a).(b-b)c  {a—a).{c—c)b  {b—b).{c-c)a  {a-u).{b~b) 

a  be          '          2abc 
I            I      II      I      II 
f, ^\      (a-a)-(c-c)/ b.      (b 

^  ^         c  h  ac  ^  ^        b  ) 


{a—a)hf  c\  {a—n)cf  b^        (b  —  b)a^ 

(l )♦(! ]:*  which  being  added  together  and 

multipHed  by  ^(1+^)"*,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year:  and,  if  these  several  annual  expectations  be  re- 
duced to  their  lowest  terms  and  arranged  under  each 
other,  they  will  form  sixteen  collateral  series;  the  sum 
of  which,  continued  to  the  utmost  extent  of  human 

*  In  these,  and  all  similar  cases,  throughout  the  remaining  part 
of  diis  chapter,  I  suppose  it  to  be  an  et^ual  chance  which  of  the 
two  lives  dies  before  or  after  the  other  during  the  probable  term, 
of  their  joint  existence.  Now,  though  this  is  not  strictly  corrtct, 
(and  I  have  on  that  account  pointed  out,  in  page  J3p,  a  method 
of  finding  an  approximate  value  of  such  chance  in  order  to  deter- 
mine the  value  of  contingent  jTinuUieSf)  yet  in  the  case  of  Jssu^ 
ranees  the  contingencies  are  so  involved  that  no  material  error  will 
probably  arise  in  any  practical  cases  by  thus  iudiscriminately  sup- 
posing the  chances  to  be  even.  The  resulting  formulae  are  hereby 
rendered  more  simple  and  easy,  and  are  sufficiently  accurate  for 
general  use. 
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life,  would  be  equal  to  s  multiplied  into  --  - '—  -j- 


2(1 +  f)  '     2(1 +f)    a     '     2(1 -J-p)      ^.    '    2(1 +  f) 

l+-'/C    a    .    l  +  BC         \+BC    b        \-o/IBC        .^.y 

2(1 +p)     a^2(l  +  f)        2(1 +P)     b  (1+f)  , 

a  b  c 

' ABC'-^  +  ABC'—.     But  this  expression,  in- 

dependent  of  the  common  multiple  s,  may  be  reduced 

^    2-p(J+B-2JBC)  +  AC+BC        jr,  ,    1  r{AB-JlC)L 
to  --. 2(1 +>y— ^^+5^L""(T+7)~" 

,  A^  2b\_    (l  +  f)  ,      ,  J  ^  '    ^    1 

and  which,  for  the  sake  of  a  more  convenient  re- 
ference, I  shall  denote  by  ID* 


§  284.  Now,  since  only  part  of  the  several  collateral 
series  above  mentioned  (and  which  series  are  repre- 
sented by  the  quantities  here  given)  is  to  be  continued 
to  the  utmost  extent  of  human  life,  and  as  that  part 
will  depend  on  the  seniority  of  the  lives  concerned ;  it 
will  be  necessary  to  divide  the  subsequent  investigation 
of  the  problem  into  three  distinct  cases,  according  to 
the  seniority  of  the  three  lives.  For,  in  each  case 
those  several  collateral  series  must  be  continued  only 
during  the  existence  of  the  oldest  of  such  lives :  be- 
cause, after  that  period,  we  may  obtain  a  more  correct 
value  of  all  the  subsequent  expectations,  by  means  of 
the  first  Lemma  in  the  fifth  chapter. 
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§  285.  Case  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  all  those  collateral  series  in  which 
the  life  A  is  involved  must  of  course  be  continued  to 
the  utmost  extent  of  human  life:  but  all  those  series 
in  which  the  life  A  is  not  involved  must  be  conti- 
nued for  71  terms  only.     Consequently,  the  quantities 

— — -^,  —- — ,-,  and  -r, -'-J-  will  respectively  be- 

2(i+f)'   2(1+?)'  2(1  +  ?)     ^  f  y 

r  i-cB  i  —  pB     /3.,   ,    .-«-!     ri+BC 

^"'"^  L  2(iTF)  -  icT+i) -(' +e)    J'  buTS)  - 

l  +  BC  (3-/  ,-n-t        ,   rl  +  ic    i,        l  +  kc  _ 

^+»-^(»  +  e)    J  =""1  L WT0-f - -2(1+7)  ^ 

;(M"f)~"  I  •*  whence,  the  sum  of  the  first  n  terms 


^7 


*  See  the  method  of  proceeding  in  these  cases  explained  in 
Prob.  XXII,  cor,  2,  and  Prob.  XXVII,  cor.  4.  I  shall,  however, 
here  take  the  opportunity  of  noticing  an  error  on  this  subject,  into 
which  Mr.  Morgan  has  inadvertently  fallen  3  and  which  pervades 
the  two  papers  inserted  by  him  in  the  84th  and  pOth  volumes  of 
the  Philosophical  Transactions.  In  pointing  out  the  method  of 
finding  the  value  of  the  first  n  terms  of  the  several  series  above 
alluded  to,  in  which  (he  oldest  life  is  not  involved,  he  directs  us 
to  convert  the  quantities,  expressing  the  value  of  annuities  on  the 
tvhole  life,  into  similar  expressions  for  the  given  term.  This  how- 
ever is  certainly  incorrect :  for,  it  is  not  the  annuities  on  those 
lives  which  are  to  be  continued  for  71  years,  but  the  series  from 
which  those  annuities  arise}  and  which  will  in  most  cases  make 
the  value  of  the  annuities,  resulting  therefrom,  equal  to  a  term  of 
n—l  years  only. 

Thus,  in  the  investigation  of  the  present  problem  in  the  Philoso- 
phical Transactions  (for  1800,  part  I,  page  25)*he  says  that,  when 
J3  is  the  oldest  of  the  three  lives,  the  annuity  on  the  joint  lives 
AC  must  be  continued  for  x  years:  whereas  it  should  be  continued 

S 
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of  the  several  collateral  series  above  mentioned  (that 
is,  the  sum  of  all  the  expectations  for  the  first  n  years) 

will  become  equal  to  s  multiplied  into  ID  —    ~J    ,  X 

4('+e)-"-^-4fo+er"+^x 

But,  after  the  decease  of  A,  the  expectations,  arising 
from  the  several  contingencies  on  which  the  sum  de- 
pends, may  be  more  correctly  expressed  for  all  the  sub* 
sequent  years  by  means  of  the  first  Lemma  in  Chap- 
ter V.  For,  since  the  chance  of  receiving  the  sum  at  the 
end  of  any  one  of  those  years  depends  on  B's  dying 

for  x—l  years  only;  as  will  readily  appear,  by  attending  to  the 
steps  of  the  process.  The  annuity  on  the  life  A,  he  also  says, 
should  be  continued  for  x  years  :  whereas  neither  x  nor  x — 1  will 
give  the  correct  value  in  his  formula ;  for,  the  true  value  which 

ought  to  be  there  substituted  for  A  is  A'  -1 x  — ^.  As  this 

r  ~  1         ar" 

error  runs   through  the  ichole  of  the  investigations  inserted  by 
Mr.  Morgan  in  the  two  papers  above  mentioned,  I  have  thought  it ' 
necessary  to  advert  to  it  in  this  place,  in  order  to  explain  any  dif- 
ference which  might  be  observed  between  his  formiilae  and  those 
which  are  here  given. 

I  cannot  dismiss  this  subject  without  censuring  the  careless 
manner  in  which  Mr.  Morgan's  papers  in  the  Philosophical  Trans- 
actions have  been  printed.  Were  a  proof  of  this  charge  required, 
I  could  not  give  a  more  convincing  one  than  the  two  formulse  rn 
the  page  above  referred  to,  and  which  are  too  erroneous  to  be  of 
any  public  utility.  1  at  first  imagined  tliat  these  mistakes  might 
be  errors  of  the  press;  but,  when  I  observe  them  faithfully  copied 
into  the  last  edition  of  Dr.  Price's  treatise,  I  can  be  at  no  loss  in 
attributing  them  to  their  proper  source- 
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in  the  year,  and  on  A  having  died  before  C  in  either 
of  the  preceding  years  (the  probability  of  which  latter 
contingency  is,  by  the  Lemma,  denoted  bj  ro  * )  it 
follows  that  the  sum  of  the  expectations  for  those 
years,  continued  to  the  utmost  extent  of  human  life, 

will  be  equal  to  ^.tjr  X  1  — ^~^    ;  H ^-^-  -z  + 

-\-  he    :  an  expression  which,  by  Problem 


*  Mr.  Morgan  has  given  two  separate  tables  for  determining 
the  probabilities  of  survivorship  between  two  lives:  the  first 
(which  is  inserted  in  Phil.  Trans,  for  1788,  page  537)  shows 
the  probability  of  one  life  dying  before  another;  and  the  second 
(which  is  inserted  in  Phil.  Trans,  for  1/94,  page  220)  shows  thes 
probability  of  one  life  dying  after  the  other.  They  are  both  given 
in  the  last  edition  of  Dr.  Price's  Obs.  on  Rev.  Pay.  vol.  1,  page 
406,  &c. 

These  tables  are  deduced  from  the  principles  laid  down  in  the 
first  and  second  Lemma  in  the  fifth  Chapter  of  the  presetit  work. 
TliQ  first  table,  here  alluded  to,  will  occasionally  be  found  useful 
in  determining  the  values  of  ts  and  f,  which  are  frequently  intro- 
iaced  in  the  ensuing  problems.  But  as  that  table  is  very  limited 
in  its  extent,  I  have  (in  the  note  in  page  1 14)  laid  down  a  method 
of  approximating  to  those  probabilities j  which  in  most  probable 
cases  will  be  found  sufficiently  correct. 

Mr.  Morgan  might  have  saved  himself  the  trouble  of  calculating 
the  second  table  above  alluded  to ;  since  its  application  to  any 
practical  cases  may  always  be  avoided  :  and  moreover-  the  values 
in  that  table  are,  in  my  opinion,  incorrectly  deduced.  It  is  cer- 
tain that  the  solottons  to  the  ensuing  problems  may  be  more  simply 
expressed  by  referring  only  to  the  first  table ;  as  any  person  will 
readily  discover  by  comparing  the  formulae  in  the  present  work 
with  those  given  by  Mr.  Morgan.  See  whar  has  been  already  ob- 
served on  this  subject  in  the  note  in  page  118. 
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2:XII,  cor.  1,  is  equal  to  s.z^  X  ^(J^j'^C^-^O"'''* 
Consequently  this  value,  added  to  the  sum  of  the 
first  71  terms  of  the  several  collateral  series  above 
mentioned,  will  express  the  total  present  value  of 
the  given  sum  in  this  case  required ;  and  which 
will  be  found  equal  to   s  multiplied  into 


B- 


i(i+f)"+i 


§  286.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  all  those  collateral  series  in  which 
the  life  B  is  involved  must  be  continued  to  the  utmost 
extent  of  human  Hfe :  but  all  those  series  in  which  the 
life  B  is  not  involved  must  be  continued  for  n  terms 

only.     Consequently,  the  quantities  ^(~-y  2(r+7)' 
and  —rTr\"~    ^'^^^    respectively    become   equal    to 

2(1+?)        2(1+^)'  c^    '^^^        J'L2(l+f)        2(l+f)  ^ 

'I  II 

whence,  the  sum  of  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to  s 

„,.ltipUed  into  ©  -  IpCf^.^C.+j)-"-  i±^;x 

But  after  the  decease  of  B,  the  expectations,  arising 
*  See  the  note  in  page  H/. 
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from  the  several  contingencies  on  which  the  sum  de- 
pends, may  be  more  correctly  expressed  for  all  the 
subsequent  years  by  means  of  the  first  Lemma  in 
Chapter  V.  For,  since  the  chance  of  receiving  the 
sum  at  the  end  of  any  one  of  those  years  depends 
on  A's  dying  in  the  year,  and  on  B  having  died  before 
C  in  either  of  the  preceding  years  ( the  probability  of 
which  latter  contingency  is,  by  the  Lemma,  denoted 
by  (p)  it  follows,  from  what  has  been  said  in  the  last 
case,  that  the  ^um  of  all  the  expectations  for  those 
years,  continued  to  the  utmost  extent  of  human  life, 
will  be  equal  to  s.(p  X  ~°  X  — (l+f)"".  Con- 
sequently this  value,  added  to  the  sum  of  the  first  n 
terms  of  the  several  collateral  series  above  mentioned, 
will  express  the  total  present  value  of  the  given  sum 
in  this  case  required ;  and  which  will  be  found  equal 
to  s  multiplied  into 


§  287.  Case  ^.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  all  those  collateral  series  in  which 
the  life  C  is  involved  must  be  continued  to  the  utmost 
extent  of  human  life  :  but  all  those  series  in  which  the 
life  C  is  not  involved  must  be  continued  for  ??  terms 
only.*     Consequently  the  quantities  :rr7~j—\;  'jJ^  '~\^ 

*  Mr.  Morgan^  in  his  Investigation  of  these  several  cases,  has 
fcjlowed  his  general  practice  of  changing  the  symbols  in  the  lust 
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j^B,  ~ — ,  and ■  •  —  will  respectively  become 

'2(l-»-p)    a*  2(l+f)    b  ^  ^ 

equal  .0  |_^(^^-1-  -  ^-.^(1  +  .)     J,  [.3^^  _ 


_l+^.^^f(14.p)^"l:  whence,   the   sum  of   the 

first  n  terms  of  the  several  collateral  series  above  men- 
tioned   will   be   equal   to    s   multiplied    into    ]D  — 

-;,  ( 1  +  f )     -  2(r+-f7- «« ^ '  +  e)     -  5(  1 +7)  x 

casCj  and  of  introducing  another  formula  for  the  solution  thJRf. 
But  these  new  formulae  will  always  be  found  to  be  the  same  as 
those  which  he  ha^  before  inserted,  disguised,  under  different  cha- 
racters. They  arise  frqm  the  different  modes  of  summing  up  the 
sa7ne  series :  agreeably  to  what  1  have  before  remarked  in  the  notes 
in  page  186  and  210. 

In  the  notation  adopted  by  Mr.  Morgan  the  similarity  of  the 
two  formul.Te  is  not  immediately  recognized  :  arid  it  is  possible 
that  he  himself  was  not  aware  of  it.  Yet  it  is  singular  that  he 
should  ever  have  thought  it  necessary  or  useful  to  recur  to  another 
expression  for  the  value  of  the  different  series,  when  he  had  al- 
ready obtained  a  formula  for  that  pvirpose,  which  (I  presume)  he 
must  well  know  was  a  general  one.  This  remark  extends  to  most 
of  the  subsequent  problems  in  the  present  chapter:  and  will  show 
that,  by  such  acts  of  supererogation,  he  has  rendered  the  subject 
pnnecessarily  tedious  and  confused.  See  the  note  to  the  first  cose 
pf  Prob.  XLV. 
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But  afLcr  the  decease  of  C,  the  chance  of  receiving 
the  given  sum  at  the  end  of  any  subsequent  year  will 
depend  on  the  happening  of  either  of  three  events : 
1°  that  either*  A  or  B  dies  in  the  year :  2°  that  only 
A  dies  in  the  year^  B  having  died  before  C  in  either 
of  the  preceding  years:  3°  that  only  B  dies  in  the 
year,  A  having  died  before  C  in  either  of  the  prece- 
ding years.  The  sum  of  all  the  expectations  of  receiv- 
ing the  given  sum  on  the  first  contingency,  for  every 
subsequent  year  to  the  utmost  extent  of  human  life, 

is,  by  Prob.  XXII,  cor.  1,  equal  to  ^  X  -~ — -  X 

■~t(^~i~?)  ">t  and  the  sum  of  all  the  expectations 
on  the  other  two  contingencies  is,  as  in  the  two  pre- 
ceding cases,  equal  to  s.(p  X  -, — ^---(1+^)"^^  + 
s.-so  X  ,  '  .  •-T-(l-t-^)~".  Consequently,  these  va- 
lues, added  to  the  sum  of  the  first  n  terms  of  the  se- 
veral collateral  series  above  mentioned,  will  express  the 
total  present  value  of  the  given  sum  in  this  case  required  j 
and  which  will  be  found  equal  to  s  multiplied  into 

-jj^_  (i-f)><(l-f^Oa~|:[(l  +^'^')a--(i  +^'50a] 

*  Mr.  Morgan  says  (Phil.  Trans,  for  ISOO,  page  26)  that  this 
chance  depends  on  both  the  lives  becoming  extinct  within  the 
year  j  which  is  evidently  erroneous. 

f  See  the  note  in  page  14/. 
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COROLLARY. 

§  288.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  ]D)  vanish  entirely;  and  the  general 
expression  for  this  case  will  become    equal  to  5  X 

(l+i)  * 

SCHOLIUM. 

§  289.  As  the  expressionvS,  deduced  from  the  me- 
thod of  investigation  pursued  in  these  three  c?.ses,  will 
be  frequently  referred  to  in  the  subsequent  problems, 
it  will  be  convenient  to  denote  them  by  a  more  simple 
character.     Let  us  therefore  make 

(i_^).(i_^5°)/3  +  T];-[(i  +  £C")/3-(i+ir)/3] 

y  =  Ti^iv^' 

Then  will  the  present  value  of  the  given  sum  de-? 
pending  on  the  contingency  mentioned  in  this  problen^ 
be  respectively  expressed  by  these  several  formulsj 

,[]D)~3/-z]; 
according  as  A,  B,  or  C  is  the  oldest  of  the  three  lives. 


X 
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PROBLEM  XL.* 

§  290.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  them  be  the  ^rst  or  last  that  fails  of  three 
^iven  lives  A,  B,  C. 

SOLUTION. 

The  payment  of  the  given  sum  at  the  end  of  the 
first  year  will  depend  on  the  happening  of  either  of 
six  different  events:  1°  that  all  the  lives  fail  in  the 
year  :  2°  that  A  and  B  fail  in  the  year,  and  that 
C  lives  to  the  end  of  it :  3°  that  A  and  C  fail  in  the 
year,  A  having  died  first,  and  that  B  lives  to  the  end 
of  it :  4°  that  B  and  C  fail  in  the  year,  B  having  died 
first,  and  that  A  lives  to  the  end  of  it :  5°  that  only 
A  dies  in  the  year,  and  that  both  B  and  C  live  to  the 
end  of  it :  6°  that  only  B  dies  in  the  year,  and  that 
both  A  and  C  live  to  the  end  of  it.  The  probabilities 
of  the  happening  of  these  several  events  in  the  first 

.     ,      (a  —  a).(L—l>).(c—c)     (a—a).{l  —  l)c 

year  are  resoectively  ^^: ^-^ ^^ ,  ^ , —^ 

■'  ^  •'  aic  abc  ' 

'  /    »  /  II  111  lit 

(a—a).(c—c)h      (h  —  b).(c—c)a      (a—a)hc  ,     (b  —  b)ac^ 

2alc  '  2alc  '  abc  abc 

which  being  added  together  and  multiplied  by  ^(1  +f)~*, 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

*  Phil.  Trans,  for  ISQp,  Prob.  3,  page  28. 
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But,  In  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
nine  different  events:  viz,  in  addition  to  the  six  just 
enumerated,  7°  that  A  and  B  die  in  the  year,  C  hav- 
ing failed  in  either  of  the  preceding  years:  8^  that 
only  A  fails  in  ihe  year,  and  that  B  and  C  both  fail  irt 
either  of  the  precediu,^  years,  C  having  died  first :  9° 
that  only  B  fails  in  the  year,  and  that  A  and  C  both 
fail  in  either  of  the  preceding  years,  C  having  died 
first.  The  probabilities  of  the  happening  of  these 
several    events   in   the    second   year   are  respectively 

?        V      »       n       I       II  I       II      I       II  II  i       II       I      II  II 

(a  —  u)-:{b  —  l<).(c  —  c)         {a  —  a).{h—  L)c        {a—a).{c—  c)b 


a'>c  '  ahc  ^  lahc 

f     II       I     II    II        I      II    II  II        •       II  II II       I      n      I     II  I 

(l  —  b).{c—c)a     (a—a)bc     {b—l)ac    {a  —  a).{b  —  l)/  c\ 

lafc         '         ahc      '        a^c       '  ab  ^  c  '^ 

which, being  added  together  and  multiplied  by  ^(1  +^r'j 
will  give  the  expectation  of  receivings  the  sum  at  the 
end  of  the  second  year.  In  like  manner,  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subsequent  year:  and,  if  these  several 
annual  expectations  be  reduced  to  their  lowest  terms, 
and  arranged  under  each  other,  they  will  form  sixteen 
collateral  series;  the  sum  of  which,  continued  to  the 
utmost  extent  of  human  life,  would  be  equal  to  ^  mul- 

tiplied  mto  -— — T-  4- —^-\-AB -, 

^  2(l+f)     ^   2(l  +  f)    ^  2(l  +  f)      a 

l  +  JB      h  l+JC     ,     l+Jc    a  l  +  BC     , 


2(1+1=)     2b  2(1 +  f)     '     2(1 +f)     a  2(1 -ff) 
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l+A^.l.  +  IrJd^  -|.  ^BC.-^  +  ABC,  - 

c 
ABC.—',  an  expression  which,  independent  of  the 

common  multiple  s,  may  be  rediiced  to  the  formula 

2-'^{A^-B+2ABC)-AC-BC         ,p         1  VjAB—AOa 
2(l  +  fr~  ^"^^  2^L      (H-?) 

and  which,  for  the  sake  of  a  more  convenient  reference 
I  shall  denote  by  ]E» 


§  291.  Case  1.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  ii  terms  of  the 
several  collateral  series  above  mentioned  will,  by  pursu- 
ing the  same  steps  as  in  the  first  case  of  the  preceding 

problem,    be   equal  to  IE— ~p-^.     (^l_j_^)~" -|_ 

the  decease  of  A,  however,  the  expectations  arising 
from  these  contingencies  may  be  more  correctly  ex- 
pressed for  all  the  subsequent  years  by  means  of  the 
second  Lemma  in  the  fifth  chapter:  for,  since  the 
chance  of  receiving  the  sum  at  the  end  of  any  one  of 
those  years  depends  on  B's  dying  in  the  year  and  on 
A  having  died  after  C  in  either  of  the  preceding  years 
( the  probability  of  which  latter  contingency  is,  by  the 
Lemma,  denoted  by  1 — -sr),  we  shall  find  that  the 
pufii  of  the  expectations  for  those  years,  continued  to 
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the  utmost  extent  of  human  life,  will  be  equal  to 
5.(1— ^)X  7Y^y-|-(H-e)~""  Consequently  this 
value,  added  to  the  sum  of  the  first  rz  terms  of  the 
several  collateral  series  above  mentioned,  will  make  the 
total  present  value  of  the  given  sum  to  be  equal  to 

§  292.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will,  by 
pursuing  the  same  steps  as  in  the  second  case  to  the 

preceding  problen-j,  be  now  equal  to  iL  —  ^tt^  r  ^ 

I 

~f  l+p)~  •     After  the  decease  of  B,  however,  the 

expectation  arising  from  these  contingencies  may  be 
more  correctly  expressed  for  all  the  subsequent  years 
by  means  of  the  Lemma  above  mentioned :  for,  since 
the  chance  of  receiving  the  sum  at  the  end  of  any  one 
of  those  years  depends  on  A's  dying  in  the  year,  and 
on  B  having  died  after  C  in  either  of  the  preceding 
years,  (the  probability  of  which  is,  by  the  Lenmia,  de- 
noted by  1  —  (p)  we  shall  find  that  the  sum  of  the  ex- 
pectations for  those  years,  continued  to  the  utmost 
extent  of  human  life,  will  be  equal  to  ^.(1 — <p)X 

T--^— 7-"(l-f  ^)    "•     Consequently,  this  value  added 
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to  the  sum  of  the  first  n  terms  as  above  found,  will 
express  the  total  present  value  of  the  given  sum 
in  this  case  required.  Whence,  such  present  value 
will  be  equal  to  ^    IE  +  -^  I  • 

§  293.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned,  will, 
(agreeably  to  the  method  pursued  in  the  third  case 
to  the  preceding  problem)  be  equal  to  IE  —  ^TTin  X 

v(i+e)-"-^(=if;4c+e)-"-^-^-i(^+er" 

after  the  decease  of  C,  the  expectations  arising  from 

these  contingencies  may  be  more  correctly  expressed 

for  all  the  subsequent  years  by  means  of  the  Lemma 

above  mentioned  :   for,  the  chance  of  receiving  the 

sum  at  the  end  of  any  one  of  those  years  will  depend 

on  the  happening  of  either  of  three  events :   1°  that 

A  and  B  both  fail  in  the  year:  2°  that  A  fails  in  the 

year,  B  having  died  after  C  in  either  of  the  preceding 

years :  3°  that  B  fails  in  the  year,  A  having  died  after 

C  in  either  of  the  preceding  years.     The  probabilities 

of  the  happening  of  these  three  events  in  the  (n-fl)*' 

.     ,    (a-a).(l3-/3)     a.~xf^       ^       ^x* 
year,  arc  respectively -^^ ,  -- 1 1  -"<p--  y ) 

and  -~-— (l— "uT—  ""  y*  which  being  added  together 
*  See  the  Scholium  in  page  121. 
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and  multiplied  by  (l+f)"  will  give  the  expecta- 

tion of  receiving  the  sum  at  the  end  of  the  (n+l)" 
year. 

In  like  manner,    the  probabilities  of  the  happen- 
ing   of  these     events    in   the    (n  -f-  2)"**    year   are 

.     ,          (a— a).(/3  — p)       a  —  Xi^       ^        F\  j 

respectively      5^ ^^—^^    -^(^^^-^  t)     ^^^ 

^^^(l-— OT— --).  which  being  added  together  and 

multiplied  by  (i+^)~  will  give  the  expectation 

of  receiving  the  sum  at  the  end  of  the  (n  -f-  2)"^  year. 
By  the  same  method  of  reasoning  we  may  find  the 
expectation  of  receiving  the  sum  at  the  end  of  the 
(n  +  '^y^  year:  and  so  on  to  the  utmost  extent  of 
human  life ;  the  sum  of  all  which  annual  expectations, 
when  reduced  to  their  lowest  terms,  will  be  found  equal 

to  s  multiplied  into  (1  — ip)  X  ^~^  v-~(l+g)"~"  + 

-|-  A'B'''-^{l+^)'~^:  which,  being  added  to  the  sum 

of  the  first  n  tenns  of  the  several  collateral  series  above 
mentioned,  will  express  the  total  present  value  of  the 
given  sum  in  this  case  required.  Whence,  such  pre- 
sent value  will  be  equal  to^jJE+^-l-zi* 

COROLLARY. 

§  294.      When  all  the   lives   are  equal,    or   of 
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the  sartie  age  A,  the  last  three  quantities  In  the 
formula  denoted  by  JE  vanish  entirely;  and  the 
general  expression   for   this   case  will   become  s  x 

SCHOLIUM. 

§  295.  Since  It  appears  that  the  present  value  of 
the  given  sum,  payable  on  the  contingency  mentioned 
in  this  problem,  added  to  the  present  value  of  the 
same  sum,  payable  on  the  contingency  mentioned  in 
the   precedmg   problem,  are  together  equal  to  ^  X 

—— — r—- :  it  follows  that,  the  value  of  one  of  them 
(i+f) 

being  determined,  the  other  may  be  easily  obtained 
by  subtracting  such  value  from  the  general  expression 
here  given :  provided  the  ages  of  the  lives  are  the 
same  in  both  instances. 


PROBLEM  XLI.* 

§  296.     To  determine  the  present  value  of  a  given 
I  "sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  that  dies   of  three  given  lives  A,  B,  C, 
and  provided  C  dies  before  B.f 

*  Simpson's  Sup.  Prob.  38,  and  Prob,  4,  in  page  74.  Dodson, 
vol.  iii.  Ques.  42  to  47.  Morgan,  Prob.  ISj  and  in  Phil.  Trans. 
for  1789,  page  41. 

I  That  is,  provided  C  dies  first,  and'A  second  of  the  three  lives; 
or,  provided  C  be  then  dead  and  B  living:  but  I  have  thought  it 
best,  for  the  sake  of  uniformity.',  to  preserve  the  mode  of  expres- 
sion adopted  in  the  text. 
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SOLUTION. 

The  chance  of  receiving  the  given  sum  at  the  end 
of  the  first  year  will  depend  on  the  happening  of  eithef 
of  two  events:  1°  that  all  the  lives  fail  in  that  year,  C 
having  died  first  and  A  next :  2°  that  A  and  C  both 
fail  In  that  year  A  having  died  last,  and  that  B  livesrto 
the  end  of  it.     The  probabilities  of  the  happening  of 

^T  ^  ^  .•     1       (a  —  a).(b  —  b).(c—c) 

these  two  events  are  respectively  -^ • , 

and  — — ^j — - — ;  which,  being  added  togethef  and 

multiplied  by  ^(l+c)"'?  will  give  t^e  expectation  of 
receiving  the  sum  at  the  end  of  the  first  year. 

But  the  chance  of  receiving  the  given  sum  at  the 
end  of  the  second  and  following  years  will  depend 
on  the  happening  of  either  of  four  different  events : 
1°  that  all  the  Uves  fail  in  the  year,  C  having  died  first 
and  A  next :  2°  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  that  B  lives  to  the  end  of  it: 
3°  that  both  A  and  B  fail  in  the  year,  A  having  died 
first,  and  that  C  dies  in  either  of  the  preceding  years  : 
4°  that  only  A  dies  in  the  year,  B  living  to  the  end 
of  it,  and  C  having  died  in  either  of  the  preceding 
years.  The  probabilities  of  the  happening  of  these 
several   events  in   the   second   year   are   respectively 

I       II       I      II      I      II         I      n       I       n  II        in       i      i>  i 

{a— a). {I — h).{c—c)     (a—a).{c—c)b     (a—a).(b--l)/  c\ 

6abc  '  2abc         *"  2ab  v    ""7^' 

I      II    II  I 

and  -^-f^  [  1  — -)  *  which  being  added  together  and 
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multiplied  by  s{  1  +(>)"",  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year,  to  the  utmost  extent  of  human  life;  the  sum  of 
all  which  yearly  values  will  be  the  total  present  value 
of  the  given  sum  to  be  received  on  the  above  con- 
tingency. 

These  several  yearly  expectations  being  reduced  to 
their  least  terms,  and  arranged  under  each  other,  will 
form  twelve  collateral  series:  the  sum  of  all  which, 
or  the  present  value  required,  will  be  found  equal   to 


^ 


[.  J"  -  ./i"'^]. 


*  This  problem  is  one  of  frequent  occurrence;  and  is  the  first 
of  that  series  of  problems,  inserted  by  Mr.  Morgan  in  the  Philoso- 
phical Transactions,  for  determining  the  value  of  contingent  re- 
versions where  three  lives  are  involved  in  the  survivorship.  Mr. 
Morgan  has,  in  his  usual  manner,  given  two  formulae  for  the  so- 
lution of  the  problem;  leading  us  thereby  to  imagine  that  the 
value  of  the  given  sum  depends  on  the  seniority  of  the  lives  con- 
cerned. This  however  is  not  ihe  fact :  for,  the  theorem  which 
I  have  given  in  the  text  is  a  general  one  ;  and  will  apply  to  either 
case. 

As  it  may  be  satisfactory  to  the  reader  to  see  the  different  results 
which  are  obtained  from  the  present  inrestigation  and  from  that 
pursued  by  Mr.  Morgan,  I  shall  here  subjoin  his  formulae.  Fmt 
since  the  same  lives  are  not  involved  in  the  same  contingencies,  I 
shall  (in  order  to  prevent  any  misunderstanding  on  this  subject) 
prefix  his  own  statement  of  the  problem. 

"  To  determine  the  value  of  a  given  sum  payable  on  the  contin- 
gency of  C's  surviving  B,  provided  the  life  of  A  shall  be  then  extinct. 

'•  When  either  B  or  C  is  the  oldest  of  the  three  livcs^  the 

T 
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COROLLARY. 


§  297.  When  the  lives  are  all  equal,  or  of  the 
same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob.  XXX)  will  become 

,                     l-o{3AJ-—2AAA)      ,        .  , 

equal  to  .f  X   — ^  fi/TXl ^^'  ^4"^^   ^°  ^^^ 

,       r.      ■  •„,.        o-        «       r/3(FK-AFK) 

Talue  of  the  eiven  sum  will  be  =  S  into  — ;t—  x  I  ; — 

6c        L  i 

(BK-ABK)1+  /   X  (FC-AFC)-'""-  x  (BC-ABC)- 
X  (PC-APC)  +  A  ,  [(BT-ABT)-  !^^^!I>]. 


'"     .w-Dr^       AT^o^    ,       d      ..r.-D-r       ATJ^-^       w(PT-APT)- 

sir 

"  When  A  is  the  oldest  of  the  three  lives,  tlie  value  will  be  =  S 

into  2  -  -  -  X      -^ + -r-  X 

3c         L  a  2  J         6a 

(HC-HBC)-  '"^  X  (AC-ABC)  +    '~  X  (NC-NBC) + 
or  Oar 

d        rAT-ABT      5(NT-NBT)n  „      ,         ^    , 

■ —  X  I 1 — r-     where  2  denotes  the 

3cr       L  2  ^  a  J 

same  as  B  in  the  notation  used  in  the  present  treatise,  and  the 
other  characters  the  same  as  already  explained  in  the  notes  in  page 
215  and  221. 

These  formulae  are  taken  from  the  last  edition  of  Dr.  Price's 
Ols.  on  Rev.  Pay.  vol.  1,  page  392  :  the  gross  and  careless  errors 
therein  being  first  corrected.  It  is  hardly  necessary  to  remark 
(after  the  repeated  observations  tliat  I  have  made  of  a  similar  kind) 
that  all  those  expressions  in  the  seccind  formula,  and  some  of  those 
in  the  first,  which  involve  two  joint  live:?  are  totally  useless  :  since 
they  might  be  made  to  vanish,  in  the  manner  pointed  out  in  page 
216.  They  consequently  now  only  tend  to  make  the  arithmetical 
solution  unnecessarily  tedious  and  confiised :  and  the  reader  per- 
haps may  be  surprised  to  learn  that  these  two  formulee  are  precisely 
the  same,  disguised  under  different  symbols ! ! ! 
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sixth  of  the  present  value  of  the  given  sum  payable 
on  the  extinction  of  any  two  out  of  the  three  given 
lives. 


PROBLEM  XLII.* 

§  298.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A ;  provided  he  be  the 
last  that  dies  of  three  given  lives  A,  B,  C,  and  pro- 
vided C  dies  before  B.f 

SOLUTION. 

The  given  sum  cannot  be  received  at  the  end  of  the 
first  year  unless  all  the  three  lives  fail  in  that  year, 
and  in  the  order  above  mentioned;  the  probability  of 

which  is  - — °   Y  /      —    i  which  being  multiplied  by 

A-(  1 +  (^)~',  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given  sura 
may  be  received  on  the  happening  of  either  of  three 
different  events :  l°that  all  the  lives  fail  in  the  year, 
in  the  order  above  mentioned:  2°  that  A  and  B  both 
fail  in  the  year,  A  having  died  last,  and  C  having 
failed  in  either  of  the  preceding  years:  3°  that  only 

*  Morgan,  Prob.  20;  and  in  Phil.  Trans,  for  1794,  Prob.  6, 
page  253. 

f  That  is^  provided  C  dies  first,  B  next,  and  A  last. 
T  2 
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A  dies  in  the  year,  and  that  both  B  and  C  fail  in 
either  of  the  preceding  years^  C  having  died  first. 
The  probabilities  of  the  happening  of  these  several  events 

,  ,  .     ,      (a—a).(l  —  l).{c—c) 

m  the  second  year,  are  respectively g -7 , 

(ill°)4zi5Ll(i_.A),    and   «Il-^(i~|).(i_l]: 

2ab  ^  c  r  2a   ^  b  J    ^  c  1 

which, being  added  together  and  multiplied  by  5(1  +f)~^ 
will  give  the  expt.v,tation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subs^^quent  year  during  the  continuance 
of  the  oldest  of  the  given  lives:  and,  if  these  several 
annual  expectations  be  reduced  to  their  lowest  terms 
and  arranged  under  each  other,  they  will  form  four- 
teen collateral  series;  the  first  n  terms  of  which  will 
vary  according  to  the  seniority  of  the  lives  concerned. 

§  299.     Case  1.     Let  A  be  the  oldest  of  the  three 

lives.     In  this  case  the  several  series  here  alluded  to 

must  be  continued  to  the  utmost  extent  of  human  life^ 

because  the  life  A  is  involved  in  each  collateral  series. 

Therefore  the  value  of  such  series  will  be  equal  to  s 

,  .  ,.    ,  .          i  —  oA    ,    AB  .r,  f        \-\-AC    , 

multiplied  mto  — ^  .^  +  -^ ^B.^^  -  ^^^^  + 

l+JiC    a      .     1-^ABC  __    1+^BC   a^  .^^  ^ 

Itd^Jr  +  ^Bcl^yp^S^JBC.l-:   an 

3(1  +  0)     b      *         I       6b        6il  +  §)     c  ,    3c 

expression  which,  independent  of  the  common  multiple 
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s,  may  be  reduced  to  — ^^-^ — ~ -~ [ — ^—  + 

ABC.  2c  ;  and  which  I  shall  denote  by  IF.  There- 
fore when  A  Is  the  oldest  of  the  three  lives,  the  pre- 
sent value  of  the  given  sum  will  be  represented  by 

§  300.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will  be 

found  e<iualtoF-^^.^(l+e)-"+'^X 

^y (1  +  )-" _  L+^J^.i21(i  +„)-".     But,  after  the 

extinction  of  the  life  of  B,  the  sum  of  the  expectations 
for  all  the  subsequent  years  may  be  more  correctly 
expressed  as  in  the   second  case  of  Prob.  XL,   by 

s.il-d))  X  ^^=^'-(l+p)""".      Therefore  if  this 

value  be  added  to  the  sum  of  the  first  n  terms  of  the 
several  series  just  found,  it  will  make  the  total  present 
value  of  the  given  sum,  when  B  is  the  oldest  of  the 
three  lives,  equal  to  ^riF  +  .a?   . 

§  301.     Case  3.     Let  C  be  the  oldest  of  the  three 
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lives.  In  this  case  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  alluded  to  will  be  found 

n  ^ 

'^P  —72 

-f  ^'B'',~-j(l-\-^)      .     But,  after  the  extinction  of 

the  life  of  C,  the  chance  of  receiving  the  given  sum 
at  the  end  of  any  one  year  will  depend  on  the  happen- 
ing of  two  events  only:  1°  that  A  and  B  both  fail  in 
the  year,  A  having  died  last:  2°  that  only  A  fails 
in  the  year,  B  having  died  after  C  in  either  of  the 
preceding  years:  the  probabilities  of  the  happening 
of  these  events  in  the  (w-j-l)^'^  year  are  respectively 

tA^-zh^nd  ^V-?-  t)'  -=^'*  being  mul- 

—  y?    I.  1 

tiplied  by  (l-{-^)  will  give  the  expectation  of 

receiving  the  sum  at  the  end  of  the  ()2+ 1)^*^  year.  In 
like  manner  we  might  proceed  to  find  the  expectations 
of  receiving  the  given  sum  for  very  subsequent  year  to 
the  utmost  extent  of  human  life:  and  the  sum  of 
all  those  expectations  will  be  found  equal  to  s  multi- 

phed  mto  (1-.^)  X  (-r+l)- a  (^+e)        -  2iT^)X 

(14-^)    ''-^-'5'.-^^(l+^)~".      Consequently   this 

value,  added  to  the  sum  of  the  first  ?i  terms  of  the 
several  collateral  series  above  mentioned,  will  express 
the  total  present  value  of  the  given  sum,  in  this  case 
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required.     Whence,  such  present  value  will  be  equal 
to  ^[F  +  zT* 

COROLLARY. 

§  302.  When  the  three  lives  are  equal,  or  all 
of  the  same  age  A,  the  last  three  quantities  in 
the  formulse  denoted  by  JF  vanish  altogether,  and  the 
general   expression   in    this   case    will    become   s    X 

— ^^ — r :  that  is,  equal  to  one  sixth  or 

the  present  value  of  the  given  sum,  payable  on  the  ex- 
tinction of  the  longest' of  the  tiiree  lives. 

PROBLEM  XLIII.t 

§   303.     To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
^7st  or  second  that  fails  of  three  given  lives  A,  B,  C  ; 
and  provided  C,  in  the  latter  case,  dies  before  B. 

*  Ml'.  Morgan  has  divided  this  problem  (I  know  not  for  what 
reason)  into  four  distinct  cases:  and  in  his  investigations  of  the'e 
cases  he  has  fallen  into  the  same  errors  and  absurdities  that  I  have 
so  frequently  noticed  in  the  preceding  pages.  But  as  it  is  not  my 
wish  to  swell  the  present  work  with  those  disgusting  repetitions  j 
and  as  the  remarks,  wiiicli  I  have  already  made,  apply  with  nearly 
equal  propriety  to  all  Mr.  Morgan's  problems,  1  shall  not  here 
enter  more  into  detail.  It  may  however  be  useful  periiaps  for 
Mr.  Morgan  to  know  (hat  it  is  impossihle  that  L  for  the  va  ue  of 
an  annuity  on  the  longest  of  the  three  lives)  can  properly  arise  in 
any  of  his  p.  oblems,  unless  those  lives  are  equal. 

t  Phil.  Trans,  for  1800,  Prob.  4,  page  32. 
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SOLUTION. 

The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happening  of  either  of  four 
different  events :  1°  that  all  the  lives  fail  in  the  year, 
A  having  died  first,  or  C  having  died  first  and  A  se- 
cond :  2°  that  A  and  B  fail  in  the  year,  A  having 
died  first,  and  that  C  lives  to  the  end  of  it :  8°  that 
A  and  C  die  in  the  year,  and  that  B  lives  to  the  end  of 
it :  4°  that  only  A  dies  in  the  year,  and  that  B  and  C 
both  live  to  the  end  of  it.  The  probabilities  of  the 
happening    of  these    several    events    are    respectively 

(a  —  a).(b—l).(c-c)      {a—a).{h-h)c     {a—a).{c  —  c)h  , 

laic  '  2ahc  '  abc  ' 

- — Y — :  which,  being  added  together  and  multiplied 
by  5(1+^)"',  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
six  different  events;  viz.  in  addition  to  the  four  already 
enumerated,  5°  that  A  and  B  fail  in  the  year,  A  hav- 
ing died  first,  and  that  C  dies  in  either  of  the  pre- 
ceding years :  6°  that  only  A  dies  in  the  year,  B  liv- 
ing to  the  end  of  it,  and  C  having  died  in  either  of 
the  preceding  years.  The  probabilities  of  the  hap- 
pening  of  these   six    different    events  in   the  second 

I       I,        >       It        I       n  I       I!        I       II  II 

year  are  respectively  ^^ ^ — —^ -, ; —^ 

■>  '^  '  labc  'labc  ' 

(      //        inn  I       II    I!  II  I      II       I      II  I 

ia-^a).{c—c)b  (a—a)bc       {a  —  a).{b  —  b}.f  Cx  , 

abc  ^  abc      *  2ab  V  <;  /' 
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"  '' 


^^  "' — ( 1 ) :  which  being  added  together,  and  mul- 
tiplied by  ^(l+^)~",  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  And  so  for  every 
subsequent  year  to  the  utmost  extent  of  human  life:  the 
sum  of  all  which  values  will  be  the  total  present  value 
of  the  sum  required :  and  which  will  be  found  equal 
to  -5  X  "^  J  or  to  the  present  value  of  the  given  sum 
payable  on  the  decease  of  A  provided  he  be  the  first 
that  dies  of  the  two  lives  A,  B ;  as  found  by  Prob. 
XX VII.  The  truth  of  which  is  evident:  for,  the 
payment  of  the  given  sum  can  be  prevented  only  by 
the  event  of  B  dying  before  A.* 

PROBLEM  XLIV.f 

§  304.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  or  third  that  fails  of  three  given  lives  A, 
B,  C  ;  and  provided  C  dies  before  B, 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
jfirst  year,  on  the  happening  of  either  of  two  events: 
J°  that  all  the  lives  become  extinct  in  that  year,  C 

*  It  may  be  here  useful  to  remark  that  the  present  value  found 
by  this  problem  is  equal  to  the  sum  of  the  two  values  found  by 
Prob.  XXIX  and  XLI :  and  tlieir  agreement  in  this  particular  cou^ 
^rms  the  accuracy  of  the  investigation. 

f  Phil.  Trans,  for  1800,  Prob.  5,  page  33. 
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having  died  first :  2°  that  A  and  C  both  fail  in  that 
year,  C  having  died  firsts  and  that  B  lives  to  the  end  of 
it.  The  probabilities  of  the  happening  of  these  events 
are  respectively  (."-^Ul-'l'Uc-c^^  ^„j  (^-^-i)i. 

which, being  added  together  and  multiplied  by  ^(l-f-p)~*» 
will  give  the  expectation  of  receiving  the  sum  at  the  end 
of  the  first  year. 

But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of  five 
different  events:  1°  that  all  the  lives  fail  in  the  year, 
C  having  died  first:  2°  that  A  and  C  both  fail  in  the' 
year,  C  having  died  first,  and  that  B  live§  to  the  end 
of  it :  3°  that  A  and  B  both  die  in  the  year,  C  having 
died  in  either  of  the  preceding  years:  4°  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and 
C  having  died  in  either  of  the  preceding  years :  5'^ 
that  only  A  fails  in  the  year,  and  that  B  and  C  both 
Jail  in  either  of  the  preceding  years^  C  having  died 
first.  The  probabilities  of  the  happening  of  these 
several .  events   in    the  second   year   are   respectively 

f      II       I     II        I       "        t      It       I      II    n       I       11       I       II  ) 

(a—a).{l}—b).(c—c)    (a  —  a).(c—c)b     {a  —  a).{b  —  l)  t c  > 

3aic         ~    '  2ahc  '  ab  ^  c  ), 

(lH^h^i),  and ^^fl-i-).(l-l):  which, 

ab       ^  c  '  2a      ^  U  '    ^  c  ' 

being  added  together  and  multiplied  by  '?(l-f-f)~\ 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of 
the   third  and  every  succeeding  year :  and  if  these 


Pr.  4;4f.  ON  CONTINGENT  ASSURANCES.  283 

several  annual  expectations  be  reduced  to  their  lowest 
terms  and  arranged  under  each  other,  they  will  form 
fourteen  collateral  series;  the  sum  of  the  first  n  terms 
.of  which  will  vary  according  to  the  seniority  of  the 
lives  concerned. 


§  305.  Case  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  terms  of  the  several  series  here 
alluded  to  must  be  continued  to  the  utmost  extent  of 
human  life,  because  the  life  of  A  is  involved  in  each 
collateral  series:  therefore  the  sum  of  it  will  be  equal 
l-fyf         ]  -\-JB         1+Jb     a 


to  s  multiplied  into 


2(1 +r,)      '    2(1 +  f)  2(H-f)     a 


l  +  ^C     .      1  +  aC    a   __   \  —  cABC     .      \+ABC      a 


2(1+^)    '     2(i4-f)    a  6(l+f)  6(i+f)      a 


ABC.--',   an   expression  which,  independent  of  the 
common   multiple    6-,    may    be   reduced,  as   in   the 

r  2-o(3A-JBC)+3AB-3ylC     ,       1 

former  cases,   to 0(TT^ +  1^  X 

-f  yinc.2b]  -  f  [^^-P^  +  JBC.c 
I       /J       oc  L     (i+f)  /  ' 

which  I  shall  denote  by  0»     Therefore,  when  A  is 

the  oldest  life,  the  required  value  wijl  be  represented 

by  5  X  Gr, 


and 
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§  306.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series   above  mentioned  will  be   equal   to 

-^^^^— v-'-^Cl  +  p)    ".     But  after  the  decease  of  B  the 

expectations  for  all  the  subsequent  years  may  be  more 
correctly  expressed  by  means  of  the  first  Lemma  in 
the  fifth  Chapter:  for,  since  the  chance  of  receiving 
the  sum  at  the  end  of  any  one  of  those  years  depends 
on  A's  failing  in  the  year,  C  having  died  before  B 
in  either  of  the  preceding  years  (the  probability  of 
which  is,  by  the  Lemma  denoted  by  I  — (p)  we  shall 
find  that  the  sum  of  the  expectations  for  those  years 
continued   to  the   utmost  extent  of  human  life,  will 

be  equal  to  5.(  l-(p)x  yrTf)"  v(l+e)~"-  Conse- 
quently, this  value  added  to  the  sum  of  the  first  n 
terms  of  the  series  above  found,  will  express  the  total 
present  value  of  the  given  sum  in  this  case  required : 

and  which  will  be  found  equal  to  .sj  vG"  -J-  -^    • 

§  307.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned    will   be    equal  to 

l+^.-^nJr.y.     But,  after  the  decease  of  C, 
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the  chance  of  receiving  the  given  sum  at  the  end  of 
any  subsequent  year  will  depend  solely  on  the  death 
of  A,  C  having  died  before  B  in  either  of  the  pre- 
ceding years  ;  whence,  the  sura  of  the  expectations 
for  all  the  subsequent  years  will,  as  in  the  preceding 

case,  be  denoted  by  *(  1 — (p)X  ^ (^~i"f) 

Consequently,  this  value,  added  to  the  sum  of  the 
first  n  terms  of  the  series  above  found,  will  repre- 
sent the  total  present  value  of  the  given  sum  in  this 
case   required:  and   which    will   be  found   equal   to 

COROLLARY. 

§  308.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  O  destroy  each  other,  and  the 
general   expression   will   in   this   case   become    -s   X 

PROBLEM  XLV.f 

§  309.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
first  or  last  that  fails  of  three  given  lives  A,  B,  C ; 
and  provided  C,'in  the  latter  case,  dies  before  B. 

■*  It  may  be  here  useful  to  remark  that  the  present  value  found 
by  this  problem  is  equal  to  tlie  sum  of  the  two  values  found  by 
Prob.  XLI  and  XLII :  and  their  agreement  in  this  particular  is  a 
proof  of  the  accuracy  of  the  investigation. 
I     +  Pbil.  Trans,  for  1800,  Prob.  6,  page  37. 
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SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  jthe 
first  year  on  the  happening  of  either  of  four  diiferent 
events:  1°  that  all  the  lives  fail  in  that  year,  A  having 
died  first,  or  C  'having  died  first,  B  second,  and  A 
last :  2°  that  A  and  B  fail  in  that  year,  A  having  died 
first,  and  that  C  lives  to  the  end  of  it :  S°  that  A 
and  C  fail  in  that  year,  A  having  died  first,  and  that 
B  lives  to  the  end  of  it:  4'^  that  only  A  dies  in  that 
year,  and  that  B  and  C  both  live  to  the  end  of  it.  The 
probabilities  of  the  happening  of  these  several  events 

.     ,       (a—a)AIj—l).(c—c)        (a  —  a).(l—l)c 
are    respectively  '  \J  '    -1,     i y^^, 

/  \     \  III 

(a—a).(c—c)h  ,  (a  —  a)lc  ,  .  ,       ,     .  i  i    i 

•^^ --, — —,  and 7 — :  whicn,  being  added  to- 
gether and  multiplied  by  ^(1  +f)~'>  will  give  the  ex- 
pectation of  receiving  the  sum  at  the  end  of  the  first 
year. 

But,  in  the  second  and  follov/ing  years  the  given 
sum  may  be  received  on  the  happening  of  either  of 
six  different  events :  1°  that  all  the  lives  fail  in  the 
year,  A  having  died  first,  or  C  having  died  first,  B 
second,  and  A  last :  2°  that  A  and  B  fail  in  the  year, 
A  having  died  first,  and  that  C  lives  to  the  end  of 
it :  3°  that  A  and  C  fail  in  the  year,  A  having  died 
first,  and  that  B  lives  to  the  end  of  it :  4°  that  only 
A  dies  in  the  year,  and  that  B  and  C  both  live : 
5°  that  A  and  B  both  fail  in  the  year^  A  having  died 
last,  and  C  having  failed  in  either  of  the  preceding 
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years:  6°  that  only  A  fails  in  the  year,  and  that  B  and 
C  both  fail  in  either  of  the  preceding  years^  C  having 
died  first.  The  probabilities  of  the  happening  of  these 
several   events   in   the    second   year   are  respectively 

;//>;/»»  '       //,     /        ",  w  I       II        I      II  II 

(a  —  a).{b  —  b).{c—c)         (a  — «).('  — /)c        (a— a)  .{c  —  c)lf 


labc  '  lahc  '  laic  ' 

»      //    II  II  I       II       I      r  I  I      II  I 

(a-a)I^      (^Z^^Zlf)_(l_  M    ,nd    ^^-(1-4-)  X 
abc     '  2ah         ^  c  >'  2a   '^  b  '   ^ 

(l ):  which,  being  added  together  and  multiplied 

by  -yC'+f)"',  wiJl  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner, we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year, 
during  the  continuance  of  the  oldest  of  the  given  lives: 
and,  if  these  several  annual  expectations  be  reduced 
to  their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  twelve  collateral  series;  the  first  n  terms 
of  which  will  vary  according  to  the  seniority  of  the 
lives  concerned. 

§  310.     Case  1.     Let  A  be  the  oldest  of  the  three 
lives.     In  this  case,  the  several  collateral  series  here  ^ 
mentioned  must  be  continued  to  the  utmost  extent  of 
human  life,  because  the  life  A  is   involved   in  every 
term  of  it :  therefore  the  sum  of  it  will  be  equal  to 

,  multiplied  into  -^^-^  +-^  -  f  ^-i,-  ^iT^-^ 

\iJR  5    4    ^-?^^^  _  i±£^.  A  4_  ^BC  -^  4- 
2'(H-7)'a'   '^'    2(1 +f)  2(l+£)*«    ~^  ,  '2a~^ 
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'        '  c 

r^,    X  '-J -^'t>C.--:    an    expression  which,  inde- 
pendent of  the  common  multiple  s^  may  be  reduced 

{AC—)lBC)a 


\-p{J  +  ABC)~JC    ,     JB     ,     I 
2(l  +  f)  '        2       '    2a 


(1+f) 


.\+JBC    h  .     ^   ^  J      1-  u 

+  2(r+iyT  -^^^-^  5  and  which 


{AB-ABC)a 

I  shall  denote  by  JHl.  Therefore,  when  A  is  the 
oldest  of  the  three  lives,  the  value  required  will  be 
equal  to  5  X  H.* 

*  It  is  really  amusing  to  observe  the  manner  in  which  Mr.  Mor- 
gan has  summed  up  the  several  series  arising  from  this  problem: 
and  since  this  manner  is  by  no  means  unusual  with  him,  and  as  it 
gives  me  an  opportunity  of  explaining  more  fully  what  I  have  al- 
ready said,  in  the  preceding  pages,  on  his  singular  and  confused 
method  of  investigating  such  cases,  I  shall  here  (for  the  last  time) 
enter  once  more  on  the  subject. 

He  makes  the  total  value  of  the  series,  continued  to  the  utmost 

extent  of  human  life,  equal  to  S  into (V— A— ABC)  -\ 

__  AB        md  __l      ^^vT+  BT-ABT)  -  -^;i  x 

2r         2bcr  ^  2cr  ^  '       2hc 

AFK  +   ^    (AF  +  FC-AFC) :  See  Phil.  Trans,  tor  1800,  page 

37.     Now,  this  is  certainly  the  correct  value  of  the  scries  :  but,  it 

is  necessary  to  remark  that    ~ —  is  equal  to (1  +  BT) ;  and, 

as  these  two  quantities  are  used  with  contrary  signs,  it  is  evident 

that  they  ought  not  to  have  been  introduced  into  the  equation. 

r— 1 
Consequently  the  formula  should  have  been  reduced  to x 

(V-A- ABC)  +  ^  -  ^  +    ";1  C  +  APT)  -  -''-    X 
^  "^  2  1r  Ibcr  ^  'Icr 

(AT-ABT)-  -^  X  AFK  -h  ^(AF-AFC). 
The  reader  will  observe  that  this  is  the  total  value  of  the  series. 
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§  311.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the   several    collateral   series   above    mentioned     will 

be  equal   to  M  -  ^-^.,-,(1  +  )~«  +  1±^   x 
-   -il+p)       —   -  r (l+p)      .     But,  after  the 

ac  ^      '  "^  2(1 +f)      flc  ^      '  5/  ' 

decease  of  B,  the  value  of  the  expectations  for  all  the  sub- 


continued  to  the  utmost  extent  of  human  life  ;  and  therefore  that 
it  will  truly  denote  the  value  of  the  given  sum  uhen  A  is  the 
oldest  of  the  three  lives.  Mr.  Morgan,  however,  w^hen  he  comes 
to  consider  that  case,  says  that  the  symbols  must  le  changed;  and 

he  then  makes  the  given  sum  equal  to  S  into  — ; — (V— A — ABC) 

AC  AB         x.AK         a.HBC  d       ,^,     ^^^., 

+ A ■ AT— ABl)  -f 

'1  2r  2c  2a  2cr  ' 

*  .( 1  ^_  NC  +  NB  -  NBC) *^  (1  +  NBT).     Now,  a  mo- 


2ar  2acr 

ment's  attention  to  this  formula  will  show  us  that  it  does  not  in 
reality  differ  from  the  preceding  one  :   for 

—r— (I+APT)  = 

2hcr^  ^  2a 

A('af_  JLaFK")  =   -1_(NB-NBC) 
2b  ^  c  I  2aT  ^  ' 

2h  2acr^  " 

whence,  these  values  may  be  safely  subsrituted  for  each  other, 
since  they  by  no  means  denote  dijferent  quantities,  but  arise  merely 
from  the  difterent  methods  of  summing  up  the  same  series,  agree- 
ably to  wliat  I  have  before  remarked.  But,  as  the  first  formula 
had  been  already  deduced  by  him,  and  was  stated  at  length,  \\.  cer- 
tainly did  not  become  necessary  to  confuse  the  subject  by  intro>- 
ducing  a  second. 
The   most  remarkable  circumstance,  however,,   attending  tliis 

IJ 
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sequent  years  may  be  more  correctly  expressedjas  in  the 
second  case  toProb.XL,by5(]—(;D)^^.-^(l  +  ^,)~": 

and  which  being  added  to  the  sum  of  the  first  n  terms 
found  as  above,  uill  make  the  total  present  value  of 
the  given  sum,  when  B  is  the  oldest  of  the  three  lives, 

equal  to  ."^rM  -f-  :r  j. 


investigation,  is  that   (after  discarding  the  two  useless  quantities 

/3.FC  d 

~~, — (1  +  BT)  from    this  second  formula)   he  should 

2v             2cr                                                                         .  -,- 
^  •       1    •            1                T            ,                               K.AK 
insert  in  their  stead  two  other  useless  quantities,   and 

~-^(l  +  NC):  \vhich,  being  equal  to  each  other,  and  used  with 

contrary  signs,  ought  of  course  to  have  been  discarded  also.  Surely 
Mr.  Morgan  could  not  have  been  writing  either  for  the  cou' 
venience  or  the  inforwation  of  mankind  !  ! ! 

I  shall  here  take  the  opportunity  of  repeating  the  observation 
made  in  the  note  in  page  2\[))  that,  although  the  quantities  here 
alluded  to  are  strictly  and  mathematically  erjiml,  and  being  used 
with  contrary  signs  destroy  each  other,  yet  (owing  to  the  imper- 
fection of  the  laljles  which  show  the  value  of  Life  Annuities) 
they  oftentimes  produce  a  real  expression  when  solved   arithme- 

iically.     Thus  (l-fNC) '- ■  (which,  expressed  by  the 

ar  c       '  '     /         / 

,  ,  l+^C    a 

characters   made   use  of  in   this  work,  becomes -• 

c  (1  +  F)     « 

AC.  '\   is,  from  what  has  been  said  in  the  note  in  page  18(5, 

equal  to  0 :  but  if  reduced  to  ni/nders  (taking  the  age  of  A  15  years, 
the  age  of  C  18  years,  the  rate  of  interest  4  per  cent,  and  the  pro- 
babilities of  living  as  at  Northampton)  it  will  become  equal  to 
13-3(52— 13'34S=  01-1.  This  fact  v/ill  sulBcieiitly  show  how 
necessary  it  is  to  discard  all  sul)crjl\nus  quantities:  and  that  Mr. 
IVIorgan's  formulfe  are,  at  best,  but  approximations. 
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§  312.  Case  fJ.  Let  C  be  the  oldest  of  the  three 
h'vcs.  In  this  case,  the  first  n  terms  of  the  several 
collateral  scries  above  mentioned  will  be  equal  to 
irT  1  —  0 J'     a  ,      ,     .—n  ^  ,„  ai3    ,    ,     .— « 

""'^  -n 

J'RA-^{\-\-i^      .     But,  after  the  decease  of  C  the 

chance  of  receiving  the  given  sum  at  the  end  of  any 
subsequent  year  will  depend  on  the  happening  of 
either  of  two  events:  1'^  that  A  dies  after  B  in  the 
year:  'z^  that  only  A  dies  in  the  year,  B  having  died 
after  C  in  either  of  the  preceding  years.  The  sum  of 
the  expectations  on  the  happening  of  these  events  has 
been  already  found,  by  the  third  case  in  Prob.  XLII,  to 

be  equal  to  (1—0)  X  -; — ^t--   (I+p)       ■ ~ — vX 

-E ( ^-0     -{-^in- 1,^ ( 1  -r e)     +  o (1 + ^) •  -,^  X 

_  a/3  _ 

(I  +  f)    "" -AE,l^^(\-\-^)    ":    which,  being  added 

to  the  sum  of  the  first  n  terms  of  the  several  col- 
lateral series  above  mentioned,  will  make  the  total  pre- 
sent value  required  equal  to  ^flHI  -1-  z    .* 

C0R0LLArs.Y. 

§  313.     When  the  three  lives  are  equal,  or  all  of 

*  It  may  be  useful  to  remark  that  the  present  value  foimd  by 
this  problem  is  equal  to  the  sum  of  the  two  values  found  by 
Prob.  XXIX  and  XLII ;  which  confirms  the  accuracy  of  the  in- 
vestigation. 

u2 


2^2  ON  CONTINGENT  ASSURANCES,     '    CJl.S. 

the  same  age  A,  the  last  three  quantities  in  the  for- 
mula  denoted  by  H  destroy  each  other,  and  the  ge- 
neral  expression   in   this  case  will  become  equal  to 

2(1  +  0) 


PROBLEM  XLVI.* 

§  31 V,  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
they  be  the^r.y^  that  fail  of  three  given  lives  A,  B,  C. 

SOLUTION. 

In  order  to  receive  the  sum  at  the  end  of  the  first 
year,  either  of  these  two  events  must  happen:  I''  that 
all  the  lives  fail  in  that  year,  C  having  died  last : 
^2°  that  the  two  lives  A  and  B  fail  in  that  year,  and 
that  C  lives  to  the  end  of  it.  The  probabilities  of 
the  happening   of  these   two    events  are  respectively 

(a-ay(i-A(.-^    3„a   (tzh^l^^:    ^hich,   being 

3al}C  '  avc  '  ° 

added  together  and  multiplied  by  6(1 -j-^)"'?  will  give 
the  expectation  of  receiving  the  sum  at  the  end  of  tke 
first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  ot 
six  different  events:   1°  that  all  the  lives  fail  in  the  year, 

*  Simpson's  5«p.  Prob.  39.  Dodson,  vol.  iii.  Ques.  48.  Mor- 
gan, Prob.  22;  and  in  Phil. Trans,  for  l/gi,  Prob.  4,  page  25S. 
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C  having  died  last :  2°  that  A  and  B  both  fail  in 
the  year,  and  that  C  lives  to  the  end  of  it:  3°  that 
A  and  C  both  fail  in  the  year,  A  having  died  first,  and 
that  B  dies  in  either  of  the  preceding  years :  4*^  that 
B  and  C  both  fail  in  the  year,  B  having  died  first,  and 
that  A  dies  in  either  of  the  preceding  years :  5°  that 
only  A  dies  in  the  year,  C  living  to  the  end  of  it,  and 
B  having  died  in  either  of  the  preceding  years:  6°  that 
only  B  dies  in  the  year,  C  hving  to  the  end  of  it,  and 
A  having  died  in  either  of  the  preceding  years.  The 
probabiliries  of  the  happening  of  these  several  events 

in  the  second  year  are  respectively  ^^ — \      '  ^ ^, 

1         II  I  V    II  I         II  I         It  I  I        II  I         II 

{a-a).{h-h)c         {a~a).{c-c)  /  ,  __  j^\        {b~h).{c-c) 

/  I      II  II  I  I      II  II  I 

being  added  together  and  multiplied  by  'S(l4-f)""%  will 
give  the  expectation  ot  receiving  the  sum  at  the  end 
of  the  second  year.  In  like  manner  we  may  find  the 
expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subsequent  year,  to  the  utmost  extent 
of  human  life:  and  if  these  several  expectations  be 
reduced  to  their  lowest  terms  and  arranged  under  each 
other  they  will  form  sixteen  collateral  series,  the  sum  of 

which  will  be  found  equal  to  iT*J^-\-B'^—^'J:i^'l, 

COROLLARY. 

S  315.     When  the  lives  are  ail  equal  to  each  other. 
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or  of  the  same  age  A,  this  expression  (agreeably  to 
what  has  been   said   in  the  coroUary  to  Prob.  XXX) 

will  become  equal  to  ^  X  — —Z7T\ — ^; •    ^"'^^   ^^5 

equal  to  one  third  of  the  present  value  of  the  given 
sum  payable  on  the  extinction  of  any  two  out  ot  the 
three  given  lives. 


PROBLEM  XLVII.* 

§  316.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
they  be  the  last  that  fail  of  three  given  lives  A,  B,  C. 

SOLUTION. 

It  is  evident  that  the  given  sum  cannot  be  received 
at  the  end  of  the  first  year  unless  all  the  lives  become 
extinct,  C  having  died  first :  the  probability  of  which 

is  J^JT"^--''"      ;  ^nd  which,  being  multiphed  by 

s{l-{-p)~\  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
four  different  events:  1°  that  all  the  lives  fail  in  the 
year,  C  having  died  first :  2°  that  A  and  B  fail  in  the 
year,  C  having  died  in  either  of  the  preceding  years: 

*  Morgan^  Prob.  23  j  and  in  Phil.  Trans,  for  1/94,  Prob.  5, 
page  247. 
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3°  that  only  A  fails  in  the  year,  and  that  B  and  C 
both  fail  in  either  of  the  preceding  ijears^  B  having 
died  last :  4^  that  only  B  fails  in  the  year,  ^nd  that 
A  and  C  both  fail  in  either  (f  the  preceding  years , 
A  having  died  last.  The  probabilities  of  the  happen- 
ing of  these  several  events,  in  the  second  year,  are 
I     II     I    II     I     II        I     II     I    II  I 

,       {a—a).{t:  —  L).(c~c)       {a  —  a).{b  —  h)/,         C\ 


which,  being  added  together  and  multiplied  by  s[  1  -f  f)^% 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner,  we  may  find 
the  expectation  of  receiving  th>"  sum  at  the  end  of  the 
third  and  every  subsequent  year:  and,  if  these  several 
expectations  be  reduced  to  thuir  lowest  terms  and  ar- 
ranged under  each  other,  they  will  form  nineteen  col- 
lateral series;  the  sum  of  which,  if  continued  to  the 
utmost  extent  of  human  life,  would  be  equal  to  s  mul- 

.  ,.   J    .          1  — P^     ,     \—^B     .      .„       \-\-JB     a 
tip  led    into  - — ^'--\ f-  H-  AB ^ — 

2{lii)"h        2(1+6)'"^  2(1  +7)'  a         2(1 +  f)  "^  2'T+T)  ^ 

'h   "^     3(1+^)    "^  6(l+f)'a   '^7  3a  "^6(1  + f)^ 

~  -\-ABa^  -  ^^+AIl^  1  _  ABC.^:    an    ex- 

^      '  I       31-  3{\  4-  o)     c  ,      3c 

pression  which,  independent  of  the  common  multiple 

2-c(3A  +  3B+2.'lBC)-3AC-3BC 


s,  may  be  reduced  to 


U(l  +  c) 
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[ 


;  and  which  1  shall  denote 


by  I. 


§  317.  Case  1 .  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will  be 

&:(!+  )-''_'±Bl^_.^(l+  )-".     But.after  the 

decease  of  A,  the  sum  of  the  expectations  for  all  the 
subsequent  years  will,  as  in  the  first  case  of  Prob.  XL, 

be  more  correctly  expressed  by  *(!  —  ur)  x  —. — -^  X 

-T-(l+f)~":  and  which,  being  added  to  the  first  n 

terms  just  found,  will  make  the  total  present  value, 

when  A  is  the  oldest  life,  equal  to  ,sT][  -j-  ty  1. 


§  318.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the   several    collateral    series    above   mentioned    will 

be  equal  to  I  -  -'-^.  »([  +  „)-"+  '-±^  x 
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'jr.(l+^)-''-}±££k(j  +  g)-\      But,  after  the 

decease  of  B,  the  sum  of  the  expectations  for  all  the 
subsequent  years  will,  as  in  the  second  case  of  Prob. 
XL,  be   more  correctly  expressed   by   s{l—(p)  x 

/"^     ■— (l+g)~^^:  and  which,  being  added  to  the 

first  ?i   terms  just  found,  will  make  the  total  present 

value,  when  B  is  the  oldest  life,  equal  to  ^j  I  -|-  'i T 

§  319.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned  will  be  equal 

-j(l-\-^)  ".  But,  after  the  decease  of  C,  the  sum 
of  the  expectations  for  all  the  subsequent  years  will, 
as  in  the  third  case  of  Prob.  XL,  be  more  correctly 

expressed  by  s  multiplied  into  ( 1  —  ^ )  X    -, — --;-  X 

X  -«?(^+e)'~"+  ^'^^'-3f  (i+e)-"-  ^nd  which,  be- 

ing  added  to  the  first  n  terms  just  found,  will  make 
the  total  present  value,  when  C  is  the  oldest  life,  equal 

to  .[I  +^  +  r,]. 
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COROLLARY. 

§  320.  When  all  the  lives  are  equal,  or  of  the 
same  age  A,  the  last  three  quantities  in  the  formula  de- 
noteJ  by  Jl  destroy  each  other,  and  the  gf^ncral  ex- 
pression   in   this    case    will    become    equal    to   *  X 

— ^ ~;-^~^ •  ^"^^  '^'  e^l^i^l  to  one  third  of 

the  present  value  of  the  given  sum  to  be  received  on 
the  extinction  of  the  longest  of  the  three  lives. 

PROBLEM  XLVIIL* 

§  321.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  cdicI  B,  provided  they 
be  the^/\y^  and  last  that  fail  of  three  given  lives  A, 
B,  C. 

SOLUTION. 

The  given  sum  cannot  be  received  at  the  end  of  the 

first  year,  unless  all  the  three  lives  are  extinct,  C 

having    died    second ;    the    probability   of  which   is 
/  '  ' 

— -:    and    which   being    multiplied   by 

;y(l-j-p)~',  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

*  This  case  appears  to  have  been  omitted  by  Mr.  Morgan: 
and  no  solution  of  it,  prior  to  the  present  one,  has  hitlierto  been 
published. 

8 
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.  But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  cither  of 
five  diffi?rent  events :  1°  that  all  the  lives  fail  in  the 
year,  C  having  died  second :  2°  that  A  and  C  both 
fail  in  the  year,  A  having  died  last,  and  B  having 
failed  in  either  of  the  preceding  years:  3°  that  B  and 
C  bo:h  fail  in  the  year,  B  having  died  last,  and  A 
having  failed  in  either  of  the  preceding  years:  4°  that 
only  A  dies  in  the  year,  and  thai  B  and  C  bolJi  fail 
in  either  of  the  preceding  years^  B  having  died  first: 
5°  that  only  B  dies  in  the  year,  and  t/irCit  A  and  C 
hothfail  in  either  of  tJie  preceding  years,  A  having 
died  first.  The  probabilities  of  the  happening  of  these 
several   events   in   the   second   year   are  respectively 

I      II        I      -I      I      If  I      II       I       II  I  >      'I       I      n 

3abc  '  2ac  ^  1'^  2bc  ^ 

(l -):  which  being  added  together,  and  multiplied 

by  s(l-\-^y,  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year: 
and  if  these  several  annual  expectations  be  reduced  to 
their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  nineteen  collateral  series ;  the  sum  of 
\vhich,  if  continued  to  the  utmost  extent  of  human  life, 

would  be  equal  to  i'  multiplied  into    ,    ^   ,  -\ — -^^~ 

A  ^  2(1+;.)  ^2(1+^0 


0 
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(l  +  f)   +  2(r-f7)*~tt    ■T"2(lT7)*T~^  "^~  ,    ^"2^  + 
"2  <         2b^    0(1+0  3(1+^)'    a  ,  6a 

But  this  expression,  independent  of  the  common  multi- 

1                 u        J        J        2-c{3A+3B  +  2ABC)—6AB    , 
pie  s,  mav  be  reduced  to  — ^- tt, ^ — r 

2 +  6a\__ iiTO~~ {oAL--AhC)a^ 

r  ^Ht^V^'  +  ^BC.c];  and  I  shall  denote  it  by  K. 


§  322.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  n  terms  of  the  several 
collateral  series,  here  alluded    to,   will   be   equal    to 

BC'~(\-\-p)     .     But,  after  the  decease  of  A,  the 

chance  of  receiving  the  sum  at  the  end  of  any  sub- 
-sequent  year  will  depend  on  the  happening  of  two 
different  events:  1°  that  B  and  C  both  fail  in  the  year, 
B  having  died  last:  2°  that  only  B  die^  in  the  year, 
C  having  died  after  A  in  either  of  the  preceding  years. 
The  probabilities  of  the  happening  of  these  two  events 

in  the  (72+ 1)^'  year,  are  respectively  — — ~- — ^,  and 
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"<  r.pr^OT—  "^V*    which    being   added    together   and 

multiplied  by  s{l-\-^')  '  will  give  the  expectation 

of  receiving  the  sum  at  the  end  of  the  (j^-fl)''  year. 

In  like  manner,  the  probabilities  of  the  happening  of 

these  two  events  in  the  (?;-}- 2)"^^  year,  are  respectively 

"h^zyl,  and    ^^'(^-  4);  ^hich  being  ad- 

ded  together  and  multiplied  by  ^(l-{-^)  '  "  will 
give  the  expectation  of  receiving  the  sum  at  the  end  of 
the  (/i  +  'J)'"^  year:  and  so  on  for  all  the  subsequent 
years  to  the  utmost  extremity  of  human  life.  But, 
the  sum  of  all  these  annual  expectations  w  ill  be  found 

to    be   equal    to    6-    multiplied   into    tr  X    \ — —.   X 
^  ^  (i  +  f) 

ttfi  4- .)-«  +  L±A^.4>7i  4-  o)""-  EC  X 

2ic^     ~  ^^  '      2(l  +  c)        be  ^      ~  ^^  ,  '^ 

,,j-(l-|-(/)      :  and  which,  being  added  to  the  first  u 

terms  of  the  several  collateral  si'ries  above  mentioned, 
will  make  the  total  present  value  of  the  given  sum, 

when  A  is  the  oldest  life,  equal  to  .v    3^  — ?i' J. 


§  323,  Case  '2,  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  7i  terms  of  the  several 
collateral  series  above    mentioned    will   be   equal   to 

*  See  the  Scholium  in  wsje  122 
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ay  _ 

A'C\-^~(i\-\-^)    '\     But,  after  the  decease  of  B,  the 

chance  of  receiving  the  sum  at  the  end  of  any  subse- 
quent year  will  depend  on  the  happening  of  two  dif- 
ferent events:  1°  that  A  and  C  both  fail  in  the  year, 
A  having  died  last :  2^  that  only  A  dies  in  the  year, 
C  having  died  after  B  in  either  of  the  preceding  years. 
The  probabilities  of  the  happening  of  these  two  events 

m   the  {n-\-\y^  year,  are  respectively  -^^ ^^—^ — ^, 

and  — -  ((p ^) ;  which  being  added  together  and 

multiplied  by  ^(1+^)  will  give  the  expectation 

of  receiving  the  sum  at  the  end  of  the  (?i-f  l)^^  year. 

In  like  manner,  we  might  find  the  expectation  of 
receiving  the  sum  at  the  end  of  the  (ji-\-2Y^  and 
every  subsequent  year,  to  the  utmost  extremity  of  hu- 
man life;  the  sum  of  all  which  annual  expectations 

will  be  found  equal  to  s  multiplied  into  0x  - — ^  X 

a  ,       .       V — n  1-\-j4'C'     ay  ,,     ,      \—n      ,        v„^(, 

2ac^     ~^^  '       2(H-f)    ac"-      ^    ^^  ,  ^ 

^7  —n 

- — (1  +  ?)      *  ^^^  which,  being  added  to  the  first  n 

terms  of  the  several  collateral  series  above  mentioned, 
will  make  the  total  present  value  of  the  given  sum, 
when  B  is  the  oldest   of  the  three  lives,   equal   to 


[K-4 
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§  324.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned  will  be  equal  to 

l+/iB'    aS,  V— ra  1+AB'     ^-■3/,     i      n  — 'z 

77+ .)"•  a^  O  +  e^     -  2(r-rFy "«^"^    '  ^^     - 

—, — r-r*-  7  (^+°)  '•  But,  after  the  decease  of  C, 
the  chance  of  receiving  the  sum  at  the  end  of  any  sub- 
sequent year,  will  depend  on  the  happening  of  two 
different  events:  1°  that  only  A  dies  in  the  year,  C 
having  died  after  B  in  either  of  the  preceding  years 
(the  probability  of  which  latter  contingency  will  now 
be  denoted  by  (p):  2°  that  only  B  dies  in  the  year, 
C  having  died  after  A  in  either  of  the  preceding  years 
(the  probability  of  which  latter  contingency  will  now 
be  denoted  by  zo).  Consequently,  the  sum  of  the 
expectations  on  the  happening  of  these  events,  con- 
tinued to  the  utmost  extent  of  human  life,  will  be 

equal  to  ..^  X  7r|-)--(l  +  e)  +  '^-^  ^  (TT]j  ^ 
y-(l  +  ^)  "•  ^i^d  which,  being  added  to  the  sum  of 
.the  first  ii  terms  of  the  several  collateral  series  above 
mentioned,  will  make  the  total  present  value  of  the 
given   sum,    when    C    is   the   oldest   hfe,    equal    to 

*  It  may  not  be  improper  here  to  remark  that  the  present  values 

of  the  sums,  found  by  Prob.  XLVI,  XLVII,  and  XLVIII,  are  to- 

1-^{A  +  B—AB) 

gather  equal  to  5  x  — r -;  or  to  the  present  value 

(l+f) 
of  the  given  sum  after  the  longest  of  the  two  lives  A,  B, 
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COROLLARY. 


§  325.  When  the  lives  are  equal,  or  all  of  the 
same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  I^  destroy  each  other,  and  the 
general   expression   in    this   case   will   become   s    X 

— ^^ — ;rF7-7-\ •  that  is,  equal  to  one  third  oi 

3(1 +f)  . 

the  present  value  of  the  given  sum  to  be  received  oa 
the  extinction  of  the  longest  of  the  three  lives. 

PROBLEM  XLIX.* 

§  326.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided  B 
dies  before  another  Hfe  C. 

SOLUTION. 

The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happening  of  either  of  two 
events :  1°  that  all  the  lives  fail  in  the  year,  B 
having  died  before  C:  2°  that  only  A  and  B  die 
in  that  year,  C  living  to  the  end  of  it.  The  proba- 
bilities of  the  happening  of  these  two  events  are  re- 
I  II  III 

.     ,     (a—a).(b  —  l).(c-c)         ,    {a—a).(b—h)c        ,  .  , 

specLively  ^^ "^—j     ^"^  ^ -^i^ —    •  which 

being  added  together,  and  multiplied  by  ^(1+^)"', 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

*  Morgan,  Prob,  28;  and  in  Phil.  Trans,  for  1^94,  Prob.  3, 
page  242. 
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But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of  seven 
different  events:  1°  that  all  the  lives  fail  in  the  year, 
B  having  died  before  C:  2°  that  A  and  B  fail  in  the 
year,  and  that  C  lives  to  the  end  of  it :  S°  that  A  and 
C  both  fail  in  the  year,  and  that  B  dies  in  either  of  the 
preceding  years:  4°  that  B  and  C  both  fail  in  the 
year,  B  having  died  first,  and  that  A  dies  in  either  of 
the  preceding  years :  5°  that  only  A  dies  in  the  year, 
B  having  failed  in  either  of  the  preceding  years,  and 
C  living  to  the  end  of  it  :  6°  that  only  B  dies  in  the 
year,  C  living  to  the  end  of  it,  and  A  having  died  in 
either  of  the  preceding  years:  7°  that  only  A  dies  in 
the  year,  and  thai  B  and  C  both  fail  in  either  of' 
the  preceding  years,  B  hmnng  died  first.  The  pro- 
babilides  of  the  happening  of  these  several  events  in 

;       f»        1      II        I     n 
.1  J  .      ,      (a^a).(b  —  i)Jc—c) 

tne  second   year   are  respectively  ^ ^Tnir    ■ 

1     II      I     II  n  I      11 

ale  ' 

/  I      II  II 

(a  —  a)c  I 


(a^a).{b  —  b)c        (a  —  a).(c~c)  / 

fir  V 


i^-^l 


(1 


a  —  a   /.        0  \    / ,        c 


Jl  — j-)»(l ):  vvhich, being  added  together 

and  multiplied  by  ^(l-f^)"'?  will  give  the  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year.  In 
like  manner  may  be  found  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year,  during  the  continuance  of  the  oldest  life  :  and  if 
these  yearly  expectations  be  reduced  to  iheir  lowest 

X 
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terms  and  arranged  under  each  other;,  they  will  form 
fourteen  collateral  series;  the  first  n  terms  of  which 
will  vary  according  to  the  seniority  of  the  lives  con- 
cerned. 

§  327.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  ii  terms  of  the  several  col- 
lateral series  above  mentioned  will  be  equal  to  the  sum 
of  the  terms  continued  to  the  utmost  extent  of  hunran 
life;  because  the  life  of  A  is  involved  in  each  colla- 
teral series:  therefore  its  value  will  be  equal  to  s  mul- 
.'  V  J  •   .      l  —  pA  l+JB     ,     l+AB     a     ,      1+JC 

fpUed  mto  ^  -  j^j^  +  ^y-^  +  ^—^ 

__    1+JC    a_         i-^BC   __    l  +  BC    b^      i    fir  1 

2(1+^)*  a    T  2(1+^)  2{l+0'  b     "^   ,      '2b 

in^  _  ABC.^  +  ABC.-^ .    But  this  expression 

2(1 +f)  t        2b     ^  I    2c  ^ 

,-         1       J          1~P(A  +  BC-ABC)-AB  +  JC     , 
may  be  reduced  to  — ^-^^ „,,  ,  t ' ' +„ 

'  2(1 +  f)  »| 

2(l+^)a  2b  L    (1+?)  S  >      ^  tj 


c 


ABC— :  and  which  I  shall  denote  by  jL ;  conse- 

,      2c  ■'  '        ' 

quently,  when  A  is  the  oldest  life,  the  present  valur 
required  will  be  represented  by  ^  X  -IL» 

§  328.  Case  2.  Let  B  be  the  oldest  of  the  thr^e 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 
Tj-  l~f^'     a,  .  .-n       \+A'C'    o.y,  .—71. 
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•— ( 1  +p)~".     But  after  the  decease  of  B  the 

sum  of  the  expectations  for  all  the  subsequent  years, 
continued  to  the  utmost  extent  of  human  life,  will 
(as  in  the  second  case  of  Prob.  XXXIX)  be  equal  to 

s,(p  X   ,~l    '-^(l  +  g)"""-  which  being  added  to  the 

sum  of  the  first  n  terms  of  the  several  collateral  series 
above  mentioned,  will  make  the  total  present  value  of 

the  given  sum  equal  to  ^1  ]L  —  .r  1. 

§  329.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  alluded  to    will   be   equal  to 

7"     \'~T-('^-\-p)~  •     But,  after  the  decease  of  C, 

the  sum  of  the  expectations  for  all  the  subsequent  years 
may  be  more  correctly  expressed  as  in  the  preceding 

case,  by  s.(p  X  7yT-y~(l+e)~"-  ^^^^  which  being 
added  to  the  first  n  terms  of  the  several  collateral 
series  above  mentioned  will  make  the  total  present 
value  of  the  given  sum,  in  this  case  required,  equal  to 


[L.  -  zj 


COROLLARY, 


§  330.     When  the  three  lives  are  equal  to  each 
other,  or  of  the  same  age  A,  the  last  three  quantities 

X  2 


308  ON    CONTINGENT  ASSURANCES.  C/i.  8. 

in  the  formula  denoted  by  IL  destroy  each  other,  and 
the  general  expression  will  in  this  case  become  equal 

to  5  X  — ^^^ ; -> 

2(1 +f) 


PROBLEM  L.f 

§  331.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
another  life  C  dies  before  B. 

SOLUTION. 

The  payment  of  the  given  sum  at  the  end  of  the 
first  year  will  depend  on  the  happening  of  one  event 
only ;  viz.  the  extinction  of  all  the  lives  in  that  year, 

C    having  died   before  B :    the   probabiHty    of  this 

t  I  I 

event  is  -- — "  '\'-r'^  >  which  being  multiplied  by 

.^(l-j-f)"'}  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given  sum 

*  Mr.  Morgan  makes  the  value  of  the  sum  in  this  case  equal  to 

^^~   ^  X  (V— CC— C— CCC)j  that  is,  in  the  present  notation, 

''■                l-c(A+AA+AAA)  ,.i    , 

equal  to  5  x    ^ ; -:    an    error  winch  has  also 

been  faithfully  transcribed  into  two  successive  editions  of  Dr.  Price's 
treatise.  See  Phil.  Trans,  for  1794,  part  11,  page  245:  and 
Dr.  Price's  Ols.  on  Rev.  Pay.  vol.  1,  page  395. 

f  Phil.  Trans,  for  1794,  Prob.  4,  page  245;  and  for  1800, 
Prob.  7,  page  40:  which  two  mi^ht  have  been  comprised  in  07ie 
problem. 
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may  be  received  on  the  happening  'of  either  of  five 

different  events:   1°  that  all  the  lives  fail  in  the  year, 

C  having  died  before  B:  2°  that  A  and  B  fail  in  the 

year,  and  that  C  fails  in  either  of  the  preceding  years : 

S'^  that  B  and  C  both  fail  in  the  year,  C  having  died 

first,  and  that  A  dies  in  either  of  the  preceding  years : 

4°  that  only  B  dies  in  the  year,  and  that  A  and  C 

both  die  in  either  of  the  preceding  years :   5°  that  only 

A  fails  in  the  year,  and  that  B  and  C  both  fail  in 

either  of  the  preceding  years^  B  having  died  last.  The 

probabilities  of  the  happening  of  these  several  events  in 

1                  1                'Ml                  .'1      (a—a).(h~h).(c—c) 
the  second  year  will  be  respectively  -^ --, , 

I     II      I      <i  I         I    II     I    II  I         '    II 

{a-a)JJ,-b)  ,  cs      (h--bMf-c)f  a_.      ^  Z' 

which, being  added  together  and  multiplied  by  ^(1  -f-^)  ", 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  In  like  manner  may  be  found 
the  expectation  of  receiving  the  sura  at  the  end  of  the 
third  and  every  subsequent  year  during  the  conti- 
nuance of  the  oldest  life:  and,  if  these  several  ex- 
pectations be  reduced  to  their  lowest  terms  and  ar- 
ranged under  each  other,  they  will  form  seventeen 
collateral  series;  the  sum  of  the  first  n  terms  of  which 
will  vary  according  to  the  seniority  of  the  lives  con- 
cerned, 

§  332.     Case  1.     Let  A  be  the  oldest  of  the  three 
lives.     In  this  case,  the  several  collateral  series  here 
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mentioned  must  be^  continued  to  the  utmost  extent  of 
human  life ;  because  the  life  of  A  is  involved  in  each 
perpendicular  series:  whence,  its  value  will  be  equal 

to  s  multiplied  mto    ^^_^-^  -f  j^  ~  ^^i:^  + 

.„         1+Jb    d         l  +  y}C    .     l  +  AC    a        l-^BC  , 


2(l+f)    a         2(l+f)    '    2(1+^)     a         2(l  +  f)    ' 

i±^.|  „  BC.l   +  i:^  +  ABC.l  ^ 

2(1+?)      ^  ,         2b     ^       2(l+f)       '  ,  20 

c 

ABC.~.     But  this  expression  may  be  reduced  to 

\~^{A-ir2B-2AB--BC  +  ABC)  -\-ylB-AC        (AB-Jc)a 
2(T+i)  2(l  +  f)a  " 

1    ^  fd-^BQb  _  ^-^c---ABC)b]  -  ABcX; 

and  which  I  shall  denote  by  I^iT*  Consequently, 
when  A  is  the  oldest  life,  the  required  value  will  be 
represented  by  ^  X  M* 

§  333.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several   collateral  series  above  alluded  to  will  be 

equal  to  m  -  L^.±(i+.)-"  +  '-±-^^^.^  X 

*  2(I  +  f)    a^      '  '^'^  '    2(lf^)      etc 

(l+e)"' -  27rf ^••^(  1 +C-)  ""•     But  after  the  de- 
cease  of  B,  the  sum  of  the  expectations  for  all  the 
t,  subsequent  years  will  be  more  correctly  expressed,  as 
in  the   second  case  to   Prob.  XL,  by  s{l  —  (p)    x 

__L_.-^('l_L.p)"~'".  and  which,  beir.or  added  to  the 
(l  +  f)     a  ^     '  ^./       '  »  o 
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sum  of  the  first  n  terms  of  the  several  collateral  series 
above  mentioned,  will  make  the  total  present  value  of 
the  given  sum,  when  B  is  the  oldest  life,  equal  to 

§  334.  Case  3,  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  n  terms  of  the  several 
collateral  series  above   alluded  to,   will  be  equal  to 

2(l  +  f)    a  ^      '  ^^  (1  +  f)      h^     ^  ^''  ' 

X -'^"',  (1 +^)~".     But,  after  the  decease  of  C,  the 

chance  of  receiving  the  given  sum  at  the  end  of  any- 
subsequent  year  will  depend  on  the  happening  of  three 
different  events:  1°  ihat  A  and  B  both  fail  in  the 
year:  2°  that  only  B  fails  in  the  year,  A  having  died 
in  either  of  the  preceding  years :  3°  that  only  A  fails  in 
the  year,  B  having  died  after  C  in  either  of  the  prece- 
ding years.  The  probabilities  of  the  happening  of  these 
several  events  in  the  {n-^lf^  year  are  respectively 

(.-i)(^-|3)      ^-l,  J  _  a  .    ^^^^  ili[  i  _^_  (5  )  . 
ab  b     ^  a  /  a     <         ~         b  I 

which,    being    added    together    and    multiplied    by 

5(1  +  ^)  ,  will  give  the  expectation  of  receiving 

the  sum  at  the  end  of  the  (7^  +  !)-^  year. 

In  like  manner  we  may  find  the  (7i+2)"'^,  and  all 
the  subsequent  expectations  to  the  utmost  extremity 
of  human  life :  the  sum  of  all  vvhich  will  be  equal  to 
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s  multiplied  into   (l~(p)  X   v^i  x*~(' +?)'"  + 

~'  (l+^.)~";  and  which,  being  added  to  the  first  7j 

terms  of  the  several  colhiteral  series  above  found,  will 
make  the  total  present  value  of  the  given  sum,  when 

C  is  the  oldest  life,  equal  to  s\  M  +  2;    . 


COROLLARY. 

§  335.     When  all  the  lives  are  equal,  or  of  the  same 
age  A,  the  last  three  quantities  in  the  formula  denoted 

by  M  destroy  each  other,  and  the  general  expression 

,.                 .,11                        i—c(3J-3AJ-rJJJ) 
m   this   case  will    become    5  X  — ^ 7rrr-;-\ '• — ■• 

that  is,  equal  to  half  the  present  value  of  the  given 
sum,  to  be  received  on  the  extinction  of  the  longest 
of  the  three  lives. 

SCHOLIUM.    • 

§   336.     Since  the  present  values  of  the  sum,  as 
found  by  the  preceding  problem,  and  by  the  present 

,1                        1               1                 i—Piyl-^-B—JB) 
problem,  are  together  equal  to  .<?  X  —         -. ; 

or  to  the  present  value  of  the  given  sum  to  be  received 
on  the  extinction  of  the  longest  of  the  two  lives  A,  B: 
it  follows  that  the  present  value  of  one  of  them  being 
found,  the  present  value  of  the  other  may  be  easily 
determined  by  subtracting  such  value  from  the  general 
expression  here  given. 
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CHAPTER  IX. 
On  M.  De  Moivre's  Hypothesis, 

§  337.  If  the  decrements  of  life,  In  any  table  of  ob- 
servations, were  equal  and  uniform  from  birth  to  the 
utmost  extent  of  human  life,  the  number  of  persons 
living  at  every  succeeding  age,  as  shown  by  that  table, 
would  be  the  terms  of  a  decreasing  arithmetical  pro- 
gression. Now,  though  this  fact  does  not  take  place 
throughout  the  whole  duration  of  lifej  yet,  in  se- 
veral of  the  tables  of  observations  (particularly  in  the 
Northampton  table)  it  will  be  seen  that,  towards  the 
middle  ages,  the  decrements  are,  for  many  years  to- 
gether, constant  and  uniform ;  or  at  least  very  nearly 
so:  and  it  was  upon  this  view  of  the  subject  that 
M.  De  Moivre  founded  his  ingenious  hypothesis  that 
ike  decrements  of  life  are  in  arithmetical  progression,* 
For,  he  imagined  that  the  deficiencies  in  one  part  of 
his  scale  would  be  compensated  by  the  excesses  of 
the  other  part:  and  that  though  the  values  deduced 
from  this  principle  might  not  be  strictly  true,  yet  the 
error  could  not  be  very  material.     In  order  to  accom- 

*  The  same  author  also  nssumed  us  an  hypothesis  that  the  de- 
crements of  life  were  i»  a  geomelrical  ratio:  a  principle  which  he 
applied  to  the  valuation  of  annuities  on  joint  lives.  But  this  theory 
is  too  erroaeous  to  be  insisted  on. 
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modate  this  hypothesis  to  the  method  of  determining 
the  value  of  Life  Annuities,  it  was  necessary  to  sup- 
pose the  extent  of  life  confined  to  a  certain  period  of 
time,  which  he  (for  reasons  which  subsequent  obser- 
vations have  shown  not  to  be  sufficiently  well  founded) 
has  taken  at  86:  remarking,  however,  at  the  same 
time,  that  the  instances  of  persons  living  beyond  that 
period  are  so  few  as  not  to  be  worth  notice  in  such  a 
general  view  of  the  subject. 

Much  obloquy  has  of  late  years  been  thrown  on 
this  hypothesis  by  Dr.  Price  and  Mr.  Morgan  j  the 
latter  of  whom  has  been  particularly  severe  in  his 
comments  on  its  use  and  application.  It  is  true  that 
more  recent  diccoveries  have  shown  that  it  cannot 
always  be  depended  upon  :  and  the  great  share  which 
these  gentlemen  have  had  in  deducing  the  values  of 
annuities  from  real  observations,  and  thereby  super- 
seding the  use  of  the  hypothesis,  may  be  some  ex- 
tenuation for  the  high  tone  they  have  assumed  on 
this  occasion.  Nevertheless,  the  hypothesis  Itself  is 
slill  of  great  and  extensive  use  in  the  doctrine  of 
annuities  j  and  will  ever  remain  a  monument  of  the 
ingenuity  and  abilities  of  its  illustrious  inventor. 

§  f>38.  The  reader  must  be  readily  aware  that 
the  great  advantage  of  M.  De  Moivre's  hypothesis  is 
the  remarkable  facility  which  it  affords  for  determining 
the  present  value  of  annuities  on  any  single  or  joint 
lives.  The  method  of  deducing  such  values  from  the 
first  problem  of  the  present  work  (see  page  29)  is 
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•'extremely  laborious ;  since  the  numerators  of  the 
fractions^  which  form  the  series  there  given,  do  not 
decrease  in  any  regular  manner.  Bur,  when  such 
numerators  are  in  arithmetical  progression,  the  sum  of 
the  whole  series  may  be  expressed  in  a  general  for- 
mula ;  and  its  value  may  then  be  found  almost  as  soon 
as  one  term  only  of  the  other  senes  just  alluded  to. 

Although  M.  De  Moivre,  in  the  application  of  his 
principles  to  practical  purposes,  has  assumed  86  as 
the  extreme  period  of  human  life,  ( that  is ;  that,  out 
of  86  persons  born,  07ie  of  them  will  die  annually  till 
they  are  all  extinct)  yet  this  number  does  not  neces- 
sarily follow  from  his  hypothesis :  for  any  other 
number,  which  might  be  found  more  agreeable  to 
real  observations,  may  be  substituted  in  lieu  thereof. 
Assuming,  however,  the  same  period  as  De  Moivre, 
it  is  evident  that  the  number  of  persons  living  at  any 
age  will  be  equal  to  the  number  of  years  between  that 
age  and  86:  this  number  he  calls  the  complement  of 
life.  Consequently  a,  b,  c,  kc  will,  upon  this  hypo- 
thesis, be  equal  to  the  complement  of  the  lives  A, 

I  B,  C,  &c,   respectively:  or,   equal  to  the  difference 

ij  between  their  respective  ages  and  86. 

§   339.     This  being   premised.  It  will  be  readily 


seen  that   the   expression   — 


+    77^    + 


L(i  +  f)        (i+f) 


7~— 3  -f  kc  I  which,   by  Prob.  I,  cor.  1,  denotes 
the  value  of  an  annuity  on  the  life  A,  will  become 
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i    JT  a~l       ,      a— 2     j.       a— 3  a— a  "1 

"^1(1 +f)  ~*~  {i+Jr  "^  0+77  "^ oTir J  * 

Now,  this  series  may  be  divided  into  two  others,  the 

first    of   which   is r-  +  -7 ^  4- r*    + 

L(i+f)   ^   (i+^r  ^  (1+?)'    ^ 

—    ;  and  the  second,  which  is  to  be 

(i+f)  J 

subtracted,  is  —    7——-,  +  -. -cr  +  1—7-^  +  •  .  • 

■,    ^  ,,  1.     But  the  former  of  these,  which  I 

shall  denote  by  ?/,  is  equal  to  the  present  value  of  an 
annuity  certain  for  the  term  a ;  and  tfee  latter  is  equal 

to  ±  X  L±2t±+l):(i±ilZ!.:*  consequently  the  to. 

a  f 

tal  present  value  of  the  annuity  is,  upon  this  hypothesis. 


—a 


equal  to  ,j  -  i+I^+lHi±f)__  =  izSl+M.f 


§  340.    In  like  manner,  the  expression  —j\  -}- 

+  ~r^ — TV  4-  &c  I,  which  denotes  the  value 


(i  +  F)"     '     (i+f)' 
of  an  annuity  on  the  two  joint  lives  A  B,  will  become, 

upon  this  hypothesis,  equal  to  — r-f-^^ —     ,   . — -  + 

ia-2).{h-2)        (Q-3).(^-3)  (c-/0-(^-Z-)-[. 

(i+F)"-    "*~     (1+fr    "^ (1+^)*   J' 


*  See  my  Doctrine  of  Interest  and  Anmdties.,  page  89:  where 
the  method  of  summing  this  and  the  following  series  is  pointed 
out. 

f  See  Dodson,  vol.  ii.  Ques.  56.  Simpsonj  Prob.  1^  cor.  5. 
De  IMoivre,  page  310. 
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a  series  which  Is  to  be  continued  for  h  terms  only,  B 
being  the  oldest  of  the  two  lives.  But,  if  the  nu- 
merators of  the  fractions  composing  this  series  be 
expanded  by  multiplication,  the  whole  expression 
may  be  divided  into  three  other  distinct  series :  viz. 

r_L_  4.  _1_  4.  _1_  J-  — i_1_ 

a^  L(i+^)  "^(1+fr  "^  (i+^r  "^ (i+frJ 

"*"  fl^'  L(i+?)"^(i+?r  "^  (i+f)'"^ (i-f?rj* 

The  first  of  these  is  equal  to  the  present  value  of  an 
annuity  for  the  term  /',  and  I  shall  denote  it  by  y:  the 
second  is  (from  what  has  been  said  above)  equal  to  — 

(l+^)~     :  consequently  the  total  present  value  of 


the  annuity  for  two  joint  lives  is  equal  to  — 


1+0 

-     -X 


§  341.     By  a  similar  method  of  reasoning  it  will 


be  found  that  the  expression  — - 


ab  c     ^.       a  b  c 


III  II'  III  ~\ 

^      ah  c  I 

~ 7:1  -\-  he    ,  which   denotes  the  value  of  an  3 


an- 


*  See  Dodson,  vol.  ii.  Ques,  64.      Simpson,  Prob.  I,  cor.  .^, 
1  ^rice,  note  (L).     I  shall  here  take  the  opportunity  of  observing 
that  the  strictures  of  Dr.  Price  on  M.  De  Moivre's  rules  for  calcu- 
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nuity  on  the  three  joint  lives  ABC,  will  become,  upon 
this  hypothesis,   equal  to  -^-|^ (T+T) r 

{a-^2).(l~2).{c-2)     .     (a-3).(b-3).{c-3) 

(a-c).(?>-c).(c-c)-|    ^  g^^.j^g  ^j^j^j^  jg  j^  j^g  continued 

for  c  terms  only,  C  being  now  the  oldest  hfe.  But 
the  whole  of  this  series  may,  by  expansion,  be  con- 
verted into  the  four  following  series:  viz.   [(fipT)  "^ 

1       "I       al  +  ac+l'C 


a  +  lj^cf     I ,  4  ,  9  , 

_i!__1_  -i-f— i !-       ^        -!-      ^/       4- 

JT+fyJ      akL(i-i-(0  "^  (i  +  (^r  "^  (1+f)'  ^ 

.      — ~ — 1.     Now,  the  first  of  these  series  is 
(i+^rJ 

equal  to  the  present  value  of  an  annuity  certain  for 
the  term  c,  and  I  shall  denote  it  by  j/;  and  the  re- 
maining ones  may  be  summed  in  the  same  manner 

lating  the  value  of  annuities  on  joint  lives  (inserted  in  the  4th 
Chapter  of  his  Ohs.  on  Rev.  Pay.)  allude  altogether  to  an  approxi- 
mation <^iven  by  De  Moivre  as  deduced  from  his  hypothesis  of 
a  geomcirical  ratio,  and  not  to  the  correct  expression.  The 
formula  in  the  text  will  oftentimes  give  the  same  values  as 
those  deduced  from  the  Northampton  Table ;  as  may  be  seen  by 
a  comparison  with  the  Tables  at  the  end  of  the  present  work:  and 
I  shall  show  in  the  sequel  that  these  formulae  may  be  used  with 
crood  effect  in  determining,  with  a  tolerable  degree  of  correctness, 
the  value  of  annuities  deduced  from  the  real  probabilities  of  life. 
See  §  340. 
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:\£  in  the  preceding  cases:  whence  the  total  present 
value  of  an  annuity  on  the  three  joint  lives  is  equal 

a-2c- 3-  |-)+^(^~c— !).(«- c- 1)].* 

§  342.  But,  since  the  publication  of  so  many 
accurate  tables  of  the  values  of  annuities,  deduced 
from  real  observations^  these  formulcC  have  become 
of  little  or  no  use;  and  are  seldom  resorted  to,  unless 
it  is  required  to  find  a  near  value  of  an  annuity  on 
any  given  lives  whose  ages  are  not  inserted  in  those 
tables.  Nevertheless  the  hypothesis  itself  is  still  of 
great  use  in  the  doctrine  of  annuities ;  and  facilitates 
very  much  several  calculations  arising  from  this  sub- 
ject: particularly  in  those  cases  where  the  contingency 
continues  for  a  given  term  onlyj  as  will  evidently  ap- 
pear from  the  following  problem. 

PROBLEM  Ll.t 

§  343.  To  find  the  value  of  an  annuity  on  a  given 
iife,  during  part  of  whose  existence  the  decrements  of 
life  may  be  considered  as  equal. 

*  See  Dodson,  vol.  ii.  Ones.  69.     Simpson^  Prob.  1,  cor.  5. 

-f-  l)e  Moivre,  page  341.  Simpson,  Prob.  1,  cor.  8.  PricCj 
note  (N).  Dodson,  vol.  ii.  Ques.  68,  This  last  author  has  also 
given  a  method  of  solution  (Question  61)  provided  the  decrements 
of  life  be  divided  into  ieveral  arithmetical  progression?,  each  dif- 
fering from  one  another. 
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SOLUTION. 


Let  A  be  the  given  life,  and  71  the  interval  of  equal 
decrements :  also  let  a  be  the  number  of  persons 
living  at  the  age  of  A,  and  cc  the  number  of  persons 
living  at  an  age  7i  years  older ;  and  let  the  uniform 
decrements  of  life  be  denoted  by  5.  Then  will  the 
value  of  an  annuity  on  this  life  be  denoted  by  the 


I 

series  — 

a 


■0  a—2o       ,      a— 3^      . 


L(i+f)   '  0+0"  '   (1+?)'  '  (1+^/ 


-} r: _! 1 —    _[ '1 —  _f_  g;c    ;  which 

('+{)"';_    a+e)"*-      (i+f)""^         -J 

may    be    divided    into    two    parts :    viz.    the    series 

1  r"  a~~$  G— 2(5'      ,      a  —  oS      .  a  —  nS  "1 

/  /;  III 

+-r-— '— r  +  — "— .  +  — ^  +  &c1.  The 

latter  of  these  is,  by  Prob.  I,  cor.  3,  equal  to  (-^)  ,  or 
equal  to  the  value  of  an  annuity  on  the  life  A  deferred 
for  n  years:  and  the  former  may  be  divided  into  two 

others;  viz. 4- + r^  + 

L^^"^^^         (i  +  f)  (i+?) 

(1+VfJ     "U'"^f)  '  (^+.^)^     (»+f)'    

— - —    :  the  sum  of  which  may  be  readily  found, 

(i+?f  J 

from   what    has    preceded,    to    be    equal    to    ?/  — 

—    (1  +  ^)2/  — ??(l-fc)"~"    •     Consequently  the  total 

value  of  the  annuity  will  be  y i^'^'i)!/"' 


i 
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^'(l  +  f)~  I  +  (-^)  •  ^^^j  s^^c^  ^  ^s  always  equal 
to  ^^i*  and  since  {A)    is  equal  to  ^/  X  —  (1 4-^)"""; 

this  expression  may  be  rendered  more  convenient  for 

practice   by  making  those  substitutions :  whence  the 

,  Ml  ,  I  (G-a).(l+f)?/  ad  +  e)"" 
value  wdl  become  —  —  -^^ ^ — '-^ ■ 

§  ario  ao 

cc[ ^').(l4-(;>)       j.     Now  it  appears  by   the 

Norlhamptoji  table  of  observations  that  the  decre- 
ments of  life  are  nearly  uniform  during  the  whole  in- 
terval from  the  age  of  20  to  the  age  of  80:  if  there- 
fore the  value  of  an  annuity  on  a  life  aged  80  be  once 
calculated,  the  value  of  an  annuity  on  a  life  of  any 
intermediate  age  may  be  easily  deduced  from  the  for- 
mula here  given  j  and  will  agree  very  nearly  with  the 
true  values. 

Example,  Let  the  rate  of  interest  be  5  per  centj 
in  "which  case  the  value  of  an  annuity  on  a  life  of  80 
years  of  age  will  be  3'515:  and,  if  from  this  we 
wish  to  deduce  the  value  of  an  annuity  on  a  life  of 
20   years  of  age,   the   formula  will  become  20   — 

'-^  Pi-f".?^^  X  1-05  X  189293 -469  X  (20- 

5132   L  OOx  05  ^ 

3-515)  X  •0535']  =  14-061 :  and  which  is  very  near 
14  007,    or    the  true  value  as  shown  by  the  tables. 

*  This  may  generally  be  assumed  as  the  true  value,  without 
material  error,  even  when  the  decrements  are  not  exactly  regular. 

Y 
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Now,  when  it  Is  considered  that  the  value,  here 
found,  could  not  have  been  deduced  from  the  corol- 
lary in  page  29,  without  the  actual  calculation  of  sixty 
terms  of  the  series  there  given,  the  udlity  of  this  for- 
mula will  be  manifest. 


COROLLARY. 


§  344.  If  the  value  of  the  annuity  Is  required  for 
a  given  term  {  =  n)\  and  that  term  happens  to  be 
wholly  within  the  interval  of  equal  decrements  as 
shown  by  any  given  table  of  observations  j  the  series 

-^      \     G— 2^'  a— 3^    _.  a  —  n$ 


a — a, 

^  ano 


■0"         (1  +  ?)'  (1+f/' 

(- 1  _|_  p),y  _  77(1  4-  ^)~"       will  denote 

the  exact  value  in  such  case;  and  is  a  formula  of 
considerable  utility  when  we  are  not  possessed  of  any 
tables  of  the  value  of  annuities  deduced  from  such 
observations.  Or,  if  the  decrements  are  very  nearly 
equal,  the  formula  will  not  differ  materially  from  the 
true  expression. 

Example.  Suppose  it  were  required  to  find  the 
value  of  an  annuity  for  20  years  on  a  life  aged  20, 
reckoning  interest  at  5  per  cent  and  the  probabilities 
of  living  as  at  NorikampLon,     In  this  case  the  formula 

5132— oC35       ^     r^.mr  Ky 

would  become  12-4622  -  -j,3,^,ox05  X  L^  ^^  >^ 
12-4622—  20  X  '3769']  =  10-844:  which  is  the  cor- 
rect value  of  a  temporary  annuity  for  20  years  on  a 
life  aged  20;  because  it  will  be  seen,  by 'Table  XXV, 
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that  from  the  age  of  20  to  the  age  of  40  the  decre- 
ments of  life  are  equal.  The  value,  deduced  from 
the  rule  in  page  46,  is  10*847. 

§  345.  This  problem  and  its  corollary  will  serve 
to  shov^  the  useful  purposes  to  which  M.  De  Moivre's 
hypothesis  may  be  occasionally  appropriated,  and  the 
method  of  applying  it  whenever  an  opportunity  occurs. 
But  since  the  decrements  of  life  are  most  irregular 
in  the  younger  and  in  the  latter  periods  of  existence, 
and  are  uniform  (or  nearly  so)  during  the  middle  ages 
only ;  it  will  be  found  that  this  hypothesis  cannot  in 
all  cases  be  safely  used,  unless  in  deducing  the  value 
of  annuities  or  assurances  for  terms.  In  this  respect 
it  is  of  singular  utility,  and  will  be  often  found  to  save 
a  laborious  calculation,  as  I  have  already  pointed  out 
in  the  notes  to  some  of  the  preceding  problems:  and, 
therefore,  it  will  be  unnecessary  to  enlarge  more  upon 
the  subject  in  this  place.  It  is  in  this  manner  that 
Mr.  Morgan  has  condescended  to  use  it:  but  it  is  done 
clandestinely,  and  (I  know  not  for  what  reason)  by  a 
previous  denial  of  the  fact.* 

I  would  here  observe  that  the  rule  for  determining 
the  value  of  such  annuities  as  depend  on  the  whole 
continuance  of  any  number  of  lives  out  of  any  other 
number  of  lives,  or  such  as  are  in  reversion  or  de- 
pending upon  survivorships,  and  in  general  for  dcter- 

*  See  Price's  Oh.  on  Rev.  Pay.  vol.  1,  page  61,  note  e:  also 
tlie  note  in  page  192  of  the  present  work. 

y2 
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mining  such  problems  as  are  contained  in  the  second, 
third  and  fourth  Chapters  of  this  work  are  the  same 
on  M.  De  Moivre*s  hypothesis,  as  where  they  are  de- 
duced from  real  observations.  For,  in  each  case,  the 
solutions  to  such  questions  are  obtained  from  Tables 
which  show  the  values  of  annuities  on  single  and  joint 
lives:  and  therefore  the  merit  or  demerit  of  M.  De 
Moivre's  hypothesis,  as  far  as  regards  the  value  of  ait- 
nuities,  will  rest  on  the  fundamental  propositions  above 
given. 

But  in  deducing  the  value  of  assurances,  or  rever- 
sionary sumSj  his  rules  are  certainly  much  more  simple 
than  when  deduced  from  real  observations:  and  it 
would  be  a  fortunate  circumstance  if  his  hypothesis 
could  be  depended  upon  throughout  the  7vhole  dura- 
tion of  life.  As  this,  however,  is  not  the  case,  we 
must  be  content  with  the  facility  which  it  oftentimes 
affords  us  of  determining,  in  many  cases,  a  very  near 
value  of  such  assurances  for  terms:  as  I  have  already 
fully  explained  in  the  sixth  and  eighth  Chapters.* 


On  the  Method  of  approximating  to  the  Falue  of  Life 
Annuities, 

§  346.  I  cannot  dismiss  this  chapter,  however, 
without  noticing  the  utility  and  convenience  of  the 
formidie  arising  from  M.  De  Moivre's  hypothesis,  in 
enabling  us  also  to  deduce  (from  the  values  of  an- 

*  See  the  notes  in  pages  150,  192,  205  and  213. 
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nuitles  on  single  or  joint  lives  at  any  one  rate  of  in- 
terest) the  values  of  annuities  on  the  same  lives,  at 
any  other  rate  of  interest.  In  order  to  explain  this 
method,  I  would  observe  that,  according  to  M.  De 
Moivre's  hypothesis,  the  expectation  of  any  life  is 
equal  to  half  the  complement  of  such  life  :*  conse- 
quently, the  complement  of  any  life  is  equal  to  twice 
its  expectation.  If,  therefore,  we  substitute  tivice  the 
expectation  of  any  life  deduced  from  real  observations, 
instead  of  the  quantities  «,  b,  or  c,  in  the  general  for- 
mulce  in  pages  316,  317  and  319,  the  values  thence 
arising  will  in  most  cases  be  much  nearer  the  true  values 
of  annuities  deduced  from  such  observations,  than  when 
«,  h,  or  c,  is  taken  equal  to  the  complement  of  such 
life  according  to  M.  De  Moivre's  hypothesis.!  Or, 
(which  is  all  that  is  required  in  the  present  instance) 
the  difference  between  the  values  of  an  annuity  on 
any  single  or  joint  hves,  deduced  in  this  manner  from 
the  expectations  of  life,  at  any  two  rates  of  interest, 
will   be  nearlv   the  same    as  the   difference  between 

J 

the  correct  values  of  a  similar  annuity,  at  the  same 
rates  of  interest,  deduced  from  real  observations. 
Consequently,  when  the  value  of  an  annuity  according 
to  any  one  rate  of  interest  is  given,  we  may  readily 
obtain  a  very  near  value  of  a  similar  annuity  at  any 
other  rate,  by  means  of  the  first  difference  here  al- 
luded to :  as  will  be  evident  from  the  following  general 
rule. 

*  See  the  note  in  page  50. 

f  See  the  observations  at  the  en.^  of  the  following  note. 
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Call  the  correct  value,  computed  at  any  one  rate 
of  interest,  the  first  value. 

Call  the  vaiue  deduced  from  the  expectations  of 
life,  at  the  same  rate  of  interest,  the  second  value. 

Call  the  value  deduced  from  the  expectations  of  life, 
at  any  other  rate  of  interest,  the  third  value. 

Then,  the  difference  between  the  second  and 
THIRD  values  subtracted  from,  or  added  to,  the  first 
value  (according  as  the  second  is  greater  or  less  than 
the  third)  will  be  the  near  value  of  the  annuity  at 
the  other  rate  of  interest  required. 

Example  1.  What  is  the  near  value  of  an  annuity 
on  a  life  aged  20  years  at  4  per  cent  interest,  deduced 
from  the  correct  value  at  5  per  cent,  and  according 
to  the  Northampton  observations  ? 

The  Jirst,  or  correct  value  at  5  per  cent  is,  by 
Table  XXVII,  equal  to  14*007.  The  second  value, 
deduced  at  the  same  rate  of  interest  from  the  expecta- 
tion of  that  life  by  the  formula  in  page  316,  is  equal 

^     66  86— 1-05  X 19-234        ,«or^*     T-T      .-L'   1      1 

to ^^-^ =  13'959.*     The  third  value, 

66-86  X  -05  ' 

deduced,  from  the  same  formula,  at  4  per  cent,  is  equal 


*  When  twice  the  expectation  is  equal  to  a  whole  number  with. 
a  decimal  added  (as  \-  commonly  the  case),  the  value  of  an  annuity 
for  that  term  m,ay  be  best  computed  in  the  following  manner. 
Suppose  the  number  of  years  (as  in  the  present  case)  to  be  66*86. 
The  value  of  an  annuity  for  66  years  is,  by  Table  LIX,  equal  to 
19201 ;  and  the  value  of  an  annuity  for  6"]  years  is  ip'239.  The 
difference  between  these  two  values  is  -038  ;  which,  being  multi- 
plied by  the  decimal  -86,  and  the  product  'OSS  added  to  the  least 
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66S6- 104  X  23183         ,^oo.       rry.        c         ,  .  ^^^   . 

to ^^^T^—^. =15-984.    Therefore  14'007  + 

(15-981.— 13-959)  =  16-032  will  be  the  near  value 
required  :  and  which  differs  only  an  unit  in  the  last 
figure  from  the  true  value  as  given  in  Table  XXVII. 


§  347.  The  same  principles  will  apply  to  the  Ci)se 
of  two  Joini  lives :  and  it  will  be  found  that  in  both 
cases  the  deduced  values  are  sometimes  nearly  the 
same  as  the  correct  values ;  that  generally  they  do  not 
differ  more  than  a  20'^^  or  30^^  part  of  a  year's  pur- 
chase; that  in  Joint  lives  they  difler  less  than  in  sh»gle 
lives ;  and  that  they  come  equally  near  to  each  other 
ivhaiever  the  rates  of  interest  are.* 


of  the  two  values,  will  give  1()'234  for  the  value  of  the  annuity 
for  66  86  years. 

The  second  and  third  values  here  obtained  (that  is,  13 -959  and 
J5"984)  will  be  found,  on  a  connparison  with  the  values  ui  Table 
JCXVII,  to  be  much  neaier  the  irue  values  than  those  obtained 
from  M.  De  Moivre's  hypothesis,  as  given  in  Table  XLIX.  Con- 
sequently this  first  step  of  the  process  wiH  show  that  M.De  Moivre's 
formula  (as  given  in  page  3 16)  may  sometimes  be  applied,  with 
good  effect,  to  find,  in  an  expeditious  manner  by  one  operation,  a 
near  value  of  an  annuity  deduced  from  real  observations. 

*  See  a  variety  of  examples,  in  proof  of  these  assertions,  ia 
Dr.  Price's  Ols.on  Rev.  Pay.  vol.  1,  page  231.  The  same  author 
remarks  that  "  these  deductions,  in  the  case  of  single  lives  parti- 
*'  cularly,  are  so  easy,  and  give  the  true  values  so  nearly,  that  it 
"  will  be  scarcely  ever  necessary  to  calculate  the  exact  values  (ac- 
"  cording  to  any  given  observations)  for  more  than  ojie  rate  of 
"  interest."  But,  however  convenient  tlie  above  rules  may  be 
in  our  present  dearth  of  useflil  Tables,  they  by  no  means  remove 
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On  the  Palue  nf  increasing  Life  Annuities, 

§  348.  The  hypothesis  of  M.  De  Mqivre  furnishes 
us  likewise  with  a  convenient  and  useful  formula  for 
determining  the  value  of  increasing  Life  Annuities : 
that  is,  of  i;i,  £2,  £3,  &c  (or  any  multiples  of  those 
sums)  payable  at  the  end  of  1,2,  3,  &c,  years  re- 
spectively, if  the  given  life  A  be  then  in  existence. 
For,  the  series  expressing  such  value  will  (from  what 
has  been  said  in  page  316)  be   evidently  equal  to 

i_r  ^~^    _L  ^Cq-2)          3(0-3)  a(a-a)  1 

a    L(l+F)  "^   (1+f)*  "T-    (i^^^3  -h (l+f)'J' 

and  which  may  be  divided  into  the  two  following  series, 

L(i  +  f)  "^  (i+fr-  *"  (i+f)'"^*  •*  —  (n-f)^J-~ 
a  L(i+f)    '   (i+f)*  "^  (i+f)^  "^  •••••  •  ,(i+f)'J* 

In  order  to  abridge  the  subsequent  process,  let  us  make 
l0~+f)  "^  (T+7r  "^  xITTF  "^ (T+fT J  "^ 

L(i-ff)  ^  (i+fr  ^  (1+?)=  "^* (i+frJ~ 

L(i+f)  ^  (i+jr  ^   (Iff)'  ^  "•••••  (i+fTJ- 
then  will  the  sum  of  the  two  series  above  given,  or  the 
value  of  the  annuity  required,  be  denoted  by  .r—  — . 

the  necessity  of  calculating,  at  several  rates  of  interest,  any  new 
Tables  that  may  be  hereafter  formed:  and  I  should  hope  that  no 
one,  who  may  at  any  future  time  undertake  this  laborious  task, 
will  be  influenced  by  so  weak  and  so  ill-judged  an  excuse.  The 
object  and  real  utility  of  Tables,  of  any  kind,  is  to  save  time  and 
labour,  and  to  prevent  the  occurrence  of  errors. 


i/ 


=  jr 


lU 
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But,  from  what  has  been  said  In  §  SS9,  it  will  be 
seen  that  the  value  of  an  annuity  on  a  single  life  A  is 

denoted  by  ?/ ;  and,  from  what  has  been  said 

in  §  340,  that  the  value  of  an  annuity  on  two  equal 
joint  lives  AA  is  denoted  by  y f-      -.     There- 

r  AAA  ^  I     2.r  w  X 

^  a         ^-^     '      a  aa  a 

-^  ;  consequently  a(^A — A  A)  =  3: will  be  the 

value  of  the  increasing  annuity  required  :  whence  we 

.deduce  the  following  rule. 


5  349.  From  the  value  of  an  annuilij  on  the 
given  Ufe  subtract  the  value  of  an  annuity  on  t7vo 
^qual  joint  lives,  of  the  same  age  with  the  given  life ; 
multiply  the  difference  by  the  complement  (or  tiuice 
the  expectation^  of  the  given  life:  and  the  product 
will  be  the  ansyjer  required, 

§  350.  Example.  Let  the  given  life  be  40  years 
of  age  ;  and  let  the  annuity  be  ^1  the  first  year, 
c£2  the  second  year,  £,S  the  third  year,  and  so  on 
according  to  the  order  of  the  natural  numbers :  what 
is  the  present  value  of  this  annuity,  reckoning  interest 
\  at  4  per  cent,  and  the  prob^ibilities  of  living  as  ob- 
served at  Northampton  ? 

Here  we  shall  have  A=  13-197,  AA  =  9*820, 
and  a  (or  twice  the  expectation)  =  46'16:  conse- 
quently 46-16  X  (13-197  — 9-820)  =  1.T5-882  will  be 
the  value  required. 
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If  the  annuities  had  been  £\0,  £20,  £30,  &c, 
the  present  value  would  be  155-882X10.  Or,  if 
they  had  been  oCl5,  £30,  £'\!5,  &c,  the  present  value 
would  be  155-882  X  15. 

But,  if  the  annuity  co7mnences  with  a  larger  sum 
than  cClj  and  yet  increases  only  by  c£l  in  every  year, 
we  must  add  to  the  value,  above  found,  the  value 
of  an  annuity  on  the  given  life  multiplied  into  the 
first  payment  lessened  by  unity;  and  the  sum  will  be 
the  answer.  Thus,  if  the  annuities  in  the  first  case 
above  mentioned,  had  been  £\5,  £i6,  £\1,  &c,  we 
must  multiply  1 3*197  by  14;  and  the  product,  or 
184'758,  added  to  155*882  will  give  340*640  for  the 
answer  in  this  case  required. 

§  351.  These  and  many  other  instances  (in  ad- 
dition to  those  already  mentioned  in  various  parts  of 
this  treatise)  might  be  adduced  to  show  the  great  utility 
and  convenience  of  M.  De  Moivre's  hypothesis  in  a 
general  point  of  view.  The  most  common  cases  will 
convince  us  that  it  may  always  lay  claim  to  a  consi- 
derable share  of  merit ;  but  that  it  is  particularly  en- 
titled to  our  approbation  in  enabling  us  to  conduct 
our  inquiries  into  many  branches  of  this  science  where 
the  common  analysis  is  not  only  exceedingly  intricate 
but  sometimes  entirely  fails:  and  that  it  is  by  no 
means  deserving  of  the  false  and  ignominious  epithets 
of  "  wretched"  or  "  absurd." 
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CHAPTER  X. 

On  the  Falue  of  jiiinuities  payable  Half -yearly,  &c. 
On  Half-yearly  &c  Assurances  -,  and  on  Annuitks 
secured  by  Land, 

§  S.'j;2.  In  the  preceding  chapters,  the  values  of  an- 
nuities have  been  deduced  on  the  supposition  that 
they  are  all  payable  yearly:  this  is  the  most  usual 
case.  But,  as  others  may  occasionally  occur,  it  will 
be  useful  to  know  the  limits  of  the  differences  which 
anse  in  those  cases;  therefore,  that  nothing  m.ight  be 
wanting  on  this  subject,  I  shall  make  no  apology  for 
introducing  the  following  investigations.* 

;      n     in 

If  «,  a,  «,  «,  &c  represent  the  number  of  persons 
living  at  the  age  of  A,  and  at  the  age  of  1,  2,  3,  he. 
years  older  than  A,  agreeably  to  v/hat  has  been  said 

*  A  person  who  receives  a  life  annuity  kalf-yearly  has  a  double 
advantage  over  one  who  receives  the  same  annuity  yearly  :  for, 
besides  the  interest  of  each  half-yearly  payment  for  six  months, 
he  has  a  chance  of  receiving  one  half  year's  payment  vioj-e  than 
if  he  were  paiu  yearly.  In  like  manner,  a  person  who  receives  a 
life  annuity  quarterly  has  a  double  advantage  over  one  v/ho  re- 
ceives the  same  annuity  half-yearly:  &Cj  &c.  See  this  subject 
detailed  at  full  length  in  Baron  Maseres's  Doctrine  of  Life  An- 
nuities, pages  233— 20O. 
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»       I      II       II     III 

m  §  23,  then  will  ■ -,  ,  -^-,  &c  denote  the 

number  of  persons  living  at  the  end  of  J,  J  J,  2^,  &c 
years  from  the  age  of  A  :  which,  though  perhaps  not 
in  all  cases  strictly  true,  will  serve  our  present  purpose, 
and  be  as  near  the  real  value  as  we  could  hope  for. 
Consequently,  the  present  value  of  an  annuity  on  the 


life  A,  payable  Half -y earl ij,  is  equal  to 


]    r    a  +  a 


(  I  II  U  II         III 

.  a        .         a-\-a        .  a  j^      a-\-a       .  a 

^  17+7)  ~^  2(1 +f)^      "0Tf7  "^  2 01+^^  "^  (i+f>' 

•|-&c    :*  a  series  which  may  evidently  be  divided  into 
the  two  following  ones ;  viz.  — 


I  >    II 

-  -r 


L2(l+f)^         2(1  4-f)^ 


n     in 


7  +  &C 


]+i 


+ 


^4- 


(i+f)  '  (i+f)'*  '   (1+?)= 

A 


.     The  latter  of  these  is  equal  to  — ;  and  the 
former,  which  may  be  divided  again  into  the  two  fol- 

lowing  series  -^^;^[-  +  ^If^  +  -^  + 


(i+f)' 


+  kc 


.\r     I  II  III 

,    (Hif^I     ?         ,  a  ,  a 

■^      4a'    [_{1  + 


+?)  "^  0+0'  "^  0+f)' 
-f  &c  L  is  equal  to  -^--r  +  ■^^.    Whence 


*  The  reader  is  supposed  to  be  acquainted  with  the  method  of 
deducing  the  present  value  of  an  annuity  certain  payable  half- 
yearly  &c,  as  explained  in  my  Doctrine  of  Interest  and  Annuities, 

Chapter  X. 
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the  total  present  value  of  the  annuity  is  equal  to  --  -f- 
i+A      ,    (i-f-0'^/  __  2(i+g)-^+i+^+(i+f)^  _. 

4(1  +  ^)-  4(1  +  ?)- 

But,  since  the  quantity  ^  +g^  "^'^x  ^  seldom  much 
exceeds  unity,*  this  expression  may  be  taken  (without 
material  error)  equal  to  ^  +  r;  and,  since 

1  .  4(1+^)^ 

• ~  is  seldom   much  below  ^,t  the  expression 

4(1  +  ?)- 
may  be  still  be  further  reduced  to  A  -\-  ^.     That  is, 

if  to  the  value  of  the  annuity  payable  yearly  we  add 

a  quarter  of  a  year's  purchase^  the  sum  will  be  very 

near  the  value  of  the  same  annuity  T^2i^?ib\Q  Half-yearly » 

The  exact  values  however  may  be  easily  determined 

from  the  general  expression  above  given. 


§  353.     If  we  wish  to  determine  the  present  value 
of  a  similar  annuity  payable  Quarterly,  we  must  take 


*  When  the  rate  of  interest  is  2  per  cent  per  annum,  the  quan- 
tity, here  alluded  to,  is  equal  to  1  -000025 ;  and  when  the  rate  of 
interest  is  10  per  cent  per  annum,  it  is  equal  to  1 '000509:  whenc« 
a  judgment  may  be  formed  of  its  value  at  any  intermediate  rate. 

-j-  When  the  rate  of  interest  is  2  per  cent  per  annum,  this  quan- 
tity is  equal  to  '2475;  and,  when  the  rate  of  interest  is  10  per 
rent  per  annum,  it  is  equal  to  -2384:  but,  it  will  be  seen  that 
as  this  quantity  decreases,  the  one  mentioned  in  the  last  note  in- 
creases: whence  A  +  I  will  seldom  much  exceed  the  true  value.  ♦ 
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I  I  1  II  t  II  II        li>         U  III 

Za-\-a     a-f3a     3a-\-a     a+3a    3a -}-a     a+3a       «  , 

~4-     -4-'    --4-'  -4-'   -^4"'  -i-'    ^^^    ^^    ^^- 

note  the  number  of  persons  living  at  the  end  of  J,  f , 
Ij,  if,  2|,  2f,  &c  years:*  whence,  the  present  value 
of  an  annuity  on  the  life  A  payable  Quarterly  will  b6 

equal  to  —-    r  H r  -^ -^^ — r  +  7 1 

'         /'  /          H  I  II  II  "~1 

,       3a  +  a       ,        fl  +  a        ,       a  +  3a       ,  a  ■     «       I 

4(1 +f)"^         2(l+f)^         4(l  +  f)^  (^+?)  -i 

But,  this  series  may  be  divided  into  the  four  following 


ones :  viz. 


lSa(l+?)^ 


/      '■;  II     III 


3a  +  a  j^  3a  +  a  ^^  3a4-«    ,a  \ 

r~ "^  0+7) "^  0+^'"^  J 

Ki±^  4- ^(L+il*.  ^ r^+i  4-  ^+'^  f 

I6(l  +  fr           ^^^      '  8fl(l+^)^L   1     "^  (i+?)  "^ 


jr     /// 


(1+?)'  ^        J         8(l+f)4    ^          8        '    I6a(l  +  ?)^ 
I   a+3a  J.       a  +  3a    ^^    a.+3a     ^^  ^  1+^       j^ 

L~i~  "+"  JuT)  "^  oT??~^^''j  ~  16(1 +  f)*  "^ 
—76— '  ^"''  4a  Ur+7)"  +  (TTir  +  (T+S^ + ^^ 

=  -— .       Whence,   the   total   present   value   of    the 
4  ^  X, 

.    .         ,  ^    3(1+^)    ,  A^+r   I      1+^ 

annuity  is  equal  to  -^ r  H r^-^ h j 

16(1 +p)^  i^  8(H-f)i 

"^  8"        "^    16(1  +  =)*'    "^  '16  "^     4       -^ 

*  These  are  the  arithmetical  means  between  the  number  of 
persons  Uving  at  the  age  of  A  and  at  the  several  ages  of  |,  1^,  2|, 
3|,  &CC,  years  older:  and  are  sufficiently  near  for  the  purposes  here 
^tended. 
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4(li-f)  jH4+|).(l+p)*  +  2(2+f).(l+p)^  +  4  +  3p  ^^      .    , 

•  -^^f-  -  X  ^  + 

3(1 +gf  4-2(1 +f)'''+l 
16(1+?)^ 
But,  since  the  fractional  quantity,  by  which  v:/  is  mul- 
tiplied, st-Idom  much  exceeds  unity,*  tuis  expression 
may  be  taken  (without  material  error)  equal  to  A  -f- 

3(l  +  0-+2(l+gr+l.    .^^^    ^.^^^   3(1+Ff+ 2(1+^)^+1 

16(1 +f)^  '  '         ^  l<5(l+p)* 

Is  seldom  much  below  f  ,t  the  expression  may  be  stili 
further  reduced  io  A -\-  f.  That  is,  if  to  the  value 
of  the  annuity  payable  yearly  we  add  three  eighths  of 
a  yea7-*6  purchase,  the  ivjm  will  be  veri/  near  the  value 
of  the  same  annuity  payable  Quarterly,  The  exact 
values,  however,  may  be  easily  determined,  as  in  the 
former  case,  from  the  general  expression  above  given. 

§  354.     Upon  M.  De  Moivre's  hypothesis  the  pre- 
sent value  of  a  life  annuity  payable  Half-yearly  will 

1  V-^—i~  J-    "~^      _L 
be  denoted  by  the  series  -^-[_(i^^)§  "*"  (i  +  p)    "^ 

*  When  the  rate  of  interest  is  2  per  cent  per  annum,  the  quan- 
tity, here  aHuded  to,  is  equal  to  1000037;  and  when  the  rate  of 
interest  is  10  per  cent  per  annum,  it  is  equal  to  1  000/10;  whence 
a  tolerably  correct  opinion  may  be  formed  of  its  value  at  any  in- 
termediate rate. 

-j-  When  the  rate  ut  inierobt  is  2  per  cent  per  annum,  this 
quantity  is  equal  to  "S/IQ;  and  when  the  rate  of  interest  is  10  per 
cent  per  annum,  it  is  equal  to  •3605:  but,  as  this  value  decreases 
the  one  mentioned  in  the  last  note  increases ;  whence  ^  +  |  will 
seldom  much  exceed  ihe  true  value. 
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TTTTy     '  w^'^ch  may  be  divided  into  the  two  follow- 
ing ones :  viz.  i[^:;i  +  (T+7)  +  "^^  +  (7+17 

'    T  +  >,-^  + TT^T     The  first 


2a     ~| 


of  these  is  equal  to  ^  X  ■  ~       P- — ■  =  hi*  and  the 

(i+f)^-i 

second  is  equal  to x  —         1— U.:: — :f 

consequently  the  total  present  value  of  the  annuity  is 

equal  to  ^X"-=^C 

In  like  manner,  the  present  value  of  a  life  annuity 
payable  Qiiarterly  will,  upon  the  same  hypothesis,  be 


equal  to  —    - — ^  _,  -f ^  + -—  +  --— r+ 

/~^,,    :  which  may  be  divided  into  the  two  fol- 

1  r L_  J i L_j__j L_ 

lowing  series  ^\__^^,^^)k  "^  n+^)^  "^  (i+^)^-  "^  (14-?) 

■^ f^^d~^^"[o^*"^oT;)*  "^ 

-A-,  +  .^  j^ T-^.l-     But,  the  first 

*  See  my  Doctrine  of  Interest  and  Annuities,  page  5(5. 
f  /Z-icf.  poge  89. 
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of  these  series  Is  equal  to  ^  X =  r;;*  and 

,  1-1  1  4o(l  +  P)^-4fl(l+f)~^ 

the  second  is  equal  to ^  X , —  i 

consequently  the  total  present  value  of  the  annuity  is 

.      ,.                      ,           1          a— 7(1  +  ?) 
in  this  case  equal  to  — -  X  — — i • 

By  a  similar  process  we  might  find  the  present 
value  of  such  annuities  payable  at  any  other  intervals: 
but  it  will  be  sufficient  to  show  the  extreme  limit  of 
the  increase  which  arises  from  thus  supposing  the  an- 
nuity to  be  payable  at  such  smaller  intervals:  this  limit 
takes  place  when  the  annuity  is  considered  as  being 
paid  momently;  in  which  case  the  expression  becomes 

a—m  ,  .  ,        1— (l+o)"" 

— — -  -      .    ,:  where  m  is  equal  to     ^,,   ,  — r  ,  or,  to 
axNL.(l  +  f)  ^  NL.(l+£)'       ' 

the  present  value  of  an  annuity  certain  for  the  term 

a,  payable  momently. '\ 

§  355.  If  the  numerical  value  of  these  expressions 
for  half-yearly  and  quarterly  annuities,  according  to 
the  hypothesis  of  M.DeMoivre,  be  compared  with  those 
deduced  from  real  observations,  they  will  be  found  to 
confirm  the  accuracy  of  each  other;  and  to  justify  the 
rule  which  I  have  before  given  :  namely,  that  the  value 
of  annuities  payable  yearly  must  be  increased  nearly 

*  See  my  Doctrhie  of  Interest  and  Annuities^  page  56. 

f  Ibid,  page  58,  And  I  would  here  observe  that  I  take  NL 
to  denote  the  Neperean  logarithm  of  the  quantity  immediately  fol- 
lowing it. 
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5  of  a  year's  purchase  in  order  to  show  the  value  of 
the  same,  annuities  payable  half- ij ear ly ;  and  that  they 
must  be  increased  nearly  f  of  a  year's  purchase  in 
order  to  show  the  value  of  the  same  annuities  payable 
quartenly ;  and  also  that  they  must  be  increased  by  ^ 
a  year's  purchase  in  order  to  show  the  value  of  the 
same  annuities  payable  momently. 

§  356.  The  reader  must  observe  that,  in  all  these 
cases,  I  have  had  regard  only  to  the  true  rate  of  annual 
interest,  agreeably  to  the  principles  which  I  have  laid 
down  in  another  work*  for  determining  the  value  of 
annuities  in  general.  But  such  annual  rate  may  al- 
ways be  expressed  in  terms  of  the  nominal  rate,  by 
making  the  substitutions  there  alluded  to,t  according 
as  the  interest  is  payable  half-yearly,  quarterly,  &;c : 
whereby  we  shall  find  that,  on  M.  De  Moivre's  hypo- 
thesis, the  present  value  of  an  annuity,  on  the  life 
whose  complement  is  <7,  payable  yearly,  half-yearly, 
quarterly,  and  inomently,  and  on  the  supposition  that 
the  interest  is  also  payable  at  the  same  periods,  will 

U      A        .  A  .-11         a-(\-\-r)y      «-(^  +  ^)^ 

be  denoted   respectively   by    —,    — ^ , 

r  J        J  ar         ''  ar  ^ 


a — m 


and :  where  ?/,   /;,  a,   and  m  will 

noiv  respectively  denote  the  present  values  of  annuities 

*  See  my  Doctrine  of  Interest  and  Annuities,  page  55. 

\-\ j    —  1    for  f  :  agreeably  to 

what  I  have  said  in  my  Doctrine  of  Interest  and  Annuitie'i,  §  77 1, 
page  54, 
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certain  for  the  term  <7,  payable  yearlij,  half-yearly, 
quarterly  and  momently^  and  on  the  supposition  that 
the  interest  also  is  payable  at  the  same  periods. 

If  the  numerical  value  of  these  expressions  be  com- 
pared with  each  other,  it  will  be  found  that  the  half- 
yearly  annuities  will,  upon  this  principle,  be  about 
of   a   year's    purchase,   and   quarterly   annuities 


10 


about  — -   of  a  year's  purchase,  more  than  rhe  value 


10 


of  the  same  annuities  payable  yearly;  and  this  is  the 
rule  given  by  Dr.  Price  for  such  purpose.*  But  as 
the  periods  of  the  payments  of  the  annuity  are  totally 
independent  of  the  periods  of  the  payment  of  m/ere^i!, 
and  ought  not  to  be  confounded  together  (as  I  have 
more  fully  explained  in  the  tenth  Chapter  of  my 
Doctrine  of  Interest  and  j4uniiities\  we  shall  find  that 
the  addition  to  the  tabular  values  of  ^  and  f  respec- 
tively, as  stated  in  pages  333  and  335,  will  be  the  most 
correct  rule  for  general  use :  agreeably  to  what  has  been 


*  See  his  Observations  on  Rev.  Pay.  vol.  1,  page  246;  and  th« 
investigations  which  are  there  annexed.  The  two  following  ex- 
amples, given  by  him,  will  show  the  real  difference  which  arises' 
in  these  cases. 


Age. 


36 
61 


Value  of  an  Annuity  on  a  Single  Life, 
Interest  4  per  cent. 


Payable 
Yearly. 


13  829 
8753 


Payable 
Half-yearly. 


14010 

8973 


Payable         Payable 
Ouarteilv.    Momently. 


i4'101 
9072 


14191 

9-^99 


Z  2 
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already  advanced  by  Mr.  Simpson  in  his  Doctrine  of 
Annuities  and  Reversions,  page  79. 

As  the  two  methods  of  investigation  are  however 
now  before  the  public,  the  computist  may  adopt  that 
rule  which  he  conceives  to  be  best  suited  to  the  cir- 
cumstances of  the  case.  Dr.  Price  had  endeavoured 
to  overturn  Mr.  Simpson's  rule  without  stating  the 
grounds  of  his  dissent,  and  to  substitute  his  own 
without  explaining  the  nature  and  cause  of  their 
difference. 


§  S57.  Hitherto  1  have  considered  the  differences 
in  the  value  of  annuities  on  single  lives  only:  but  it 
will  be  evident  that,  on  the  supposition  that  money 
is  improved  at  a  given  annual  rate  of  interest,  the 
differences  will  be  nearly  the  same  on  two  joi7it  lives, 
whose  value  is  deduced  from  real  observations,  and 
whose  probabilities  of  living  to  the  end  of  every  half- 

,       ,  ,,         ah  -\-  ab       al  -\-  a  b 

year  arc  respectively  denoted  by  — --j — ,  --^7 — ' 

nil       III  III 

'  "  ,  he :  which  probabilities,  though  not  strictly 
correct,  may  answer  the  present  purpose. 

On  M.  De  Moivre's  hypothesis,  however,  and  on  the 
supposition  that  money  can  be  improved  at  interest 
payable  at  the  same  periods  as  the  annuity,  the  value 
of  an  annuity  on  the  two  joint  lives  whose  comple- 
ments are  a  and  b,  payable  half-yearly^  is  accurately 

expressed  by  the  following  series  -7^     — ?^      'T"^ — ^ 
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(a-l).(^~l)  (a-n{b 


i^+~r 


(1 


^-.-"T^  h  the  sum  of  which  may,  from  what  has 
(i+z.)-*    J  ^' 

preceded,  be  easily  found  equal  to  — —   -v-  X 

(«-*-*- f)+f]. 

In  like  manner  the  value  of  an  annuity  on  those  lives, 
payable  quarterly ^  is  on  the  same  principles  equal  to 
J_[{^l3Jt:^   JL.  (a-^)-(^-l)     ,    (a-i).(^-f)     , 

^^ — ,     '-  ,,  ^  4- ^--- '  ,,,-,—     the  sum  of  which 

is  equal  to  L-^-^j^//  (a«Z.-i-  |-)+|]. 

And,  if  the  annuity  and  the  interest  are  both  sup- 
posed to  be  payable  momently^  its  value  will  come  out 
equal  to ^(a  —  b )  +  —    •     In  which 

^  r  ar  [_  V    ^  r  J         r  J 

several  formulse,  the  quantities  h,  q  and  vi  denote  the 
present  value  of  annuities  certain  for  the  term  Z', 
payable  half-yearly^  quarterly  and  Qnomently ,  on  the 
supposition  that  the  interest  also  is  payable  at  the  same 
periods  respectively.* 


*  The  following  examples,  given  by  ISTr.  Morgan,  will  show  the 
real  difference  that  arises  in  these  cases. 


Value  of  an  annuity  on  two  Joint  Lives, 
Interest  4  per  cent. 


Ages. 


20—36 
3(i— 3(i 
30—61 
61—61 


Pay;ible 
Yertrlv- 


H'227 

10-3.94 
7448 
6  144 


Payable 
H..lf-ycarly. 


11-427 
10  600 

7-673 
6-374 


Payable 
OiiarLerK 


1 1  -56.5 
J  0-703 

779^ 
6.517 


Pay.  Lie 

Mnmentlv- 


1  1  629 

10-808 

7901 

6-602 
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On  Half-yearly  &c  u^ssiirances, 

§  358.  By  a  similar  method  of  proceeding  to  that 
which  has  been  adopted  in  the  former  part  of  this 
Chapter  we  might  determine  the  present  value  of 
Assurances  for  every  haIf-yed.Y,  quarter-ye2Lr^  &;c 
of  human  existence.  For,  if  the  number  of  persons 
living  at  the  end  of  J,  ij,  2^,  &c  years  from  the  age 
of  A  be  denoted  by  the  same  quantities  as  in  page 
332,  then  will  the  probabilities  of  such  life  becoming 
extinct  in  the  first,  second,   third,  &c,  half-yesLTS,  be 


;/ 


respectively  represented  by    -^^-,   -^,    -^,    -^, 


a— a 


- — ,  &c:  consequently  the  present  value  of  an  as- 
surance of  the  sum  s  on  the  life  A  for  every  half- 

year  of  human  existence  will  be  truly  expressed  by 

'  (  /    /'  /     //  //    III 

s     I      a  — a       ,.      a— a      ,       a — a       ^^     a  —  a  a — a 

■srL(7^     c+f     oT;?     (^+^'     '^i 
+  &c]  =  -f[.+(i+e)*]x;-f^. 

§  359.     In  like  manner,  if  the  number  of  persons 

living  at  the  end  of  ^,  f ,  1^,  &c  years  from  the  age 

of  A  be  denoted  by  the  same  quantities  as  in  page 

334,  then  will  the  probabilities  of  such  life  becoming 

extinct  in  the  first,  second,  third,  &c  quarter-ye^LYS, 

till 
,  .,  ,.a  —  aa  —  a     a  —  a     a — a 

be  respectively  represented  by  -^^,  -j^,  -^,  ~^, 


I    II 
a — a    a—a 


,  &c:  consequently  the  present  value  of  an 
assurance  of  the  suai  s  on  the  life  A  for  every  qiiaf" 
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ter-yezx  of  human  existence  will  be  truly  expressed  by 

ti  I  I  I  I     It 

O' — g        ,       a— a      ^^     a — a       ^^      a — a     ^^     a  —  a 


/  It 

a — a 


+   &C 


§  S60.  By  continuing  these  subdivisions  we  shall 
-find  that  the  present  value  of  the  same  assurance  on 
the  life  A  for  every  71^^  part  of  a  year,  will  be  truly 

expressed  by  -^  [l  +  (  1+eF  +(1 +?)'""  + 

Now,  when  n  is  infinite,  this  formula  becomes  e^jual 

^Q  -vTT  /,  .T  X  -/^r-r-T'-*  and  which  consequently  de- 
NL.(i+f)        (i  +  (=)  ^         -^ 

notes  the  value  of  the  assurance  for  every  momeyu  of 
human  existence ;  that  is,  the  value  of  the  given  sum 
to  be  received  immediately  on  the  extinction  of  the 
given  life.f 

*  Forj  ill  such  case  a  \_{\  +f)^— Ij  is  equal  to  the  Nepereaa 
logarithm  of  (l+f).  See  Euler's  Introd.  in  Anal.  Inf.  vol.  1, 
chap.  7,  §  119;  and  also  what  has  been  said  on  this  subject  in  my 
Doctrine  of  Interest  and  Annuitie';,  page  46. 

-f-  Since  the  Neperean  logarithm  of  (1  -f  f)  differs  but  little  from 

--  *-,  this  last  formula   may  be   rendered   more  convenient  for 
piactice    by   means    ot    the  expression  -^-^^ ~    X   ---—■-■=. 

(  p/        l-r.A  -^  (^+f) 

J     1 -| )  X  - — ^-— -:  which  exceeds  the  value  of  a  yearly    as- 

^         2  f       (l-t-e)  ^        ^ 

surance,  deduced  from  tlie  rule  in  pagd   140,   by  the  quantity 
$2        1  —  0  A 

V  ^  (1  +^)~ 
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It  may  be  necessary  to  remark  that  these  values  are 
all  deduced  from  the  true  annual  rate  of  interest ; 
which  may  be  reduced  to  the  nominal  rate  by  making 
the  substitution  alluded  to  in  the  note  in  page  338. 


On  Life  Annuities  secured  hy  Land, 

§  361.  A  life  annuity  secured  by  land*  differs 
from  that  kind  of  life  annuity  which  has  been  treated 
of  in  the  preceding  part  of  this  work,  inasmuch  that 
if  the  annuitant  dies  at  any  time  between  the  stated 
periods  for  the  payment  of  the  annuity,  his  heirs  are 
to  receive  such  a  sum  as  will  be  proportional  to  the 
time  elapsed  between  the  last  paymerxt  and  his  death; 
whereas  in  all  the  cases  hitherto  considered,  if  the 
annuitant  dies  on  the  day  preceding  the  time  of  pay- 
ment, or  sooner,  his  heirs  cannot  claim  any  part  or 
portion  of  the  annuity. 

In  this  case,  supposing  the  annuity  payable  yearly, 
the  annuitant  Csince  there  is  the  same  chance  for  his 
dying  in  one  half  of  any  year  as  in  the  other )  may 
be  considered  as  having  an  expectation  of  half  a  year's 
payment  more  than  he  would  be  otherwise  entitled  to. 
But  the  value  of  the  half  of  <:£l  to  be  received  on  the 
extinction  of  any  life.  A,  is  by  Prob.  XXII  equal  to 
- — ^-— ;  and,  which  is  the  addition  that  ought  to  be 
made  to  the  value  of  an  annuity  payable  yearly,  in 

*  See  on  ibis  snbiect,  Dodson,  vol.  iii.  Ques.  I  to  4,  and  8 
to  14.     Price^  vol.  I,  page  244. 
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order  to  obtain  its  value  when  secured  by  land:  con- 
sequently the  value  of  such   annuity  is  ^  +     ~- — 

"      2(1  +f  ) 


§  362.  In  like  manner,  supposing;  the  annuity  pay- 
able half-yearly,  the  annuitant  may  be  considered  as 
having  an  expectation  of  a  quarter  of  a  year's  pay- 
ment more  than  he  would  be  otherwise  entitled  to. 
But  the  value  of  the  quarter  of  £,1  to  be  received  on 
the  extinction  of  the  life  A  in  any  half  year,  is,  by  the 

formula  in  page  342,  equal  to  [l+iL+jA  >iL^Jli^l 
and  which  is  the  addition  that  ought  to  be  made  to  the 
value  cf  an  annuity  payable  half-yearly,  in  order  to 
obtain  its  value  when  secured  by  land.  And  so  on 
for  the  additions  that  ought  to  be  made  to  the  value 
of  an  annuity  payable  quarterly  &c.  But  the  difference 
between  the  value  of  an  annuity  payable  yearly,  not  se- 
cured by  land,  and  the  value  of  an  annuity,  payable  at 
the  same,  or  at  any  other  intervals,  which  is  secured 
by  land,  can  in  no  case  exceed  '05,  or  half  unity. 

§  363.  M.  De  Moivre  in  his  Doctrine  of  ChanceSy 
page  338,  has  given  a  theorem  for  finding  the  value 
of  an  annuity  secjired  hj  land  and  payable  yearly, 
which  he  deduced  by  a  differential  process  ;  a  method 
easily  applicable  to  his  hypothesis :  and  Mr.  Dodson 
in  the  third  volume  of  his  Mathematical,  Repositonj^ 
page  4,  has  given  another  theorem  for  that  purpose 
(obtained   without  the  aid   of  that  calculus)   which 
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brings  out  nearly  the  same  answers.*  But  Mr.  Simp, 
son  in  his  Select  Exercises,  page  323,  and  in  the  Sup. 
pJement  to  his  Doctrine  of  Annuities,  page  70,  has 
given  a  theorem  which  shows  the  value,  not  of  an  an- 
nuity payable  yearly  and  secured  by  land,  but  of  an 
annuity  payable  momenthj  at  a  given  annual  rate  of 
interest;-!  The  values  in  all  these  cases  being  obtained 
from  M.  De  Moivre's  hypothesis. 


1  y 

*   M.  De  Moivre's  formula  is • .-.,   , r :    uhere 

f      ax^.  L.(i -f-e) 

y  denotes  the  value  of  an  annuity  certain  for  the  term  a,  payable 
yearly.     Now  the  Neperean  logarithm  of  (l+f)   is  very  nearly 

equal  to  ■ — — :  if,  therefore,  we  substitute  this  latter  quantity,  in- 

^^^  a-   (1  +  -) 

stead  of  NL.(I  +  f),  the  above  formula  will  become  — ~ —. 

^       ^  flf  ' 

which  is  the  same  as  that  given  by  INIr.  Dodson,  and  which  exceeds 
the  value  of  an  annuity  not  secured  by  land  (as  deduced  in  page 

316)  by  the  quantity  - -. 

1  vi 

+  Mr.  Simpson's  formula  is    rr:;r-  /--— r <r^—, c  = 

^    a-m  .  ^I-(1+F)        axNL.(l  +  f) 

~ ~ :  which  is  the  same  as  that  given  in  &  354,  for 

determining  the  value  of  a  life  annuity  payable  vwmenily,  at  a 
given  annual  rate  of  interest :  but  this  is  certainly  not  a  correct 
mode  of  proceeding  in  order  to  find  the  value  of  an  annuity  secured 
ly  land. 

Dr.  Price  is  wrong  in  asserting  that  "■  Mr.  Simpson  makes  the 
*'  e.vcess  of  the  value  of  such  an  annuity,  above  the  value  of  an 
"  annuity  payable  yearly  but  not  secured  by  land,  dovhle  to  the 
*'  same  excess  derived  from  Mr.  Dodson's  ;ind  M.  De  Moivre's 
"  rnles."  The  truth  is,  that  not  only  Dr.  Price,  but  Mr.  Simpson 
himself,  appear  to  have  been  deceived  by  the  similarity  of  the 
.symbols  employed  in  the  two  formulae  compared  j  without  snf- 
.ficiently  considering  that  those  symbols  denote  different  quantities. 
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I  would  here  observe  that  the  fonnulse,  which  I 
have  given  above,  are  the  first  that  have  been  deduced 
from  real  observations ;  and  are  much  more  simple 
than  those  deduced  from  M.  De  Moivre's  hypothesis. 
But  though  they  readily  follow,  after  the  investigations 
that  have  been  previously  entered  into ;  and  might 
easily  have  been  adapted,  by  preceding  writers,  to  the 
value  of  annuities  as  deduced  from  such  observations; 
yet  those,  who  have  been  the  most  forward  to  attack 
the  whole  of  M.  De  Moivre's  principles,  have  not 
only  suffered  his  formulae  on  this,  and  on  other  sub- 
jects^  to  remain  uncorrected  and  unrcproved;  but  have 
inserted  them  in  their  works  as  affording  a  proper  and 
correct  solution  to  such  cases!!! 
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CHAPTER  XI. 

On  the  Value  of  Deferred  Annuities ,  Reversionary 
Annuities,  and  Assurances,  in  Annual  Payments. 

§  364.  In  all  those  cases  of  deferred  annuities  men- 
tioned in  Prob.  I,  cor.  S,  and  in  the  corollaries  to  the 
subsequent  problems,  as  well  as  in  all  cases  of  As- 
surances, I  have  deduced  the  values  of  the  same  in 
one  single  payment:  but  it  is  oftentimes  required  to 
determine  such  values  in  annual  payments.  The  me- 
thod of  doing  which  I  shall  now  proceed  to  show. 

In  the  case  of  Deferred  annuities  depending  on  any 
number  of  joint  hves  ABC,  the  value  in  one  single 
payment  is  (by  Prob.  I,  cor.  3)  denoted  by  {ABC)  . 
Now,  if  the  purchaser  of  this  annuity  is  desirous  of 
paying  for  the  same  by  equal  annual  payments  during 
the  given  term,*  those  equal  payments  ought  to  be  such 
that  their  total  present  value  shall  be  equal  to  the 
single  payment  above  mentioned :  or,  in  other  words, 
he  should  pay  instead  of  such  sum  an  equivalent  an- 
nuity during  the  given  term. 

§  365.  Let  the  required  annual  payment  be  de- 
noted by  p  ;  and  let  the  value  of  a  temporary  annuity 

*  Such  annual  payments,  however^  subject  to  failure  if  the  given 
lives  become  extinct  before  the  end  of  that  period. 
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on  the  given  lives  (that  is,  of  an  annuity  to  continue 
till  the  period  when  the  deferred  annuity  commences) 
be  denoted  by  (^ABC)^:  then,  since  the  value  of  the 
deferred  annuity,  or  {JBC)  ,  is  to  be  paid  for  by 
equal  annual  payments  during  the  time  such  annuity 
is  deferred  (subject  to  failure  if  any  of  the  given  lives 
become  extinct  in  that  period),  it  is  evident  that  the 
sum  or  value  of  such  payments  must  be  equal  to  the 
value  of  an  annuity;,  on  the  given  lives  for  such  time^ 
of  the  yearly  value  of  pi  that  is,  p  {^ABC)^  =^ 
{ABCf. 

This,  however,  is  on  the  supposition  that  the  first 
annual  payment  is  not  made  till  the  end  of  the  first 
year,  and  continued  at  the  end  of  every  subsequent 
year  till  the  expiration  of  the  term.  But  this  rarely, 
if  ever,  happens:  and  the  usual,  if  not  the  invariable 
method  is  to  advance  the  first  payment  immediately ; 
and  the  remaining  ones  at  the  beginning  of  each  of 
the  following  years:  so  that  the  number  of  payments 
shall  be  equal  to  the  number  of  years  during  which 
the  annuity  is  deferred.  Therefore  (since  tlie  payment 
which  was  supposed,  in  the  preceding  case,  to  be  made 
at  the  end  of  the  term  is  now  made  at  the  beginning^ 
we  must  add  unity  to  the  value  of  a  temporary  annuity 
for   one  year  less  than*  the  given  term :    and  this 

*  Dr.  Price,  in  all  the  cases  of  annual  payments  which  he  has 
given,  says  that  we  must  add  unity  to  the  value  of  a  temporary 
annuity ybr  the  given  term:  by  which  means  he  makes  the  number 
of  pa)  ments  to  be  one  more  than  ever  occurs.  The  reader  should 
particularly  observe  this  ui  comparing  his  rules  with  the  formula 
here  given. 
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quantity  multiplied  by  the  annual  payment  will  be 
equal  to  the  value  of  the  deferred  annuity.  Con- 
sequently the  formula  will,  in  this  case,  become 
7j[i  +iJBC)^~^']   =    {ABC)^',    whence,  />  = 

— ^-- :*  and  whence  the  following  rule. 

§  SQ6.  Divide  the  value  nfihe  Deferred  armuiti/, 
ly  unity  added  to  the  value  of  a  similar  Temporary 
annuity  for  one  year  less  than  the  given  term:  the 
quotient  luill  he  the  annual  payment  required. 

For  examples  of  the  use  and  application  of  this  rule, 
see  the  Scholium  to  Question  VI  in  Chapter  XIL 

§  367.  The  samie  rule  will  apply  to  the  case  of 
deferred  annuities  depending  on  the  longest  of  two 
or  more  lives:  see  Prob.  II,  cor.  2.  For,  if  the  value 
of  an  annuity  on  the  longest  of  any  number  of  lives 
be  denoted  by  Z,  then  will  the  value  of  a  similar  de- 
ferred  annuity  be  denoted  by  (Z)  ;  and  also  the  value 
of  a  similar  temporary  annuity  for  one  year  less  than 
the  given  term  will  be  denoted  by  {Ly  ,  Conse- 
quently, from  what  has  been  above  said,  we  shall  have 


i-f(L)^-^ 


y^  _  I  Avr\^       ^-^7  /.   .  .^-n 


*  Since  {ABC)'  '  =  (^ABCy^-^f{\+2)        ^  ABC  - 
{ABC) (1  +  f )       j  it  follows  that  the  formula  given  in  the 

text  may  be  denoted  by i. : , 

l+ABC~.[{ABC)^+^{l+^)~"''] 
which  wUl  be  oftentimes  found  very  convenient  in  practice. 
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For  examples  of  the  use  and  application  of  this 
formula,  see  Question  XI  in  Chapter  XII. 

In  this  case,  however,  it  should  be  particularly 
observed  that  if  the  deferred  annuity  depends  on 
the  joint  continuance  of  the  given  lives  to  the  end 
of  the  given   term  (as  mentioned  in  Prob.  II,  cor.  3) 

the  formula  will  become  p  = ^^ . 

For  examples  of  the  use  and  application  of  this  for- 
mula, see  the  Scholium  to  Question  XI  in  Chapter  XII. 

§  368.  A  similar  method  of  reasoning  will  lead 
us  to  the  true  value,  in  annual  payments  during  the 
continuance  of  the  given  lives,  of  any  Reversionary 
annuity.  Thus,  let  the  value  of  the  reversionary  an- 
nuity, mentioned  in  the  first  case  in  page  71,  be  de- 
noted by  R ;  then  will  the  value  of  the  same  in  annual 
payments,  during  the  joint  continuance  of  the  two 

lives,  be  /j  =  -^r.      The   same  formula   extends 

also  to  the  case  of  Deferred  reversionary  annuities. 

For  examples  of  the  use  and  application  of  this 
formula,  see  the  Scholium  to  Question  Xlil,  in  Chap- 
ter XII :  and  also  Question  XVIII,  and  the  Scholium 
to  Question  XVIII  in  that  chapter. 

But,  if  the  reversionary  annuity  be  Te/tiporari/^  or 
for  a  given  term  only,  and  such  annuity  be  denoted 

by  {Rf,  we  shall  have  p  =  — ^^ . 

For  examples  of  the  use  and  application  of  this  for- 
mula, see  Question  XIX  in  Chapter  XII, 
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§  369.  The  principles  here  laid  down  will  like- 
wise extend  to  all  the  cases  of  Assurances  mentioned 
in  Chapter  VI ;  whether  for  the  whole  continuance  of 
life,  or  for  any  given  term.  For,  if  the  present  value 
of  an  assurance  of  any  given  sum  be  denoted  by  S, 
and  the  present  value  of  a  temporary  assurance  of  a 
similar  sum  be  denoted  by  (^/;  then  will  the  equiva-. 
lent  annuity  during  the  joint  continuance  of  all  the- 

lives  involved  be,  in  the  first  case,  p  =        ^^^;  and 

in  the  latter  case  p  = — -. 

i  +  iABCf"'- 

It  is  scarcely  necessary  to  observe,  when  S  denotes 
the  value  of  an  assurance  on  the  longest  of  any  num- 
ber of  lives,  that  ABC  will  in  such  case  denote  the 
value  of  an  annuity  on  the  longest  of  such  lives : 
agreeably  to  what  has  been  said  in  Prob.  XXII,  cor.  2. 
And  so  likewise  of  any  other  jssuvance  there  al- 
luded to. 

For  the  use  and  application  of  the  formula,  see 
Questions  XXVI,  XXVII,  and  XXIX  in  Chapter  XII. 


§  370.  With  respect  to  those  assurances  which- 
are  the  subject  of  Chapter  VIII,  the  annual  payment 
may  be  divided  into  three  kinds  :  1°  where  such  pay- 
ment is  made  till  the  claim  is  determined :  2°  where 
it  is  made  till  the  sum  becomes  due:  3°  where  the  sum 
becomes  due  at  the  time  the  claim  is  determined. 

Thus  in  Prob.  XXVII,  the  sum  becoming  due  at 
the  same  time  that  the  claim  is  determined,  the  value 
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of  the  annual  payment  is  obtained  by  dividing  the  value 

of  the  assurance  by  unity  added  to  the  value  of  an  an- 

S 

nuity  on  the  two  joint  lives  AB :  that  is  h  = . 

•'  •'  ^  i-\-AB 

In  Proh.  XXVIII,  the  claim  is  determined  on  the 
extinction  of  the  two  joint  lives :  but  the  sum  does 
not  become  due*  till  the  extinction  of  A's  life.  There- 
fore the  value  of  the  annual  payment  till  the  claim  is 

determined  will  be  p  =  — 7—rK'  and  the  value  of"  the 
^  \-\-AB 

S 

annual  payment  till  the  sum  becomes  due  is  j&  =  . 

In  Problem  XXIX  the  sum  becomes  due  at  the  time 
the  claim  is  determined ;  and  consequently  the  annual 
payment  is  equal  to  the  value  of  the  assurance  divided 
by  unity  added  to  the  value  of  an  annuity  on  the 

c 

three  joint  lives  ABC:  that  is  p  = -=-;,, 

In  Prob.  XXX  the  claim  is  not  determined,  neither 
does  the  sum  become  due,  till  the  extinction  of  the 
joint  lives  AB,  and  also  of  the  joint  lives  AC.  That 
is,  the  annual  payment  must  be  made  during  the  con- 
tinuance of  the  joint  lives  AB,  and  likewise  during 
the  continuance  of  the  joint  lives  AC  after  the  decease 
of  B.  The  two  values  will  be  found  equal  to  AB-{- 
^C  —  ABC :  consequently  we  shall  have  in  this  case 

p  = ^? . 

^         l+AB+yJC—ABC 

In  Prob.  XXXI  the  annual  payment,  till  the  claim 

*  That  is,  provided  the  claim  is  determined  in  favour  of  tlie 
person  assuring :  and  this  must  be  understood  in  all  these  cases. 

2  A 
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is  determined^  will  be  the  same  as  In  the  last  problem: 

but  the  value  of  such  payment  till  the  sum  becomes 

S 
due  is  evidently  />=  . 

.  In  a  similar  manner  we  might  proceed  with  respect 
to  the  remaining  problems  in  Chapter  VIII:  but  enough 
has  here  been  said  to  enable  the  reader  to  determine 
the  annual  payment  in  any  other  case,  either  of  an- 
nuities or  assurances,  that  may  arise  in  practice:  I 
therefore  shall  not  detain  him  with  any  further  remarks 
on  this  subject. 
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CHAPTER  XII. 

Practical  Questions  to  illustrate  the  Use  of  some  of 
the  preceding  Problems, 

QUESTION  I. 

§371.  J-  o  find  the  prolahilitij  that  a  life  or  hVes,  of 
any  given  age,  will  continue  in  being  to  the  end  of 
any  given  term;  according  to  any  given  table  of  ob- 
servations. 

SOLUTION. 

In  the  case  of  a  single  life,  this  probability  is  a  frac- 
tion whose  denominator  is  the  number  of  persons 
living  at  the  given  age ;  and  whose  numerator  is  the 
number  of  persons  living  at  an  age  older  by  the  given 
term  than  the  given  age. 

In  the  case  of  joint  lives  it  is  the  product  of  the 
probabilities  that  each  of  the  single  lives  shall  continue 
in  being  to  the  end  of  the  given  term.     See  §  23. 

Example  1.  The  probability  that  a  person,  whose 
age  is  20,  shall  attain  to  the  age  of  50,  or  live  30 
years,  is,  according  to  the  observations  of  M.  De  Par-' 
cieux  as  given  in  Table  III,  equal  to  -|~f-|-.    And  the 

2  A  2 


336  PRACTICAL  QUESTIONS.  Ch.  12, 

probability  that  a  person,  whose  age  is  40,  shall  at- 
tain to  the  age  of  70,  or  live  30  years,  is,  according 
to  the  same  observations,  equal  to  |-i-y. 

But  the  probability  that  both  those  persons  shall 
live  to  the  end  of  .SO  years  is  equal  to  -f-f-^  multiplied 
by  U"'  that  is,  equal  to  US'of- 

Example  2.  The  probability  that  a  man  aged  46 
shall  attain  to  the  age  of  56,  or  live  10  years,  is,  ac- 
cording to  the  observations  made  in  Sweden,  as  given 
in  Table  XIV,  equal  to  ^H^.  And  the  probability 
that  a  woman  aged  40  shall  attain  to  the  age  of  50, 
or  live  10  years,  is,  according  to  the  same  observations, 
equal  to  ^f-j^-. 

But  the  probability  that  both  those  persons  shall  live 
10  years  is  equal  to  4-|-|-f  multiplied  by  -fff-^-:  that  is, 
eaual  to  -I-^-aajlap.^ 

Example  3.  The  probability  that  each  of  three 
lives  aged  20,  30,  and  40  shall  live  1 5  years,  is,  ac- 
cording to  the  observations  made  at  Northampton,  as 
given  in  Table  XXV,  equal  to  -Hfi-j  UU^  and  ^-Hf 
respectively. 

But  the  probability  that  all  those  lives  shall  continue 
so  long  is  equal  to  the  product  of  the  three  fractions 
into  each  other:  whence,  sucb  probability  will  be 
dpnnfpd  hv  .31883937040 


SCHOLIUM. 

§  S72.     Having  thus  found  the  probability  that 
any  single  or  joint  lives  will  continue  in  being  to  the 
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end  of  any  given  term,  we  may  readily  determine  the 
probability  that  one  or  the  other  of  them  will  live  so 
long.  For,  in  the  case  of  two  lives,  the  probability 
here  alluded  to  will  be  equal  to  the  difference  between 
the  probability  that  the  joint  lives  will  continue  to  the 
end  of  the  term  and  the  sum  of  the  probabilities  that 
each  of  the  single  lives  will  continue  so  long. 

Thus,  in  the  first  example,  the  probability  that  one 
or  other  of  two  lives,  aged  20  and  40,  will  continue 
30  years  is  equal  to  -o.^ J-i-f  subtracted  from  144^^. 
(or  from  the  sum  of  the  two  quantities  -144  and 
_s4-^_):*  which  leaves  44|-|ai-  for  the  probability  re- 
quired. 

And  the  probability  that  one  or  other  of  the  two  lives, 
mentioned  in  the  second  example,  will  continue  10 
years,  is  equal  to  -14-14^44^  subtracted  from  HslUo' 
(or  from  the  sum  of  the  two  quantities  ^^-f  ^"d 
4^-44):  which  leaves  -H-^H-Hw  foj^  the  probability  re- 
quired. 

In  like  manner  the  probability  that  some  one  or 
other,  out  of  three  given  lives,  will  continue  to  the 

*  These  fractions,  reduced  to  a  common  denominator,  are 
If  4  7^1  and  m^M,  the  sum  of  which  is  equal  to  f44^f|.  But 
it  is  tedious  to  operate  in  this  way,  and  i  have  adopted  it  in  the 
present  instance  for  the  sake  of  iUustration  only.  The  best  me- 
thod of  finding  the  probabilities,  both  for  single  and  joint  lives,  is 
by  means  of  logarithms:  and  I  would  h  re  observe  that  the 
logarithm  of  the  denominator  subtracted  from  the  logarithm  of 
the  numerator  will  give  the  logarithm  of  the  probability  required; 
which  logarithm  will  always  have  a  negative  index. 
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end  of  any  given  term,  Is  found  by  subtracting  the 
sum  of  the  probabilities  that  each  pair  of  joint  Hves 
will  continue  so  long,  from  the  sum  of  the  probabilities 
that  each  single  life  and  that  the  three  joint  lives  will 
continue  the  given  time :  agreeably  to  the  principles 
laid  down  in  Prob.  II.* 

.     QUESTION  II. 

§  373.  To  find  the  expectation  of  any  given  life 
(or  lives)  receiving  a  given  sum,  at  the  end  of  any 
given  term. 

SOLUTION. 

Multiply  the  present  value  of  the  given  sum  by  the 
probability  that  the  given  life  (or  lives)  will  continue 
to  the  end  of  the  given  term:  the  product  will  be  the 
answer  required.     See  the  note  in  page  44. 

Example  1.  What  is  the  present  value  of  £\  to 
be  received  at  the  end  of  SO  years,  provided  a  person, 
now  aged  20,  be  then  aii^e  :  interest  being  reckoned 
at  4-J  per  cent,  and  -the  probabilities  cf  living  as  ob- 
served by  M.  De  FardeuxP 

*  I  shall  here  mention,  by  way  cf  note,  that  the  probability 
that  any  two  out  of  three  given  lives  will  continue  to  the  end  of 
any  given  term,  is  equal  to  twice  the  probability  that  the  three 
joint  lives  shall  continue  the  given  iinie,  subtracted  irom  the  sum 
•I"  the  probabilities  that  each  pair  of  joint  lives  shall  continue  the 
same  period:  agreeably  to  what  has  been  said  in  the  investigation 
of  Prob.  III. 
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The  present  value  of  ^£1  to  be  received  at  the  end 
of  30  years,  without  any  contingency,  is  by  Table  LVIII 
equal  to  '26700;  and  the  probability  that  a  person 
aged  20  will  live  30  years  is,  by  the  preceding  Question, 
equal  to  -f-H-:  therefore,  these  two  quantities  multiplied 
together*  will  produce  •  1 906  for  the  value  required. 

In  like  manner  the  expectation  of  receiving  that  sum 
at  the  end  of  the  same  period,  provided  a  person,  aged 
40,  lives  so  long,  is  equal  to  -^-i-f  multiplied  by  '26700; 
which  produces  '12598  for  the  value  in  this  case  re- 
quired. 

But,  if  the  expectation  depended  on  both  those 
lives  continuing  to  the  end  of  the  term ;  then  -fif  j-X^^ 
multiplied  by  -26700,  will  produce  -08992  for  the 
value  required. 

And,  if  it  had  depended  on  either  of  those  lives 
continuing  to  the  end  of  the  term,  then  A|-3-?-i-|-  (or 

the  value  found  by  the  Scholium  in  page  357 )  being 
multiplied  by  -26700  will  produce  -22663  for  the 
value  of  the  expectation  in  such  case  required. 

Example  2.  A  man  aged  46  will  at  the  expiration 
of  a  lease,  which  has  10  years  to  run,  be  entitled  to  a 
fine  of  c£l,t  provided  he  be  then  alive:  what  is  his 

*  The  method  of  multiplying  a  vulgar  fraction  by  a  decimal 
fraction  is,  to  multiply  the  decimal  by  the  numerator  of  the  vulgar 
fraction,  and  to  divide  the  product  by  the  denominator  of  the  same. 

f  I  have  taken  the  fine  equal  to  one  pound,  because  the  quan- 
tities which  result  from  this  assumption  will  be  often  referred  to 
in  the  course  of  the  present  chapter :  but,  it  is  easy  to  see  that 
the  answer  here  obtained^  being  multiplied  by  any  other  fine^ 
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expectation:  of  receiving  the  same:  interest  being 
reckoned  at  4  per  cent,  and  tlie  probabilities  of  living 
as  observed  in  Sweden  ? 

The  present  value  of  <£l  certain  to  be  received  10 
years  hence  is,  by  Table  LVIII,  equal  to  '67556;  and 
the  probability  that  a  man  aged  46  will  live  10  years  is, 
by  the  preceding  question,  equal  to  -5-^14 '.  therefore 
these  two  quantities  multiplied  together  will  produce 
•52406  for  the  value  required. 

Had  the  fine  depended  on  the  life  of  his  wife  aged 
40,  then  4-§-§4-  multiplied  by  '6155Q,  will  produce 
*514!l^  for  the  value  in  this  case  required. 

But  had  it  depended  on  their  jo'mt  Hves  continuing 
to  the  end  of  the  given  term,  then  -HHilw  inulti- 
plied  by  '61556^  will  produce  '44589  for  the  value  in 
such  case  required. 

And  had  it  depended  on  either  of  those  lives  con- 
tinuing so  long,  then  -]-« |g  ;,^^.3  multiplied  by  'Q155Q 
will  produce  '65296  for  the  value  in  this  case  re- 
quired. 

SCHOLIUM. 

§  374.  By  means  of  the  general  solution  here 
given  may  be  determined  all  questions  relative  to  the 
value  of  such  sums   as  ought  to   be  given  for  the 

would  give  the  present  value  of  such  other  fine.  Thus,  if  the  fine 
were  ,C100,  the  present  value  of  the  same,  if  depending  on  the 
life  of  the  man,  would  be  equal  to  52*406  or  £52  :  8  :  1  j  and,  if 
de])ynding  on  the  life  of  the  woraan^  would  be  equal  io  57'479  or 


Qu.  2.  PRACTICAL  QUESTIONS.  861 

Endowments  of  Children.  Thus,  suppose  a  person  has 
a  son  aged  1 1,  for  whom  he  wishes  to  secure  X^lOO  on 
his  coming  of  age;  the  sum  which  he  ought  to  pay 
down  for  the  assurance  of  tlie  same  (reckoning  interest 
at  5  per  cent,  and  the  probabilities  of  livh'g  as  accord- 
ing to  M.  De  ParciciLv)  is  equal  to  ^-^4  multiphed 
by  61-391 ;  which  produces  56*744,  or  ^'56  :  14  :  10 
for  the  answer  required. 

In  the  table  of  rates  published  by  the  Globe  j4s* 
surance  Company,  and  by  the  Provident  Instihition* ^ 
the  sums  demanded  for  the  Endowments  of  Children 
are  in  general  full  as  much  as  (and  from  the  age  of 
9  years  and  upwards  are  even  more  than)  the  present 
values,  at  5  per  cent,  of  c£l  00  certain  to  be  received 
at  the  end  of  the  given  term  luithont  any  contingena/. 
For  instance,  £62  :  1 1  :  2  is  required  in  ready  money 
by  the  Globe,  and  ,£62  by  the  Provident,  for  the 
payment  of  J^lOO  on  the  event  of  a  child,  aged  11, 
arriving  at  the  age  of  21  years:  whereas  eiiher  of  these 
sums  put  6ut  to  interest  at  5  per  cent  would  amount 
to  more  than  ,£100  at  the  end  of  that  period,  without 
the  liability  to  loss  in  case  the  child  should  happen  to 
die  before  that  time ! ! !  No  person  can,  I  think,  be  so 
blind  to  his  own  interest  as  to  risk  his  money  in  this 
absurd  way. 

*  The  other  Companies  have  net  published  their  rates  for  the 
Endowments  of  Children :  but,  from  the  similarity  of  most  of  the 
rates  at  the  various  Otfices^  we  may  conclude  that  there  is  no  great 
difference  on  this  point. 
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QUESTION  III. 

5  375.  To  find  the  value*  of  an  annuity  on  any 
Single  life. 

SOLUTION. 

This  value  is  determined  by  inspection:  for,  in  either 
of  the  Tables  which  show  the  values  of  annuities  on 
any  single  life,  we  shall  find  the  value  required  set 
down  against  the  age  of  the  given  life,  according  to 
the  several  rates  of  interest  at  the  top  of  each  column. 

Example  1.  The  value  of  an  annuity  on  a  life 
aged  20,  reckoning  interest  at  4j  per  cent,  and  the 
probabilities  of  living  as  observed  by  M.  De  Parcieux^ 
is,  by  Table  V,  equal  to  IGGS^;  or  about  16f  years 
purchase.! 

*  By  the  value  of  an  annuity  I  mean  the  nuwler  of  years  pur^ 
chase  that  such  annuity  is  worth  :  agreeably  to  what  I  have  already 
observed  in  the  note  in  page  2/  :  and  as  this  mode  of  expression 
is  used  in  all  the  subsequent  questions,  it  will  be  necessary  to  bear 
this  observation  in  mind, 

-f  I'he  number  of  years  purchase  being  multiplied  by  the  annuity 
will  give  the  total  present  value  of  the  same.  Thus,  if  the  annuity 
in  the  present  instance  were  £50  per  annum:  then  16  624  mul- 
tiplied by  50  would  give  83r200,  or  ;^831  :  4  :  0  for  the  value  of 
the  same.  Or,  if  the  annuity  had  been  ^4  :  10  :  0  per  annum; 
then  16-624  multiplied  by  45  would  give  74'808  or  £'/4  :  l6  :  2 
for  the  value  in  this  case  required.  This  method  is  universal,  and 
applies  to  all  cases  of  annuities,  whether  present  or  in  reversion; 
whether  temporary  or  deferred  :  and  therefore  it  will  be  sufficient, 
in  all  the  subsequent  examples,  to  deduce  the  value  of  an  annuity 
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Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  1 4-254.  Or  had  the  rate  of  in- 
terest been  in  each  case  .5  per  cent,  the  values  would 
have  been  equal  to  15*469  and  13  •459  respectively. 

Example  2.  The  value  of  an  annuity  on  the  life 
of  a  man  aged  46,  reckoning  interest  at  4  per  cent 
arid  the  probabilities  of  living  as  observed  in  Sweden 
is,  by  Table  XVI,  equal  to  12*297  j  or  rather  more 
than  12:|;  years  purchase. 

Had  the  annuity  been  on  the  life  of  a  ivoman  aged 
40^  the  value  would  have  been  equal  to  14-401.  Or 
had  the  rate  of  interest  in  each  case  been  5  per  cent,  the 
values  would  have  been  11-153  and  12*856  respec- 
tively. 

QUESTION  IV. 

§  376.  To  find  the  value  of  an  annuity  on  two 
Joint  lives. 

of  one  po?//?cf  per  annum  :  or,  in  other  words,  to  find  the  nuviler 
of  years  purchase. 

Havhig  thus  found  the  number  of  years  purchase  that  ought  to 
be  given  for  an  annuity,  we  may  readily  determine  the  atmuily 
that  ought  to  be  given  for  any  given  S7im  invested,  merely  by  di- 
viding such  sum  by  the  number  of  years  purchase.  Thus,  if  a 
person  wished  to  lay  out  ;C4000  in  the  purchase  of  such  an  annuity 
as  the  one  mentioned  in  the  text,  the  annuity  which  he  ought  to 
receive  for  that  n^oney  will  be  found  by  dividing  4000  by  l6'624: 
■whence  240-616,.  or;^240:12:4  will  be  the  annuity  required. 
This  method  is  likewise  universal,  and  therefore  it  will  be  unneces- 
sary to  repeat  it  in  any  of  tlie  subsequent  cases.  The  same  priii- 
I  ciples  will  apply  to  the  value  of  reversionary  sums ;  for  which, 
•ee  Question  XXVII. 
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SOLUTION. 

Look  in  the  Tables  which  show  the  values  of  an- 
nuities on  two  joint  lives  of  all  ages ;  and  if  the  two 
lives  have  the  same  common  age,  or  if  their  difference 
of  age  comes  within  the  limits  of  those  tables,  the 
value  of  an  annuity  on  their  joint  continuance  will  be 
found  expressed  therein. 

Example  1.  The  value  of  an  annuity  on  two  joint 
lives  aged  20  and  40,  interest  being  reckoned  at  4^ 
per  cent,  and  the  probabilities  of  living  as  observed 
by  M.  De  Parcieux,  is,  by  Table  IX,  equal  to  1 2*545 j 
or  rather  more  than  1'2^  years  purchase. 

Had  both  the  lives  been  20  years  of  age,  the  value 
would  have  been,  by  Table  VI,  equal  to  14*004:  or, 
had  they  been  both  40  years  of  age,  the  value  would 
have  been  IT?  10. 

Example  2.  The  value  of  an  annuity  on  the  joint 
lives  of  a  man  aged  46  and  his  wife  aged  40,  reckon- 
ing interest  at  4  per  cent  and  the  probabilities  of  livipg 
as  observed  in  Siveden,  is,  by  Table  XVIII,  equal  tq 
10-286. 

Had  both  the  lives  been  40  years  old  the  value 
•would  have  been,  by  Table  XVII,  equal  to  10-964  ; 
or,  had  they  been  both  46  years  old,  the  value  would 
have  been  9 '736.* 

*  The  values  of  annuities  on  the  joint  lives  in  Tables  XVII  to 
XXIV  are  deduced  from  the  probabilities  of  living  amongst  males 
and  females  collectively :  and  therefore  do  not  show  the  /rw^  values 
oi  annuities  on  two  joint  lives,  one  of  which  is  a  male  and  the 
other  a  female.  Tables  formed  upon  this  latter  principle  are  still 
a  desideratum.     See  the  example  in  page  33. 
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§  377.  If  the  difference  of  age  between  the  two 
lives  is  any  number  of  years  not  given  in  the  tables, 
the  required  value  may  be  easily  obtained  by  means  of 
the  following  rule. 

Find,  by  the  tables,  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  greater  than,  but 
at  the  same  time  nearest  to,  the  difference  of  age  be- 
tween the  proposed  lives ;  and  the  oldest  of  which  is 
of  the  same  age  with  the  oldest  of  the  proposed  lives. 
Find  also,  by  the  same  tables,  the  value  of  an  annuity 
on  two  joint  lives  whose  difference  of  age  is  the  7iexl; 
less  to  that  just  mentioned;  and  the  oldest  of  which 
is,  in  like  manner,  of  the  same  age  with  the  oldest  of 
the  proposed  lives.  Then  will  the  V\  2"^,  3'^  &c, 
arithmetical  mean*  between  the  least  and  the  greatest 
d    of  these  two  values  be  the  value  required;  according 

*  The  tables  for  the  values  of  annuities  on  two  joint  lives,  ac- 
cording to  the  Northampton  observations,  are  the  only  ones  where 
I  the  difference  of  age  is  so  small  as  Jive  years.  In  the  tables  de- 
duced from  the  observations  in  Sweden,  the  difference  of  age  is 
six  years  :  and  in  those  deduced  from  the  observations  of  M.  De 
Parcieiix,  the  difference  of  age  is  ten  years.  Consequently  the 
jst^  2"^,  3^^,  Sec  arithmetical  mean  between  the  least  and  greatest 
of  any  two  values,  according  to  the  Northampton  tables,  will  be 
equal  to  the  least  vahie  increased  by  1,  2,  3,  Sec  Jifths  of  their  dif- 
ference :  but  according  to  the  Swedish  tables,  it  will  be  equal  to 
the  least  value  increased  by  1,  2,  3,  &c  sixths  of  their  difference; 
and  according  to  the  tables  of  M.  De  Parcieiix,  it  will  be  equal  to 
the  least  value  increased  by  1,2,  3,  &:c  tentlis  of  their  difference. 
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as  one  of  the  proposed  lives  is  1,  2,  3,  he  years 
younger  than  the  other. 

Example  1 .  Let  it  be  required  to  find  the  value 
of  an  annuity  on  two  joint  lives  aged  32  and  50 ; 
at  the  rate  of  4^  per  cent  interest,  and  according  to  the 
probabiliiies  of  life  as  observed  by  M.  De  Par  deux  ? 

That  did'erence  of  age  which  is  greater  than  the 
difference  between  these  lives,  but  at  the  same  time 
nearest  to  it,  is  20 :  and  the  value  of  an  annuity  on 
two  joint  lives  whose  difference  of  age  is  20  years, 
and  the  oldest  of  which  is  of  the  same  age  with  the 
oldest  of  the  proposed  lives  (that  is,  the  value  of  an 
annuity  on  two  joint  lives  aged  30  and  50)  is,  by 
Table  IX,  equal  to  10'6ll.  And  the  value  of  an 
annuity  on  two  joint  lives  whose  difference  of  age  is 
next  less  to  20  (that  is,  whose  difference  of  age  is 
10  years)  and  the  oldest  of  which  is  of  the  same  age 
with  the  oldest  of  the  proposed  lives  (that  is,  the  value 
of  an  annuity  en  two  joint  hves  aged  40  and  50)  is, 
by  Table  VIII,  equal  to  10-274,  Therefore,  these 
being  the  values  of  an  annuity  on  two  joint  lives  aged 
SO  and  50,  and  on  two  joint  lives  aged  40  and  50 ;  it 
is  evident  that  the  value  of  an  annuity  on  two  joint 
lives,  aged  32  and  50,  will  be  nearly  equal  to  the  least 
of  these  two  values  increased  by  S  tenths  of  the  dif- 
ference between  them  :  or  (which  is  the  same  thing) 
equal  to  the  greatest  value  diminished  by  2  tenths  of 
their  difference.  Now,  the  difference  between  these 
values  is  equal  to  '337 ;  one  tenth  of  which  is  equal  to 
•0337,  and  two  tenths  are  therefore  equal  to  '067. 
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Consequently  10*61 1,  diminished  by  -067,  will  leave 
10-544  for  the  value  required  of  an  annuity  on  the 
two  joint  lives  aged  32  and  50. 

Example  2.  Let  it  be  required  to  find  the  value 
of  an  annuity  on  two  joint  lives  aged  20  and  60 ;  at 
the  rate  of  4  per  cent  interest,  and  according  to  the 
probabilities  of  living  as  observed  in  Siveden  F 

The  difference  of  age  v.hich  is  greater  than  the 
difference  between  these  lives,  but  at  the  same  time 
nearest  to  it,  is  42 :  and  the  value  of  an  annuity  on 
two  joint  lives  whose  difference  of  age  is  42  years,  and 
the  oldest  of  which  is  of  the  same  age  with  the  oldest 
of  the  proposed  lives  (that  is,  the  value  of  an  annuity 
on  two  joint  lives  aged  18  and  60)  is,  by  Table  XXIV, 
equal  to  8*208.     And  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  6  years  less  than 
40,  and  the  oldest  of  which  is  likewise  of  the  same 
age  with  the  oldest  of  the  proposed  lives  (that  is,  the 
value  of  an  annuity  on  two  joint  lives  aged  24  and  60) 
is,  by  Table  XXIII,  equal  to  8*097.     Iherefore,  these 
being  the  values  of  an  annuity  on  two  joint  lives  aged 
18  and  60,  and  on  two  joint  lives  aged  24  and  60 ; 
it  follows  that  the  value  of  an  annuity  on  the  two  joint 
j,  lives  20  and  60  will  be  nearly  equal  to  the  least  of 
these  two  values  increased  by  4  sixths  of  the  difference 
between  them.     Now,  their  difference  being  equal  to 
•111,  it  follows  that  one  sixth  of  such  difference  will 
be  '0185  ;  and  four  sixths  of  such  difference  will  be 
•074:  which  being  added  to  8-097  will  give  8-171 
for  the  required  value  of  an  annuity  on  the  two  joint 
lives  aged  20  and  60. 
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Example  3.  What  is  the  value  of  an  annuity  on 
two  joint  hves  aged  26  and  60  j  reckoning  interest  at 
5  per  cent  and  the  probabilities  of  life  as  observed  at 
Nortkampton? 

The  difference  of  age  which  is  greater  than  the 
difference  between  these  two  lives,  but  at  the  same 
time  nearest  to  it,  is  25 :  and  the  value  of  an  an- 
nuity on  two  joint  lives  whose  difference  of  age  is 
S5,  and  the  oldest  of  which  is  equal  to  the  oldest  of 
the  proposed  lives  (that  is,  the  value  of  an  annuity 
on  two  joint  lives  aged  15  and  60)  is  by  Table  XXXV 
equal  to  7*383.  And  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  5  years  less  than 
S5,  and  the  oldest  of  which  is  also  of  the  same  age 
with  the  oldest  of  the  proposed  lives  (that  is,  the  value 
of  an  annuity  on  two  joint  lives  aged  30  and  60)  is, 
by  Table  XXXIV,  equal  to  7*292.  Therefore,  these 
being  the  values  of  an  annuity  on  two  joint  lives  aged 
25  and  60,  and  on  two  joint  lives  aged  30  and  60  j  it 
follows  that  the  value  of  an  annuity  on  the  two  joint 
lives  26  and  60  will  be  nearly  equal  to  the  least  of 
these  values  increased  by  ^^Jifths  of  the  difference  be- 
tween  them :  or  nearly  equal  to  the  greatest  of  these 
values  decreased  by  1  Jifth  of  their  difference.  Now, 
this  difference  being  "0^)1,  it  is  evident  that  one  fifth 
of  it  is  equal  to  '018;  which  being  deducted  from 
7 '383,*  will  give  7*365  for  the  value  required  of  an 
annuity  on  the  two  joint  lives  26  and  60. 

§  378.     Since  the  tables  of  the  values  of  annuities 

*  Or  we  may  add  four  rifths  to  the  least  value^  which  would 
jive  the  same  result. 
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on  two  joint  lives  according  to  the  observations  of 
M.  De  Parcieux  are  calculated  only  for  such  lives 
whose  difference  of  age  is  teji  years,  it  is  evident  that 
the  method  just  laid  down  (for  determining  the  values 
of  annuities  on  two  joint  lives,  whose  difference  of 
age  is  any  intermediate  number)  will  not  be  quite  so 
correct  as  from  those  tables,  calculated  according  to 
the  observations  of  life  in  Sweden,  where  the  difference 
of  age  is  six  years.  Neither  will  these  latter  ones 
show  the  value,  for  such  intermediate  ages,  so  cor- 
rectly as  the  tables  calculated  according  to  the  obser- 
vations of  life  at  Northampton^  where  the  difference 
of  age  isjive  years.  In  neither  case  will  the  error  be 
very  considerable:  but  in  the  latter  case  particularly 
(where  the  tables  show  the  values  of  annuities  on  two 
joint  lives  of  all  ages  whose  difference  is  not  more  thaa 
5  years)  the  error  is  so  trifling  as  to  be  not  worth  con- 
sidering. This  will  evidently  appear  from  the  follow- 
ing comparison  (given  by  Dr.  Price  in  his  Observations 
on  Reversionary  Payments,  vol.  2,  page  359,)  of  the 
values  of  annuities  on  two  joint  lives  of  the  ages 
therein  mentioned,  deduced  from  the  Northampton 
observations,  interest  at  3  per  cent. 

Ages.  Value  by  Rule.       Correct  Value. 


18—14 

14-972 

14-978 

18—15 

14-858 

14-864 

18—16 

14-744 

14-744 

18—17 

14-630 

14-626 

45—31 

10-862 

10-869 

45—32 

10-802 
2s 

10-811 
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Ages. 

Value  by  Rule. 

Correct  Value. 

4.5 — 33 

10-742 

10-751 

45—34- 

10-682 

10-688 

G6— 27 

7*092 

7-09.5 

66—28 

7-076 

7080 

66 — 29 

7*060 

7-063 

66—30 

7-044. 

7-046 

In  the  higher  rates  of  mterest  the  agreement  is 
greater. 

Dr.  Price  was  enabled  to  make  this  comparison  by 
the  Tables  in  the  office  of  the  Equitable  Society; 
where,  in  order  to  lay  the  foundation  of  accuracy  in 
conducting  the  business  of  the  office,  it  has  been 
thought  necessary  to  compute  minutely  to  four  places 
of  decimals  the  values  by  the  Northampton  obser- 
vations, at  3  per  cent,  of  two  joint  lives  for  every 
possible  difference  of  age, 

§  379.  When  one  of  the  given  lives  is  under  10 
years  of  age,  we  ought,  in  deducing  the  values  agree- 
ably to  this  rule,  to  attend  particularly  to  the  order 
of  the  difference  between  the  values  taken  from  the 
Tables:  that  is,  to  observe  whether  such  difference 
is  /?zcreasing  or  c/ecreasing.  For  instance,  suppose  it  is 
required  to  determine  the  value  of  an  annuity  on  two 
joint  lives  aged  9  and  30,  interest  at  3  per  cent,  and  the 
probabilities  of  living  as  at  Nortliampton:  the  rule 
directs  us  to  fmd  the  value  of  an  annuity  on  two  joint 
lives  aged  .5  and  30,  and  on  two  joint  lives  10  and  30, 
which  are  respectively  equal  to  13-762  and  14-150; 
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and  that  '07 S  (or  one  fifrh  of  the  difference  between 
them)  being  subtracted  from  the  latter  value,  will  give 
14'07'2  for  the  value  of  an  annuity  on  two  joint  lives 
aged  9  and  SO.  But  the  following  comparison  will 
show  this  to  be  incorrect :  for  if  we  take  out  the  values 
of  annuities  on  the  several  joint  lives  as  under,  viz. 
.5—30  —  13-762 

10 — 30=  14-150 

1.5—30=  13-734. 

20 — 30  =  13-286 

2.5 — 30=  12-966 

30 — 30  =  12 -.5  89 
it  will  be  seen  that  (beginning  at  the  bottom)  the 
values  gradually  mcrease  till  we  come  to  the  age  of 
10  and  30;  and  therefore  that  the  value  of  an  annuity 
00  any  two  joint  lives,  one  of  which  is  30  years  of 
age  and  the  other  of  any  age  between  10  and  30,  will 
be  deduced  accurately  enough  by  means  of  the  rule 
above  given.  And  this  also  would  be  the  case  with 
respect  to  the  value  of  annuities  on  any  two  joint  lives, 
one  of  which  is  30  years  and  the  other  of  any  age  be- 
low 10  years  of  age,  provided  the  f/ecrease  commenced 
exactly  at  the  age  of  10  years:  but  it  is  probable  that 
the  decrease  does  not  begin  to  take  place  till  about  ithe 
joint  ages  of  8  and  30;*  and  consequently  that  the 
value  of  an  annuity  on  two  joint  lives  aged  9  and  30 
^s  greater  than  14-1.50,  instead  of  being  less.     The 

*  The  period,  at  which  this  decrease  commences,  varies  ac- 
xjrding  tu  the  rate  of  interest  and  according  to  the  difference  be- 
ween  the  ages  of  the  two  hves. 

2  B  2 
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proper  method  therefore  of  finding  the  value  of  an 
annuity  on  the  two  joint  lives  aged  9  and  30  will  be 
to  take  '083  (or  one  fifth  of  the  difference  between 
14*150  and  13-734)  and  add  it  to  14-150;  which 
will  give  14*233  for  the  value  of  an  annuity  on  the 
two  joint  Hves  aged  9  and  SO.  These  cases  have  never 
yet  been  noticed  by  any  preceding  writer  j  although 
they  frequently  occur  in  practice. 


QUESTION  V. 

§  380.  To  find  the  value  of  an  annuity  on  three 
Joint  lives. 

SOLUTION. 

Look  in  Tables  XLIII  and  XLIV ;  and  If  the  three 
lives  have  the  same  common  age,  or  if  their  difference 
of  ages  be  10  and  20  years,  the  value  of  an  annuity 
on  their  joint  continuance  will  be  found  expressed 
therein. 

Example,  The  value  of  an  annuity  on  three  joint 
Hves  aged  20,  30  and  40,  reckoning  interest  at  4  per 
cent  and  the  probabilities  of  living  as  at  Northampton, 
is  equal  to  8-986:  but  had  all  the  lives  been  20  years 
of  age,  the  value  would  have  been  equal  to  10*342  j 
or  had  they  all  been  40  years  of  age,  the  value  would 
have  been  equal  to  7*865. 
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§  381.  It  unfortunately  happens  that  the  two 
tables  above  mentioned  are  the  only  ones,  that  have 
been  published,  for  determining  the  values  of  annuities 
on  three  joint  lives.  The  labour  of  computing  such 
tables  is  so  very  great,  and  the  combinations  of  ages 
are  so  various,  that  it  will  probably  be  a  long  time  be- 
fore any  person  will  undertake  to  finish  what  has  been 
here  begun:  and  till  that  is  the  case  we  may  make 
use  of  the  following  general  and  very  easy  rule,  given 
by  Mr.  Simpson,  for  finding  the  values  of  annuities  on 
any  tkree,  from  the  values  on  any  two,  joint  lives. 

"  Let  A  be  the  youngest,  and  C  the  oldest  of  thq 
"  three  proposed  lives.  Take  the  value  of  an  annuity 
•*  on  the  two  joint  lives  B  and  C,  and  find  the  age  of 
*'  a  single  life  D  of  the  same  value.  Then  find  the 
"  value  of  an  annuity  on  the  two  joint  lives  A  and  D, 
*'  which  will  be  the  value  required." 

Example.  What  is  the  value  of  an  annuity  on 
three  joint  lives  aged  10,  20,  and  SO;  interest  at  4 
per  cent,  and  the  probabilities  of  living  as  at  North' 
amp  ton  ,?* 

The  value  of  an  annuity  on  the  two  joint  lives  aged 

*  It  will  readily  appear  (hat  we  can  obtain  the  values  of  an- 
nuities on  three  joint  lives  more  correctly  from  the  Northampton 
tables  of  two  joint  lives,  than  from  any  other  observations  j  be- 
cause they  are,  as  yet,  the  most  comprehensive,  and  inclnde  the 
greatest  variety  of  combined  ages. 
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20  and  30  is,  by  Table  XXX,  equal  to  1 1  -873  ;  which, 
being  compared  with  the  values  in  Table  XXVII,  will 
be  found  equal  to  the  value  of  an  annuity  on  a  single 
life  D  aged  47V-(rT5*  or  47  years  and  i  month.  And 
the  value  of  an  annuity  on  the  joint  lives  A  and  D 
(that  is,  on  two  joint  lives  aged  10  and  47^-^*-)  is,  by 
the  rule  in  the  preceding  scholium,  equal  to  10'474  5t 
which  is  the  value  required. 

Had  the  two  oldest  lives  been  both  40  years  of  age, 
and  the  youngest  20,  the  value  of  an  annuity  on  the 
joint  lives  of  the  two  former  would,  by  Table  XXVIII, 
be  equal  to  9*820;  answering  to  a  single  life  D  aged 
564-4-1-.  ■A'^'tl  the  value  of  an  annuity  on  the  joint 
lives  A  and  D  (that  is,  on  two  joint  lives  aged  20  and 
56-H-t)  is,  by  the  rule  alluded  to  in  the  last  note, 

*  The  vnlue,  in  Table  XXVII,  which  is  next  greater  than 
WQ'/o,  is  irSpO;  which  is  the  value  of  an  annuity  on  a  single 
life  aged  47.  The  difference  between  these  values,  or  17,  is  the 
numerator  of  the  fraction  :  and  the  denominator  is  the  difference 
between  ir6'85  (or  the  next  less  value  to  J 1-873)  and  II89O. 

f  The  value  of  an  annuity  on  two  joint  lives  aged  10  and -I7 
is,  by  the  rule  in  the  preceding  scholium,  equal  to  10*485:  and 
the  value  of  an  annuity  on  two  joint  lives  aged  10  and  48  is  by  the 
same  rule  etjual  to  ]0'350.  I'he  difference  between  these  two 
values,  or  Tig,  being  multiplied  by  ^^7^  will  give  -01 1  5  which 
being  subtracted  from  10'485  will  leave  10'474  for  the  value  re- 
quired. This  shows  the  true  raetliod  of  proceeding  in  such  cases; 
but,  if  this  fraction  be  either  very  small  or  does  not  differ  much 
from  unity,  the  error  will  not  be  considerable  if  (for  the  sake  of 
more  expedition)  D  is  always  taken  for  that  age,  whether  greater 
or  less,  wliich  answers  most  nearly  to  the  value  of  the  annuity  on 
the  joint  lives  B  aixl  C,  without  regarding  the  fraction. 
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equal  to  8'COl :  which  is  the  value  required  of  ?.n 
annuity  on  three  joint  lives  aged  20,  40,  and  40. 

Or,  had  the  two  youngest  lives  been  20,  and  the 
eldest  40  years  of  age;  then  the  value  of  an  annuity 
on  two  joint  lives  aged  20  and  40  would,  by  Table 
XXXII,  be  equal  to  10*924:  answering  to  a  single  life 
D  aged  SI-L-if.  And  the  value  of  an  annuity  on  the 
two  joint  lives  A  and  D  ( that  is,  on  two  joint  lives 
aged  20  and  5i-^^%)  is,  by  the  rule  alluded  to  in  the 
preceding  note,  equal  to  9*406 :  which  is  the  value 
required  of  an  annuity  on  three  joint  lives  aged  20, 
20  and  40. 

The  following  table  (computed  from  the  probabilities 
pf  life  as  observed  at  Norihcnnptoii,  and  reckoning  in- 
terest at  4  per  cent)  will  show  how  nearly  the  rule, 
above  explained,  approximates  to  the  true  values  as 
given  in  Tables  XLIII  and  XLIV. 


J 

^ges. 

Value  by  Rule. 

Correct  Value 

10- 

-20- 

-30 

10*474 

10-438 

15- 

-25- 

-35. 

9*836 

9-738 

20- 

-30- 

-40 

9-097 

8*986 

25- 

-35- 

-45 

8-390 

8*313 

30- 

-40- 

-50 

7*651 

7-571 

35- 

-45- 

-55 

6-884 

6*816 

40- 

-.50- 

-60 

6-01-G 

5-994 

45- 

-55- 

-65 

5*175 

5*145 

50- 

-60- 

-70 

4-235 

4*219 

55- 

-65- 

-75 

3*308 

£•298 

10- 

-10- 

-10 

12*206 

12*200 

15- 

-15- 

-15 

11*376 

11-274 

20- 

-20- 

-20 

10*510 

10-342 
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Cli 
Correct  value, 

25—25- 

-25 

9-937 

9*796 

30 — 30- 

-30 

9-351 

9*221 

35—35- 

-35 

8*703 

8-585 

40—40- 

-40 

7*983 

7*865 

45—45- 

-45 

7*243 

7-126 

50—50- 

-50 

6*433 

6*317 

55 — 55— 

-55 

5*637 

5*550 

60 — 60- 

-60 

4*817 

4*755 

65—65- 

-65 

3*936 

3-914 

70—70- 

-70 

3010 

2-995 

75—75- 

-75 

2-118 

2-119 

From  which  it  may  be  inferred  that  this  rule  will 
give  the  values  of  annuities  on  three  joint  lives  ge- 
nerally within  a  ninth  or  a  tenths  and  sometimes  within 
less  than  a  hventieth  part  of  a  year's  purchase.  It  may 
also  be  observed  that  when  the  oldest  of  the  three  ages 
does  not  exceed^75,  and  the  youngest  is  not  less  than 
10,  the  error  falls  on  the  side  oi excess:  and^  conse- 
quently, that  if  -05  (or  a  twentieth  part  of  a  year's 
purchase)  be  deducted  from  the  values  by  the  rule,  we 
shall  obtain  the  true  value,  in  some  cases,  almost  ex- 
actly ;  andj  in  most  cases,  much  more  nearly. 

QUESTION  VI. 

§  382,  To  find  the  value  of  a  Deferred  annuity 
on  any  single  or  joint  lives.* 

*  This  Question  is  of  considerable  utility  in  enabling  us  to  de- 
termine the  best  means  of  providing  Annuities  for  the  benefit  of 
Old  Jge;  as  will  be  more  fully  explained  in  the  following  Chapter. 
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SOLUTION. 

Find  the  value  of  an  annuity  on  a  life,  or  joint  lives, 
as  many  vears  older  than  the  given  life,  or  joint  lives, 
as  are  equal  to  the  term  during  vi'hich  the  annuity  is 
deferred;  find  also  the  expectation  of  the  given  life, 
or  joint  lives,  receiving  £1  at  the  end  of  that  term: 
the  product  of  these  two  quantities  will  be  the  answer 
required.     See  §  45. 

Exaviple  1.  A  person  aged  20  wants  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
after  the  term  of  30  years  :  what  is  the  present  value 
of  the  same,  reckoning  interest  at  4|-  per  cent,  and 
the  probabilities  of  life  as  observed  by  M.  De  Par* 
-cieiLv  ? 

The  value  of  an  annuity  on  a  life  aged  50,  is,  by 
Table  V,  equal  to  1 1*921  ;  and  the  expectation  of  a 
life,  aged  20,  receiving  £,\  2X.  the  end  of  30  years,  is, 
by  Question  II,  equal  to  '1906:  therefore  11*921 
multipii='d  by  '1906  will  produce  2-272  for  the  num- 
ber of  years  purchase  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  6*221  multiplied  by  '1260;  which 
would  produce  '784  for  the  value  required. 

Example  2.  A  man  now  aged  46  will  at  the  end 
of  10  years  come  into  possession  of  an  annuity  on 
his  own  life :  what  is  the  present  value  of  the  same, 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  observed  in  Sweden  ? 
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The  value  of  an  annuity  on  a  male  aged  56  is,  by 
Table  XVI,  equal  to  9*7 17  ;  and  the  expectation  that 
a  man  aged  46  will  receive  £1  at  the  end  of  10  years 
is,  by  Question  II,  equal  to  •524' 1  :  therefore  these 
two  quantities  being  multiplied  together  will  give 
5*093  for  the  value  required. 

Had  the  annuitant  been  a  female  aged  40,  then 
12-049  multiplied  by  '5748  would  give  6*926  for  the 
value  in  this  case  required. 

Example  3,  Two  persons  aged  20  and  40  wish  to 
purchase  an  annuity  for  the  remainder  of  their  joint 
lives  after  30  years:  what  ought  they  to  give  for  the 
same,  reckoning  interest  at  4j  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  two  joint  lives  aged  50 
and  70  is,  by  Table  IX,  equal  to  5*517  ;  and  the  ex- 
pectation of  two  joint  lives,  aged  20  and  40,  receiving 
Xl  at  the  end  of  30  years  is,  by  Question  II,  equal 
to  -0899  :  therefore  the  product  of  these  two  quantities 
will  give  *496  for  the  value  required. 

Example  4.  A  man  aged  46  together  with  his 
wife  aged  40  are  entitled  to  an  annuity  on  their  joint 
lives,  to  commence  at  the  end  of  10  years:  what  is  the 
value  of  their  interest  therein,  taking  the  probabilities 
of  hfe  as  observed  in  Sweden,  and  the  rate  of  interest 
at  4  per  cent.  ? 

The  value  of  an  annuity  on  the  joint  lives  of  two 
persons,  a  man  aged  5Q  and  a  w^oman  aged  50,  is, 
by  Table  XVIII,  equal  to  7'874 ;  which  being  mul- 
tiplied by  -4459  (or  the  value  of  the  expectation  of 
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two  joint  lives,  nged  46  and  40,  receiving  £l  at  the 
end  of  ]0  years  as  found  by  Question  II)  will  produce 
3>6ll  for  the  value  required. 

SCHOLIUM. 

ft 

§  383.  If,  instead  of  determining  the  value  of  a 
deferred  annuicy  in  a  single  payment,  we  wish  to  de- 
termine the  value  of  the  same  in  annual  payments 
during  the  term  for  which  the  annuity  is  deferred;* 
the  amount  of  those  annual  payments  is  readily  obtained 
by  means  of  the  following  rule. 

Divide  the  value  of  the  annuity  in  a  single  payment, 
by  unity  added  to  the  value  of  a  similar  temporary 
annuity  for  one  year  less  than  the  given  term :  the 
quotient  will  be  the  annual  payment  required.  See 
§  366. 

Example  1.  A  person  aged  20  wants  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
after  the  term  of  30  years:  what  sum  ought  he  to 
give  annuaili/  to  the  end  of  that  ternif  in  order  to  have 
the  same  assured  to  him;  reckoning  interest  at  4}j  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  rarcieiix? 

*  The  first  of  those  annual  payments  to  be  made  immediately, 
and  the  remaining  ones  at  the  beginning  of  every  subsequent  year; 
since  this  is  the  u.-,ual  method  of  making  such  annual  payments. 

-j-  Such  annual  payments,  however,  subject  to  failure,  in  case 
lhe.<riven  life  becomes  extinct  before  the  end  of  that  term. 
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The  value  of  this  deferred  annuity  In  a  single  pay- 
ment Is,  by  the  first  example  to  the  Question,  equal  to 
2*272  ;  and  the  value  of  a  similar  temporary  annuity 
for  29  years  is,  by  the  rule  in  the  following  Question,* 
equal  to  14-I6i:  therefore  2*272  divided  by  15-161 
will  give  '150  for  the  value  of  the  annual  payments 
during  the  term  deferred. 

In  like  manner  we  might  determine  the  value  in 
annual  payments,  of  an  annuity  on  the  life  of  a  wo- 
man for  what  may  happen  to  remain  of  it  after  10 
years ;  reckoning  interest  at  4  per  cent,  and  the  pro- 
babilities of  living  as  observed  in  Siveden, 

For,  the  value  of  this  deferred  annuity  in  a  single 
payment  is,  by  the  first  example  to  the  Question,  equal 
to  6*926 ;  and  the  value  of  a  similar  temporary  an- 
nuity for  9  years  is,  by  the  rule  just  alluded  to^  equal 
to  6-900 :  therefore  6 '926  divided  by  7 '900  will  give 
*877  for  the  value  of  the  annual  payments  required. 

Example  2.  A  man  aged  46  and  his  wife  aged  40 
are  entitled  to  an  annuity  on  their  joint  lives,  to  com- 
mence at  the  end  of  10  years,  but  are  willing  to  sur- 
render their  interest  in  the  same  for  an  equivalent  an- 
nuity (commencing  immediately)  during  such  term : 

*  A  more  convenient  method  however  of  determining  suck 
temporary  annuities  is  expressed  by  the  following  rule.  To  the 
value  of  the  deferred  annuity  add  the  expectation  that  the  given 
life  or  lives  shall  receive/" I  at  the  end  of  the  given  term;  sub- 
tract the  sum  from  the  value  of  an  annuity  on  the  given  life  or 
lives :  the  difference  will  be  the  value  of  the  temporary  annuity 
for  cue  year  less  than  ike  given  term.     See  the  note  in  page  3  jO. 
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what  ought  that  equivalent  annuity  to  be,  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living  as 
observed  in  Sweden? 

The  value  of  the  deferred  annuity  on  the  joint  lives 
is,  by  the  fourth  example  to  the  Question,  equal  to 
3'511  J  and  the  value  of  a  similar  temporary  annuity 
for  9  years  is,  by  the  following  Question  (or  the  rule 
in  the  preceding  note)  equal  to  6*329  ;  therefore  S'oll 
divided  by  7*329,  will  give  '479  for  the  value  of  the 
annual  payments  during  the  term  deferred. 


QUESTION  VII. 

§  384.  To  find  the  value  of  a  Temporary  annuity 
»n  any  single  or  joint  lives.* 

SOLUTION. 

From  the  value  of  an  annuity  on  the  given  single  or 
joint  lives,  deduct  the  value  of  an  annuity  on  the  same 
lives  deferred  during  the  given  term :  the  remainder 
will  be  the  value  required.     See  §  47-  . 

Example  1.  A  person  aged  20  buys  an  annuity 
for  30  years,  on  condition  that  if  he  dies  before  the 
expiration  of  that  term,  the  annuity  shall  cease :  what 
ought  he  to  give  for  the  same,  reckoning  interest  at 

*  I  call  a  temporary  annuity,  one  that  is  to  continue  during  a 
given  term  only :  which  term  is  less  than  that  to  which  it  is  pos- 
sible the  life  or  lives  may  exiend.     See  the  note  in  page  45. 
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4p)t  per  cent,. and  the  probabilities  of  living  as  observed 
by  M.  Ds  Par  deux? 

The  value  of  an  annuity  on  a  life  aged  20  is,  by 
Table  V,  equal  to  16-624;  and  the  value  of  an  an- 
nuity on  the  same  life,  deferred  for  30  years,  is,  by 
Question  VI,  equal  to  2-272:  consequently,  this  value, 
subtracted  from  the  former,  will  leave  14-352  for  the 
answer  required. 

Had  the  life  been  40  years  of  age,  then  -784  (or 
the  value  of  an  annuity  on  such  life  deferred  for  30 
years,  as  found  by  Question  VI)  deducted  from  14'254, 
would  leave  J  3-470  for  the  value  in  this  case  required. 

Or,  had  these  two  porsons  ( aged  20  and  40)  pur- 
chased the  annuity  on  their  joint  lives,  then  '4.96  (or 
the  value  of  an  annuity  on  such  joint  lives  deferred 
for  30  years,  as  found  by  Question  VI)  being  de- 
ducted from  12-545,  will  leave  12-049  for  the  value 
in  this  case  required. 

Example  2.  A  man  aged  46  is  entitled  to  the 
rent  of  an  estate  for  10  years,  provided  he  lives  so 
long :  what  is  the  value  of  his  Interest  therein,  reckon- 
ing interest  at  4  per  cent,  and  the  probabilities  of  living 
as  observed  in  Sweden  P 

The  value  of  an  annuity  on  such  life  is,  by  Table 
XVI,  equal  to  12*297  ;  and  the  value  of  an  annuity 
on  the  same  life,  deferred  for  10  years,  is,  by  Ques- 
tion VI,  equal  to  5*093 :  consequently  the  difference 
between  these  tvv^o  values,  or  7'204,  will  be  the  value 
required. 

Had  the  estate  depended  on  the  life  of  his  wife  aged 
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40;  then  7*475  (or  the  difference  between  14-401 
and  6*926)  would  be  the  value  of  the  temporary  an- 
nuity in  this  case  required. 

Or  had  the  estate  depended  on  their  joint  lives ; 
then  6- 775  (or  the  difference  between  10' 286  and 
3*511)  would  be  the  value  of  the  temporary  annuity 
in  this  case  required. 


QUESTION  VIII. 

§  385.     To  find  the  value  of  an  annuity  on  the 
Longest  of  two  lives. 


SOLUTION, 

From  the  sum  of  the  values  of  an  annuity  on  the  two 
single  lives,  subtract  the  value  of  an  annuity  on  the 
two  joint  lives :  the  difference  will  be  the  value  re- 
quired.    See  §  5Q. 

Example  1 .  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives  aged  20  and  40 ;  interest  at 
4j  per  cent  and  the  probabilities  of  living  as  observed 
by  M.  De  Parcieux  f 

The  value  of  an  annuity  on  the  two  single  lives  is, 
by  Table  V,  equal  to  16-G24  and  14*254  respectively, 
the  sum  of  which  is  30*878 ;  therefore,  if  from  this 
we  subtract  12'545,  or  the  value  of  an  annuity  on  the 
two  joint  lives  as  found  by  1  able  IX,  the  difference, 
or  18*333,  will  be  the  value  required. 
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Had  the  ages  of  the  given  lives  been  50  and  70, 
the  sum  of  the  values  of  an  annuity  on  their  single 
lives  would,  by  Table  V,  be  equal  to  18*142  (that  is, 
equal  to  11-921  added  to  6*221);  and  the  value  of 
an  annuity  on  their  joint  lives  would,  by  Table  IX, 
be  equal  to  5*517  :  consequently  12*6'25,  or  the  dif- 
ference between  these  two  values,  would  be  the  value 
of  an  annuity  on  the  longest  of  their  two  lives. 

Had  both  the  lives  been  20  years  of  age,  the  value 
of  an  annuity  on  their  single  lives  would  (according  to 
the  same  rate  of  interest  &c)  have  been  equal  to  twice 
16*624;  that  is,  equal  to  33-248  :  and  the  value  of  an 
annuity  on  their  joint  lives  would,  by  Table  VI,  be 
equal  to  14*004 :  therefore  the  difference  between 
these  two  values,  or  19-244,  would  be  the  number 
of  years  purchase  in  this  case  required. 

Example  2.  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives,  a  man  and  his  wife,  the  for- 
mer aged  46  and  the  latter  aged  40 :  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  observed  in 
Sweden  P. 

The  value  of  an  annuity  on  the  life  of  the  man  is, 
by  Table  XVI.  equal  to  12  297,  and  the  value  of  an 
annuity  on  the  life  of  the  v^^oman  is  14*401  ;  the  sum 
of  these  is  26*698  :  from  which  we  must  subtract 
10*286,  the  value  of  an  anr.ul^y  on  their  joint  lives  by 
Table  XVril;  and  the  difference,  or  16*412  will  be 
the  value  of  an  annuity  on  the  longest  of  their  two 
lives. 

Had  the  two  lives  been  each  of  them  10  years  older, 


Qu.  8.  I'RACTICAL  QUESTIONS.  S85 

or  56  and  50  years  of  age,  then  the  sum  of  the  values 
of  an  annuity  on  their  single  lives  would,  by  Tabte 
XVI,  be  equal  to  21*766  (that  is,  equal  to  9*717  added 
to  1 2^049),  and  the  value  of  an  annuity  on  their  joint 
lives  would,  by  Table  XVIII,  be  equal  to  7*874;  con- 
sequently 13*892,  or  the  difference  between  these  two 
values,  would  be  the  value  of  an  annuity  on  the  longest 
of  their  lives. 

Had  both  the  lives  been  40  years  of  age,  then. 
10*964  (or  the  value  of  an  annuity  on  their  joint 
lives)  subtracted  from  28*069  (or  the  sum  of  the  values 
of  an  annuiry  on  their  single  lives*)  would  giva 
17*105  for  the  answer  in  this  case  required. 

QUESTION  IX. 

§  386.  To  find  the  value  of  an  annuity  on  the 
Longest  of  three  lives. 


SOLUTION. 


From  the  sum  of  the  values  of  ap  annuity  on  all 
the  single  lives,  subtract  the  sum  of  the  values  of  an 
annuity  on  each  pair  of  joint  lives,  and  to  the  dif^- 
ference  add  the  value  of  an  annuity  on  the  three  joint 
lives  :  this  last  sum  will  be  the  value  required.  See  §  56. 

Example.  What  is  the  value  of  an  annuity  oa 
the  longest  of  three  lives  aged  20,  30,  and  40 ;  in- 

*  The  value  of  an  annuity  on  the  life  of  the  man  is  13'6Q8.  and 
tl»e  value  of  an  annuity  on  the  life  of  the  woman  is  1 4*401 . 

2c 
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terest  at  4  per  cent^  and  the  probabilities  of  living  as 
at  Northampton  f 

The  value  of  an  annuity  on  each  single  life  is,  by 
Table  XXVII,  equal  to  16*033,  14-781,  and  13-197 
respectively,  the  sum  of  which  is  '44'011;  the  value 
of  an  annuity  on  each  pair  of  joint  lives,  (viz  20  and 
30,  20  and  40,  SO  and  40)  is,  by  Tables  XXX  and 
XXXII,  equal  to  11873,  10-924,  and  10-490  re- 
spectively, the  sum  of  which  is  33*287;  the  difference 
between  these  two  values  is  10*724,  which  being  added 
to  8*986,  (or  the  value  of  an  annuity  on  the  three 
joint  lives,  as  found  by  Table  XLIV)  will  give  19  710 
for  the  number  of  years  purchase  required. 

Had  all  the  three  lives  been  20  years  of  age,  the 
value  of  an  annuity  on  their  single  lives  would  have 
been  equal  to  thrice  16*033,  or  48*099  ;  the  value  of 
an  annuity  on  each  pair  of  joint  lives  would  have  been 
equal  to  37*605,  or  to  thrice  12-535  (that  is,  equal  to 
thrice  the  value  of  an  annuity  on  two  joint  lives  both 
aged  20,  as  found  by  Table  XX VIII j;  and  the  value 
of  an  annuity  on  the  three  joint  lives  would,  by  Table 
XLllI,  be  equal  to  10*342  :  therefore  20*836  would 
be  the  number  of  years  purchase  in  this  case  required. 


QUESTION  X. 

§  387.  To  find  the  value  of  an  annuity  granted 
upon  three  lives,  but  to  continue  only  as  long  as  any 
tuo  of  them  are  in  being  together. 
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SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
pair  of  joint  lives,  subtract  twice  the  value  of  an  an- 
nuity on  the  three  joint  lives,  the  diiTerence  will  be  the 
value  required.     See  §  64. 

Example.  An  annuity  is  purchased  upon  three 
lives  aged  20,  SO,  and  40;  on  this  condition,  that  as 
soon  as  any  two  of  the  lives  fail,  the  annuity  shall 
cease :  the  value  of  the  same  is  required,  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living  as 
at  Norlhamplon  P 

The  value  of  an  annuity  on  each  pair  of  joint  lives 
(viz  20  and  SO,  20  and  40,  30  and  40)  is,  by  Table 
XXX  and  XXXII,  equal  to  11-873,  10-924,  and 
10*490  respectively,  the  sum  of  which  is  33'2S7 ; 
and  the  value  of  an  annuity  on  the  three  joint  lives  is 
8-986:  therefore  twice  the  latter  quantity,  or  17*972, 
subtracted  from  35*287  will  give  15*315,  for  the  num- 
ber of  years  purchase  required. 

Had  the  ages -of  all  the  three  lives  been  20  years, 
the  value  would,  in  this  case,  have  come  out  equal  to 
16*921. 

'      QUESTION  XL 

§  388.  To  find  the  value  of  an  annuity,  on  the 
longest  of  any  number  of  lives,  Deferred  for  any  given 
term. 

2c  2 
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SOLUTION. 

Substitute  the  values  of  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whole  continuance  of  those  lives,  and  proceed  as  in 
the  solutions  to  the  two  preceding  questions.    See  §  60. 

Example  1.  What  is  the  value  of  an  annuity 
granted  on  the  longest  of  two  lives  aged  20  and  40,  but 
which  is  not  to  be  entered  on  or  enjoyed  till  after  the 
expiration  of  SO  years:  reckoning  interest  at  4|-  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcieiixf 

The  value  of  a  deferred  annuity  for  30  years  on  a 
life  aged  20  is,  by  Question  VI,  equal  to  2*272  ;  the 
value  of  a  similar  annuity  on  a  life  of  40  is  equal  to 
•784 ;  and  the  value  of  a  similar  annuity  on  the  two 
joint  lives  is  equal  to  '496:  therefore  if  from  the  sum 
of  the  two  former,  or  3*056,  we  subtract  the  latter,  the 
difference,  or  2*560,  will  be  the  value  required. 

Example  2.  A  man  and  his  wife  (the  former  aged 
46,  and  the  latter  aged  40)  purchase  on  the  longest 
of  their  two  lives  the  reversion  of  the  lease  of  an  estate, 
which  they  are  not  to  enter  upon  till  the  end  of  10 
years;  what  is  the  present  value  of  the  same,  interest 
being  reckoned  at  4  per  cent,  and  the  probabilities  of 
living  as  observed  in  Siveden  ? 

The  value  of  an  annuity  on  the  life  of  a  male  aged 
46,  deferred  10  years,  is,  by  Question  VI,  equal  to 
5*093  J  the  value  of  a  similar  annuity  on  a  female 
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aged  40,  is,  by  the  same  question,  equal  to  6*926 ;  and 
the  value  of  a  similar  annuity  on  their  joint  lives  is 
equal  to  3*511.  Consequently  this  latter  value  de- 
ducted from  the  sum  of  the  two  former  ones,  will  leave 
8*508  for  the  answer  required. 

§  389.  These  examples  give  the  present  values  in 
•a  single  payment;  but,  if  we  wish  to  determine  the 
same  value  in  annual  payments  commencing  immcdi- 
ateiy^  we  must  divide  the  single  payment  thus  found, 
by  unity  added  to  the  value  of  an  annuity  on  the  longest 
of  the  given  lives  for  one  year  less  than  the  given  term. 

Thus  in  the  second  example,  the  value  of  the  de- 
ferred annuity  in  a  single  payment  is  8*508 ;  and,  by 
the  rule  in  the  following  question,*  the  value  of  an 
annuity  on  the  longest  of  the  two  lives  for  9  years  is 
equal  to  7*2.51:  consequently  8*508  divided  by  8*251 
will  give   1*031  for  the  value  in  annual  payments. 

scholium! 

§  390.  It  should  here  be  particularly  observed 
that  if  the  deferred  annuity,  mentioned  in  this  question, 
depends  upon  the  joint  existence  of  all  the  lives,  to 

*  A  more  convenient  method  however  of  determining  such 
temporary  annuities  is  expressed  by  the  following  rule.  To  the 
value  of  the  deferred  annuity  on  the  longest  of  the  given  lives  add 
the  expectation  that  the  longest  of  such  lives  shall  receive  £l  at 
the  end  of  the  given  term  ;  subtract  the  sum  from  the  value  of 
an  annuity  on  the  longest  of  the  given  lives :  the  diiference  will 
be  the  value  of  the  annuity  for  one  year  less  than  the  given  term. 
See  the  note  in  page  350. 
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the  end  of  the  given  term,  the  solution  will  be  ma- 
terially different ;  and  these  two  cases  must  not  be 
confounded.  In  this  latter  case  the  value  will  be  equal 
to  the  value  of  an  annuity  on  the  longest  of  the  same 
number  of  lives  (each  older  by  the  given  term  than 
the  given  lives)  multiplied  by  the  expectation  that  the 
jomt  lives  shall  receive  £l  at  the  end  of  that  term. 
See  §  61.  . 

Example  1.  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives  aged  20  and  40,  but  which 
is  not  to  be  entered  upon  till  the  end  of  30  years,  and 
then  only  in  case  both  the  lives  are  in  existence:  in- 
terest at  4j  per  cent,  and  the  probabilities  of  life  as 
observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  50  and  70  is,  by  the  rule  in  Question  VIII,  equal 
to  V2.'Q25;  and  the  expectation^,  that  two  lives  aged  20 
and  40  will  receive  «£l  at  the  end  of  30  years,  is,  by 
Question  II,  equal  to  '0899  :  the  product  of  these  two 
quantities  will  give  1*135  for  the  answer  required. 

Example  2.  A  man  (aged  46)  and  his  wife  (aged 
40)  purchase  an  annuity  on  the  longest  of  their  two 
lives,  which  is  to  commence  at  the  end  of  10  years 
provided  they  are  both  alive :  what  is  the  present  value 
of  the  same,  interest  at  4  per  cent,  and  the  proba- 
bilities of  life  as  observed  in  Siueden? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
(a  man  aged  56,  and  a  woman  aged  50)  is,  by  the  rule 
in  Question  VIII,  equal  to  13*892  ;  and  the  expectation 
that  two  such  lives  aged  46  and  40  will  receive  ^'l  at 
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the  end  of  10  years  is,  by  Question  IT,  equal  to  '4459: 
the  product  of  these  two  quantities  will  give  6*194  for 
the  value  required. 

§  391.  The  value  of  these  annuities  in  annual 
payments  commencing  immediately  will  be  equal  to 
the  value  in  a  single  payment,  divided  by  unity  added 
to  the  value  of  an  annuity  on  the  Joint  hves  for  one 
year  less  than  the  given  term. 

Thus,  in  the  second  example,  the  value  of  the -de- 
ferred annuity  in  a  single  payment  is  equal  to  6*194: 
and  by  the  rule  in  the  note  to  page  380,  the  value  of 
an  annuity  on  the  two  joint  lives  deferred  for  9  years 
is  6'3'29:  consequently  6*194  divided  by  7*329  will 
give  *845  for  the  value  in  annual  payments. 

QUESTION  XII. 

§  392.  To  find  the  value  of  a  Temporarij  annuity 
on  the  longest  )f  any  number  of  lives. 

SOLUTION. 

From  the  absolute  value  of  an  annuity  on  the  longest 
of  the  given  lives,  subtract  the  value  of  the  same  an- 
nuity deferred  during  the  given  term:  the  difference 
will  be  the  value  required.*     See  §  62. 

*  Or  (which  is  the  same  thing)  substitute  the  values  of  tem- 
porary annuities  on  each  single  and  joint  lives^  instead  of  the  value* 
of  annuities  for  the  whole  contimmiice  of  those  lives;  and  proceed 
as  in  the  solutions  to  Questions  VIII  and  IX. 
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Example  1.  What  is  the  value  of  a  temporary 
annuity  for  30  years  on  the  longest  of  two  lives  aged 
20  and  40 ;  reckoning  interest  at  4^  per  cent,  and  the 
probabilities  of  life  as  given  by  M.  De  ParcieuxP 

The  value  of  an  annuity  on  the  longest  of  those  lives 
is,  by  Question  Vill,  equal  to  18*333;  and  the  value 
of  an  annuity  on  the  longest  of  those  lives  deferred 
for  30  years  is,  by  Question  XI,  equal  to  2'560  ;  con- 
sequently the  difference  between  these  two  values,  or 
15*773,  will  be  the  answer  required. 

Example  2.  A  man  aged  46  purchases  an  annuity 
for  10  years,  terminable,  however,  at  any  time  prior 
thereto,  on  the  extinction  of  his  own  life  and  the  life 
of  his  wife  aged  40 :  what  is  the  value  of  tha  same, 
interest  at  4  per  cent,  and  the  probabilities  of  living  as 
observed  in  Sweden  P 

The  value  of  an  annuity  on  the  longest  of  their 
lives  is,  by  Question  VIII,  equal  to  16*412;  and  the 
value  of  an  annuity  on  the  longest  of  their  lives  c/e- 
f erred  for  10  years  is,  by  Question  XI,  equal  to  8*508; 
the  difference  therefore  between  these  two  values,  or 
7'904,  is  the  answer  required. 

QUESTION  XIII. 

§  393.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life  after  any  other  single  life.* 

*  This  Question,  and  also  Question  XVIII,  are  of  considerable 
importance  ia  enabling  us  to  determine  the  best  means  of  providing 
Annuities  for  the  benefit  of  IFidows;  as  will  be  more  fully  ex- 
plained iii  the  following  Chapter. 
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SOLUTION. 

From  the  value  of  an  annuity  on  the  life  In  reversion, 
subtract  the  value  of  an  annuity  on  the  two  joint  lives ; 
the  difference  will  be  the  value  required.     See  §  76. 

Example  1 .  A  person  aged  20  wishes  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
beyond  another  life  aged  40 :  what  ought  he  to  give  for 
the  same,  allowing  interest  at  4j  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  the  life  in  reversion 
(that  is,  on  the  life  aged  20)  is,  by  Table  V,  equal  to 
16*624;  and  the  value  of  an  annuity  on  the  two  joint 
lives  is,  by  Table  IX,  equal  to  12'.545  j  therefore,  the 
difference  of  these  two  values,  or  4*079,  is  the  number 
of  years  purchase  required. 

Had  the  life  in  reversion  been  40,  and  the  life  in 
possession  20  years  of  age,  the  value  would  have  come 
out  equal  to  1*709. 

Or,  had  both  the  lives  been  20  years,  the  value 
would  have  come  out  equal  to  2*620 :  and  had  they 
both  been  40  years  of  age,  the  value  would  have  come 
out  equal  to  2*544. 

Example  2.  What  Is  the  value  of  an  annuity  to 
be  enjoyed  by  a  woman  aged  40,  during  her  Hfe,  after 
the  decease  of  her  husband  aged  46  ;  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  amongst  males 
and  females  respectively  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  woman 
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aged  40  is,  by  Table  XVI,  equal  to  14-401,  and  the 
value  of  an  annuity  on  their  joint  lives  is,  by  Table 
XVIII,  equal  to  10*286  ;  therefore  4' 11 5  is  the  num- 
ber of  years  purchase  required. 

Had  their  lives  been  both  40  years  of  age,  the  value 
would  have  come  out  equal  to  3'4S7.* 

SCHOLIUM. 

§  394.  If,  instead  of  a  si?igle  payment,  we  wish 
to  determine  the  value  of  these  reversionary  annuities 
in  annual  payments  to  be  made  during  the  existence 
of  the  two  joint  lives  ;  we  must  divide  the  value, 
found  in  either  case,  by  unity  added  to  the  value  of  an 
annuity  on  the  joint  lives :  and  the  quotient  will  give 
the  annual  payments  required. 

Thus,  in  the  first  example,  4*079  being  divided  by 
13*545  will  give  '301  for  the  annual  payments  which 
ought  to  be  made  during  the  joint  lives,  as  an  equiva- 
lent for  the  sum  in  a  single  payment.  In  like  manner, 
in  the  second  example,  4*115  being  divided  by  1 1*286 
will  give  '36  5  for  the  annual  payments  which  ought 
to  be  made  by  a  man  aged  46  during  the  joint  lives 
of  himself  and  his  wife,  aged  40,  in  order  to  secure 

*  It  is  worthy  of  remark  that  the  value  of  a  reversionary  annuity 
on  one  life  after  another  is,  when  the  difference  of  age  is  not  very 
considerable,  less  in  the  younger  ages  and  greatest  in  the  middle 
ages  of  life  :  a  circumstance  which  may  be  attributed  to  the  higher 
chances  of  living  in  the  younger  ages,  whereby  the  probability  of 
survivorship  is  deferred  so  long  as  to  allect  in  a  material  degree  the 
value  of  the  reversionary  annuity. 
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to  his  widow,  on  his  death,  an  annuity  of  c£l  per  an- 
num during  her  life.* 

QUESTION  XIV. 

§  395.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  hfe  A,  after  the  longest  of  two  other 
lives,  P  and  Q, 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  the 
single  hfe  A  in  reversion,  and  on  the  three  joint  lives, 
subtract  the  sum  of  the  values  of  an  annuity  on  the  two 
joint  lives  AP  and  AO:  the  difference  will  be  the 
value  required.     See  §  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
life  of  a  person  aged  20  to  be  enjoyed  by  him  after 
the  decease  of  both  his  brother  and  sister,  aged  30  and 
40  respectively :  interest  at  4  per  cent,  and  the  pro- 
babilities of  living  as  at  Nortkainpion  ? 

The  value  of  an  annuity  on  the  single  life  in  rever- 
sion is,  by  Table  XXVIl,  equal  to  16-033,  and  the 

*  Dr.  Price  has  given  a  table  of  the  value  of  reversionary  an- 
nuities for  the  life  of  a  wife  after  the  death  of  her  husband  ;  both 
in  single  and  annual  payments  during  their  joint  lives:  deduced 
from  the  Sweden  observations  and  at  4  per  cent  interest,  according 
to  the  several  ages  therein  mentioned.  See  his  Oh.  on  Rev.  Pay. 
vol.  ii,  page  43  J .  The  utility  and  convenience  of  the  present  rule, 
in  enabling  us  to  determine  the  propriety  and  efficacy  of  those 
schemes  which  are  instituted  for  the  lenefit  of  Widows,  will  be 
shown  in  the  following  Chapter, 
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value  of  an  annuity  on  the  three  joint  lives  is,  by  Table 
XLIV,  equal  to  8*986,  the  sum  of  which  is  25*019; 
the  value  of  an  annuity  on  the  two  joint  lives  20  and 
SO  is,  by  Table  XXX,  equal  to  11-873,  and  the  value 
of  an  annuity  on  the  two  joint  lives  20  and  40  is,  by 
Table  XXXII,  equal  to  10*924,  the  sum  of  which  is 
22*797;  therefore  22*797  subtracted  from  25-019 
will  leave  2*222  for  the  value  required. 

Had  the  two  lives  in  possession  been  both  40,  then 
16-033  added  to  8*601  (or  the  value  of  an  annuity 
on  three  joint  lives  aged  20,  40  and  40,  as  found  by 
Question  V)  will  make  24*634 ;  from  which  we  must 
subtract  twice  10*924:  the  difference,  or  2*786,  wili 
be  the  value  in  this  case  required. 

QUESTION  XV. 

§  396.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  the  longest  of  two  lives  A  and  B,  after  any 


single  life  P. 


SOLUTION. 


From  the  sum  of  the  values  of  an  annuity  on  each 
single  life  A  and  B  in  reversion  and  on  the  three  joint 
lives,  subtract  the  sum  of  the  values  of  an  annuity  on 
each  pair  of  joint  lives  AB,  AP,  BP :  the  difierence 
will  be  the  value  required.     See  §  76. 

Example,  What  is  the  value  of  an  annuity  on  the 
longest  of  two  lives  aged  20  and  30,  to  be  enjoyed  after 
the  extinction  of  a  single  life  aged  40;  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  at  Northampton? 
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By  proceeding  as  in  the  last  question  it  will  be 
found  that  the  sum  of  the  values  of  an  annuity  on  the 
two  single  lives  20  and  30  is  30-814,  that  the  value 
of  an  annuity  on  the  three  joint  lives  is  8-986,  and  that 
the  sum  of  the  values  of  an  annuity  on  each  pair  of  joint 
lives  is  33-287;  consequently,  6'513  is  the  value  re- 
quired. 

Had  the  two  lives  in  reversion  been  both  20  years 
of  age,  then  the  sum  of  the  values  of  an  annuity  on 
their  single  lives  would  be  32-066 ;  the  value  of  an 
annuity  on  the  three  joint  lives  would,  by  Question  V, 
be  9-406 ;  and  the  sum  of  the  values  6f  an  annuity 
on  each  pair  of  joint  lives  would  be  34*383 :  conse- 
quently 7'089  would  be  the  value  required. 


On  the  Renewal  of  Leases  for  Lives, 

§  397.  The  three  preceding  questions  will  be 
found  of  great  practical  use  in  the  Reneiual  of  Leases* 
held  on  two  or  three  hves;  as  they  serve  to  show  the 
value  of  the  Fine  that  ought  to  be  paid  for  putting  in 
a  new  life  in  lieu  of  one  that  has  dropt,  or  become 
extinct.     For,  the  valuef  of  such  fine  is  equal  to  the 

*  See  more  on  the  subject  of  the  Renewal  of  Leases  for  lives 
And  afterwards  for  a  term  certain,  in  the  observations  at  the  end 
of  Question  XXIV. 

f  I  call  the  value  of  a  Fine,  the  Number  of  years  purchase  that 
it  is  worth:  agreeably  to  the  principles  laid  down  in  deducing  the 
value  of  annuities :  see  the  remark  in  the  note  in  page  362.  This 
value,  being  multiplied  by  the  net  improved  rent  of  the  estate,  will 
fihow  tiie  total  sum  o£ money  that  ought  to  be  given  for  the  renewal. 
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difference  between  the  value  of  an  annuity  on  the 
longest  of  all  the  Hves  (including  the  life  or  lives  to 
be  added )  and  the  value  of  an  annuity  on  the  longest 
of  the  lives  in  possession  :  which  rule  will  be  found  to 
agree  with  the  solutions  above  given,  according  to  the 
several  cases  there  mentioned.* 

Example  1.  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to  a  lease 
held  by  Two  lives,  after  One  has  dropped,  is  (sup- 
posing the  existing  life  to  be  aged  40)  equal  to  4*079, 
or  rather  more  than  4  years  purchase  of  the  net  im- 
proved rent  of  the  estate  ;t  as  already  found  by  Ques- 
tion XIII. 

Consequently,  if  the  net  improved  rent  of  the  estate 
had  been  ijlOO  per  annum,  we  should  have  c£407  :  1 8 
for  the  gross  sum  that  ought  to  be  paid  down  for  the 
renewal  required. 

Example  2.  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to  a  lease 
held  by  Three  lives,  after  One  has  dropped,  is  (sup- 
posing the  existing  lives  to  be  aged  30  and  40)  equal 
to  2*222,  or  nearly  2^  years  purchase  of  the  net  im- 
proved rent  of  the  estate ;  as  already  found  by  Ques- 
tion XIV. 

Example  3.  The  value  of  the  fine  which  ought 
to  be  given  for  putting  in  Two  new  lives,  both  aged  20, 

*  This  subject  is  more  fully  discussed  in  my  Talks  for  the 
Purchasing  and  Renewing  of  Leases,  2d  edit.  1807- 

f  That  is,  the  net  surplus  rentj  after  deducting  the  reserved  rent 
(if  any)  and  all  taxes  and  other  annual  charges. 
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to  a  lease  held  by  Three  lives,  after  Two  have  dropped, 
is  (suppolng  the  existing  life  to  be  aged  40)  equal  to 
7*089,  or  rather  more  than  7  years  purchase  of  the 
net  improved  rent  of  the  estate ;  as  already  found  by 
Question  XV. 

The  same  principles  will  also  lead  us  to  the  true 
values  that  ought  to  be  given  for  Exchanging  any  one 
or  more  lives  (in  a  lease)  for  a  life  or  lives  of  any  other 
age.  For,  such  value  will  in  all  cases  be  equal  to  the 
present  value  of  the  tenant's  interest  in  the  lease  before. 
the  exchange,  subtracted  from  his  interest  in  the  lease 
after  the  new  lives  are  added. 

QUESTION  XVI. 

§  398.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  si)igle  life,  after  the  extinction  of  two 
joint  lives. 

SOLUTION. 

From  the  value  of  an  animity  on  the  single  life  in 
reversion^  subtract  the  value  of  an  annuity  on  the 
three  joint  lives :  the  difference  will  be  the  value  re- 
quired.    See  §  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
life  of  a  person  aged  20  to  be  enjoyed  by  him  after  the 
decease  of  either  of  his  brothers,  one  aged  SO  and  the 
other  40  ;  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  at  Northampton  F 

The  value  of  ati  annuity  on  the  life  of  a  person 
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aged  20  is,  by  Table  XXVII,  equal  to  1 6-033  ;  and  the 
value  of  an  annuity  on  the  three  joint  lives  is^  by  Table 
XLIV,  equal  to  8-986 :  therefore  7*047  is  the  value 
required. 

Had  the  two  lives  in  possession  been  both  40  years, 
then  7*432  would  have  been  the  value  required. 


QUESTION  XVII. 

§  399.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  two  joint  lives  after  the  extinction  of  a 
single  life. 

SOLUTION. 

From  the  value  of  an  annuity  on  the  two  joint  lives 
in  reversion,  subtract  the  value  of  an  annuity  on  the 
three  joint  lives:  the  difference  will  be  the  value  re* 
quired.     See  §  76. 

Example.  What  is  the  value  of  the  reversion  of 
an  annuity  on  two  joint  lives  aged  20  and  30  after 
the  extinction  of  a  life  aged  40 ;  interest  at  4  per  cent, 
and  the  probabilities  of  life  as  at  Northampton? 

The  value  of  an  annuity  on  the  two  joint  lives  aged 
20  and  30  is,  by  Table  XXX,  equal  to  1 1-873,  and  the 
value  of  an  annuity  on  the  three  joint  lives  is,  by 
Table  XLIV,  equal  to  8-986:  therefore  2-887  is  the 
value  required. 

Had  both  the  lives  in  reversion  been  20  years  of  age, 
then  S'129  would  be  the  answer  required. 
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QUESTION  XVIII. 

§  400.  To  find  the  value  of  any  Deferred  rever-^ 
sionary  life  annuity.* 

SOLUTION". 

Substitute  the  values  of  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
tvlwle  continuance  of  those  lives  j  and  proceed  as  in 
the  solutions  to  the  last  five  questions,  according  to 
the  case.     See  §  77. 

Example  1 .  What  is  the  present  value  of  a  rever- 
sionary annuity  on  the  life  of  a  person  aged  20,  to 
commence  at  the  end  of  SO  years,  provided  another 
person,  now  40,  be  then  dead ;  or  if  this  should  not 
happen,  then  at  the  end  of  any  year  in  which  the  for- 
mer shall  happen  to  survive  the  latter  :  interest  at  4^ 
per  cent,  and  the  probabilities  of  living  a^  observed  by 
M'  De  Parcieusc? 

The  value  of  an  annuity  on  the  life  in  reversion, 
deferred  for  SO  yearS;,  is,  by  Question  VI,  equal  to 
2*272 ;  and  the  value  of  an  annuity  on  the  two  joint 
lives  deferred  for  30  years  is,  by  the  same  Question, 

*  Tliis  Question  is  of  considerable  use  in  enabling  us  to  Jeter- 
mine  the  validity  of  certain  Schemes  which  have  been  proposed  for 
providing  Annuities  for  the  benefit  of  Widoivs;  as  vi'ill  be  more 
fully  explained  in  the  following  Chapter.  See  also  the  note  ia 
page  395,. 

2  D 


402  PRACTICAL  OUESTIOJrS.  Ch.  12, 

equal  to  '496.  Therefore  the  difference  between  these 
two  values,  or  1*776,  will,  by  Question  XIII,  be  the 
answer  required. 

Example  2.  A  woman  aged  40  will  at  the  end  of 
10  years  enter  upon  an  annuity  for  her  life,  provided 
her  husband,  now  aged  46,  be  then  dead ;  or  if  this 
should  not  be  the  case,  then  at  the  end  of  any  year  in 
which  he  may  die :  what  is  the  present  value  of  the 
reversion,  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  observed  in  Siveden  f 

The  value  of  an  annuity  on  the  life  of  a  female  aged 
40,  deferred  for  10  years,  is,  by  Question  VI,  equal  to 
6-926  5  and  the  value  of  an  annuity  on  their  joint  lives 
is,  by  the  same  Question,  equal  to  3'511.  Therefore 
the  difference  betv/een  these  two  values,  or  3*4 15,  will, 
by  Quest'on  XIII,  be  the  answer  required. 

If  we  wish  to  determine  the  value  of  these  deferred 
reversionary  annuities  in  annual  payments  during  the 
continuance  of  their  joint  lives,  we  have  only  to  divide 
i\\<^  single  payment,  above  found,  by  unity  added  to 
the  value  of  an  annuity  on  the  joint  lives ;  as  already 
explained  in  the  Scholium  to  Question  XIII. 

scnuLiWM. 

5  401.  If  the  deferred  annuity  mentioned  in  this 
question  depends  on  the  joint  continuance  of  all  the 
lives  to  the  end  of  the  given  term,  the  solution  will 
be  materially  different,  (as  I  have  already  observed  re- 
specting deferred  annuities  depending  on  the  longest 
of  any  lives,  in  the  Scholium  in  page  389)  :  and  care 
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must  be  taken  not  to  confound  the  two  cases  together. 
When  the  reversion  depends  on  the  joint  continuance 
of  all  the  lives  to  the  end  of  the  given  term,  its  value 
will  be  ecjual  to  the  value  of  the  reversion  on  the  same 
number  of  lives,  each  older  by  the  given  term  than 
the  given  lives,  multiplied  by  the  expectation  that  the 
joint  lives  shall  receive  o£l  at  the  end  of  that  term. 
See  §  78* 

Example  1 .  AVhat  is  the  present  value  of  a  reveri- 
sionary  annuity  on  a  life  aged  20  for  what  may  happen 
to  remain  of  it  beyond  another  life  aged  40  after  30 
yeavs,  provided  both  lives  continue  from  the  present  time 
to  the  end  of  the  term  :  interest  at  4j  per  cent,  and  the 
probabilities  of  living  as  given  by  M.  De  Parcieux? 

The  value  of  afl  annuity  on  a  life  aged  50  alter  an- 
other life  aged  70  is,  by  the  rule  in  Question  XIII, 
equal  to  6*404  (or  the  difference  between  H*921  and 
5*517) ;  and  the  expectation  that  the  joint  lives,  20 
and  40,  shall  receive  £,1  at  the  end  of  30  years  is, 
by  Question  II,  equal  to  -0399  ;  the  product  of  these 
two  quantities  therefore,  or  '576,  will  be  the  value 
required. 

Example  2.  What  is  the  present  value  of  an  an- 
nuity on  the  life  of  a  woman  aged  40,  for  what  may 
happen  to  remain  of  it  beyond  the  life  of  her  husband, 
now  aged  46,  alter  10  years,  provided  they  both  con- 
tinue in  being  so  long  :  interest  at  4  per  cent,  and  the 
probabilities  of  life  as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  v^'oman 
2  D  2 
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aged  50  after  the  decease  of  her  husband  aged  56,  \% 
by  the  rule  in  Question  XIII,  equal  to  4-175  ;  and  the 
expectation  that  the  joint  lives  40  and  46  shall  receive 
£\  at  the  end  of  10  years  is,  by  Question  II,  equal  to 
•4459 :  consequently^  these  two  quantities  multiplied 
together  will  produce  r862  for  the  value  in  this  case 
required. 

If  we  wish  to  determine-  the  value  of  these  deferred 
reversionary  annuities  in  annual  payments  during  the 
continuance  of  their  joint  lives,  we  have  only  to  di- 
vide the  single  payment,  above  found,  by  unity  added 
to  the  value  of  an  annuity  on  the  joint  lives  ;  as  al- 
ready explained  in  the  Scholium  to  Question  XIII. 


QUESTION  XIX. 

§  402.  To  find  the  value  of  any  Temporary  re-* 
versionary  life  annuity. 

SOLUTION. 

Substitute  the  values  of  temporary  annuities  on. 
each  single  and  joint  lives,  instead  of  the  annuities  for 
the  ivhole  continuance  of  those  lives;  and  proceed  as 
in  the  last  question.     See  §  77. 

Example  1,  A  lease  of  an  estate  is  held  for  SO 
Tp^ars,  to  the  rent  of  which  a  person  now  aged  20  will 
be  entitled  on  the  decease  of  his  brother  aged  40 : 
what  is  the  value  of  his  interest  therein,  taking  the 
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probabilities  of  life  as  observed  by  M.  De  Parcieux, 
and  interest  at  4-^  per  cent  ? 

The  value  of  an  annuity  for  30  years  on  a  life  aged 
20  is,  by  Question  VII,  equal  to  14-352,  and  the  valif^ 
of  a  similar  annuity  on  the  two  joint  lives  is,  by  the 
same  Question,  equal  to  1 2*049 ;  consequently,  the 
difference  of  these  two  values,  or  2 "303,  will,  by 
Question  XIII,  be  the  answer  required. 

Example  2.  In  a  lease  of  an  estate  (originally 
granted  for  twenty-one  years)  10  years  are  unexpired; 
to  the  rent  of  which,  a  woman  aged  40  will,  on  the 
decease  of  her  husband  aged  46,  become  entitled: 
what  is  the  value  of  her  interest  in  the  same,  taking 
the  probabilities  of  life  as  observed  in  Sweden,  and  the 
rate  of  interest  at  4  per  cent? 

-The  value  of  an  annuity  on  the  life  of  a  woman 
aged  40  for  10  years  is,  by  Question  VII,  equal  to 
7*475,  and  the  value  of  a  similar  annuity  on  the  two 
joint  lives  is,  by  the  same  Question,  equal  to  6*775: 
consequently  "700  is  the  value  required. 

If  we  wish  to  determine  the  value  of  these  tem- 
porary reversionary  annuities  in  animal  payments,  we 
have  only  to  divide  the  single  payments,  above  found, 
by  unity  added  to  the  value  of  a  temporary  annuity 
on  the  joint  lives^br  one  year  less  than  the  given  term: 
and  the  quotient  will  be  the  annual  payment  required. 
See  §  363. 

QUESTION  XX. 
§  403.     Two  persons  A  and  B  purchase  an  an- 
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jiuity  on  the  longest  of  their  lives,  which  is  to  be 
equally  divided  between  them  whilst  they  are  bspth 
living,  but  on  the  decease  of  either  of  them  it  is  to 
belong  wholly  to  the  Survivor :  to  find  their  respec^ 
live  shares,  or  the  proportion  which  each  person  ought 
to  contribute  towards  the  purchase, 


SOLUTION, 

From  the  value  of  an  annuity  on  the  life  A  or  B 
subtract  half  the  value  of  an  annuity  on  the  two  joint 
lives :  the  remainder  will  be  the  share  of  A  or  B  re^ 
quired.     See  §  85. 

Example  1 .  Suppose  the  age  of  A  to  be  20,  and 
that  of  B  40 ;  the  rate  of  interest  4|-  per  cent,  and  the 
probabilities  of  life  as  observed  by  JSL  De  Parcieux? 

The  value  of  an  annuity  on  a  hfe  aged  20  is,  by 
Table  V,  equal  to  I6'624;  and  the  value  of  an  an^ 
nuity  on  a  Hfe  aged  40  is  equal  to  1 4*254:  also  the 
value  of  an  annuity  on  two  joint  lives  aged  20  and 
40  is,  by  Table  IX,  equal  to  12-545,  the  half  of  which 
is  6'272.  Consequently  this  latter  value  subtracted 
from  16"624  will  give  10*352  for  the  share  which  A 
ought  to  contribute;  and  subtracted  from  14*254  it 
will  give  7-982  for  the  share  which  B  ought  to  con,- 
tribute. 

Example  2.  Suppose  two  persons,  a  man  aged  46 
and  a  woman  aged  40,  to  hold  the  lease  of  an  estate 
on  the  longest  of  their  lives,  the  rent  of  which  is  di- 
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vided  in  the  manner  above  stated ;  what  sum  ought 
to  be  given  to  each  of  them  for  surrendering  their 
right  in  the  same:  interest  being  reckoned  at  4  per  cent, 
and  the  probabilities  of  life  as  observed  in  Siueden  ? 

The  value  of  the  man's  interest  is  equal  to  7*154 
(or  to  the  difference  between  12*297  and  5*143);  and 
the  value  of  the  woman's  interest  is  equal  to  9*258 
(or  to  the  difference  between  14*401  and  5*143). 
Therefore  if  the  net  rent  of  the  estate  were  c£50  per 
annum,  the  sum  which  ought  to  be  given  to  the  man 
will  be  357*700,  or  ci'357  :  14  :  and  the  sum  which 
ought  to  be  given  to  the  woman  will  be  462 '900,  or 
£462  :  18. 

SCHOLIUM. 

§  404.  If  the  annuity  is  for  a  term  of  years  less 
than  that  to  which  it  is  probable  the  given  lives  may 
extend,  we  must  substitute  the  values  of  annuities  for 
the  given  term  instead  of  the  values  of  annuities  for 
the  whole  continuance  of  the  lives :  and  proceed  with 
these  substituted  values  according  to  the  directions 
given  in  the  rule. 

Thus,  if  in  the  first  example,  the  annuity  had  been 
for  SO  years  only,  we  must  find  the  value  of  a  tem- 
porary annuity  for  SO  years  on  a  single  life  aged  20, 
a  single  life  aged  -dO,  and  two  joint  lives  aged  20  and 
40:  v^hich  values  are,  by  Question  VII,  equal  to 
14-352,  13*470,  and  12-049  respectively.  Conse- 
quently, the  half  of  the  latter  subtracted  from  14-352 
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will  leave  8*328  for  the  share  of  A;  and  subtracted 
from  13 '470,  it  will  leave  7 "446  for  the  share  of  B. 


QUESTION  XXI. 

§  405.  Two  persons  are  in  possession  of  an  an- 
nuity on  the  longest  of  their  lives ;  which,  on  the 
decease  of  either  of  them,  will  belong  to  D  and  his 
heirs  during  the  life  of  the  Survivor:  to  find  the  value 
of  his  interest  therein. 

SOLUTICf^J. 

From  the  sum  of  the  values  of  an  annuity  on  each 
single  life  in  possession,  subtract  twice  the  value  of  an 
annuity  on  their  joint  lives :  the  difference  will  be  the 
value  required.     See  §  137, 

Example.  Suppose  the  ages  of  the  two  lives  in 
possession  to  be  20  and  40 ;  interest  4|-  per  cent,  and 
the  probabilities  of  living  as  observed  by  M.  De  Far- 
cieux  P 

The  value  of  an  annuity  on  each  single  life  is,  by 
Table  V,  equal  to  16-624  and  14*254;  and  the  value 
of  an  annuity  on  the  two  joint  lives  is,  by  Table  IX, 
equal  to  12'545.  Consequently,  25-090  subtracted 
from  30*878  will  leave  5*788  for  the  interest  of  D  and 
his  heirs  in  this  annuity. 

Had  the  two  lives  in  possession  been  a  man  aged 
46  and  a  woman  aged  40,  the  value  of  the  interest  of 
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D  and  his  heirs  in  the  annuity  would  (on  the  sup- 
position that  interest  was  at  4  per  centj  and  the  pro- 
babilities of  living  as  observed  in  Sweden)  \;>2  equal 
to  G'12G. 

SCHOLIUM. 

§  406.  If  the  annuity  is  for  a  term  of  years  less 
than  that  to  wfjich  it  is  possible  that  either  of  the  given 
lives  may  extend,  we  must  substitute  the  values  of  an- 
nuities for  the  given  term  instead  ef  the  values  of 
annuities  for  the  whole  continuance  of  the  lives:  and 
proceed  with  these  substitiited  values  according  to  the 
directions  eiven  in  the  rule. 

o 

Thus,  if  in  the  example  just  given,  the  annuity  on 
the  two  lives  aged  20  and  40  had  been  for  80  years 
only,  then  24'098  (or  twice  the  value  of  a  temporary 
annuity  for  30  years  on  the  two  joint  lives,  as  found 
by  Question  VII)  subtracted  from  27*822  (or  the  sum 
of  the  values  of  a  temporary  annuity  for  3()  years  on 
each  of  the  single  lives,  as  found  by  the  same  Question) 
will  leave  3*724  for  the  value  in  this  case  required. 

QUESTION  XXII. 

§  407.  To  find  the  value  of  an  annuity  certain 
for  a  given  term ;  and  afterwards,  for  the  remainder 
of  any  given  life  or  lives. 

SOLUTION. 

To  the  present  value  of  an  annuity  certain  for  the 
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given  term,  add  the  value  of  an  annuity  on  the  given 
life,  or  lives,  deferred  for  that  term  :  the  sum  of  these 
two  will  be  the  value  required.     See  §  51. 

Example  1.  What  is  the  value  of  an  annuity  cer- 
tain for  30  years,  and  then  to  continue  during  the  life 
of  a  person  now  aged  20 :  reckoning  interest  at  4|- 
per  cent,  and  the  probabilities  of  living  as  observed  by 
il/.  De  Parcieux  ? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  16*289,  and  the  value  of  an  an- 
nuity, on  a  Kfe  aged  20,  deferred  for  30  years  is,  by 
Question  VI,  equal  to  2*272:  consequently  1&"561 
will  be  the  value  required. 

Example  2.  What  is  the  value  of  an  annuity  cer- 
tain for  10  years,  and  then  to  continue  during  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40: 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  living  as  observed  in  Sweden? 

The  value  of  an  annuity  certain  for  10  years  is,  by 
Table  LIX,  equal  to  8*111,  and  the  value  of  an  an- 
nuity on  the  two  joint  lives,  deferred  for  10  years,  is, 
by  Question  VI,  equal  to  3*511 :  consequently  11*622 
will  be  the  value  required. 

QUESTION  XXIII. 

5  408.  Supposing  a  person  to  enjoy  an  annuity 
for  his  life ;  and,  at  his  decease,  to  have  the  nomination 
cf  a  successor :  to  find  the  present  value  of  the  an- 
nuity on  the  Succeeding  life. 
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SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  life  in  pos- 
session by  the  rate  of  interest,  and  subtract  the  pro- 
duct from  unity ;  multiply  the  remainder  by  the  as- 
sumed* value  of  an  annuity  on  the  succeeding  life: 
the  product  will  be  the  present  value  required.  See 
§  205. 

Example.  Suppose  the  age  of  the  life  In  possession 
to  be  65,  and  that  at  his  decease  he  has  the  liberty  of 
nominating  another  life  to  succeed  him ;  vt'hich  life 
'WQ  will  suppose  to  be  one  of  the  best  that  can  then 
be  found,  or  one  which  may  then  be  about  10  years 
old:  what  is  the  present  value  of  such  succeeding  life, 
interest  at  5  per  cent,  and  the  probabilities  of  living  as 
observed  by  AI.  De  Parcieux  f 

The  value  of  an  annuity  on  a  life  aged  Q5  is,  by  Ta- 
ble V,  equal  to  1-535,  which  being  multiplied  by  '05, 
and  subtracted  from  unity,  will  leave  '62325 ;  and 
this  quantity,  multiplied  by  16*213  (or  the  value  of  an 
annuity  on  the  life  to  be  hereafter  nominated)  will 
produce  10*105  for  the  present  value  of  the  same,  as 
was  required. 

Had  it  been  required  to  calculate  the  value  of  the 

*  The  life  or  lives  nominated  to  succeed  to  the  annuity,  after 
the  extinction  of  the  life  or  lives  in  possession,  are  such  as  are 
then  to  be  fixed  on,  at  pleasure  :  therefore  the  present  value  of  ati 
annuity  on  those  lives  will  vary  according  to  the  ages  at  which 
they  are  supposed  to  be  put  in.     See  page  1(53, 
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succeeding  life  according  to  the  Northampton  tables 
of  observations,  at  the  same  rate  of  interest ;  we  ought 
to  multiply  7*276  by  '05  ;  which,  subtracted  from 
unity,  would  leave  -03620 ;  and  this  latter  quantity 
multiplied  by  1 5*139*  will  give  9*631  for  the  value 
in  this  case  required. 

SCHOLIUM. 

§  409.  The  solution  given  to  the  present  question 
will  apply  equally  to  the  case  of  annuities  on  joint 
lives,  or  on  the  longest  of  any  lives ;  with  power  to 
nominate,  at  the  extinction  of  such  lives,  an  equal 
number  of  similar  lives  to  succeed  thereto. 

Example.  Suppose  an  annuity  is  held  on  t'wo  Joint 
lives  aged  50  and  60  ;  and  that,  on  the  extinction  of 
either  of  them,  two  other  joint  lives  (the  best  that  can 
then  be  found,  and  which  we  will  suppose  to  be  10 
years  old)  are  nominated  to  succeed  them:  what  is  the 
present  value  of  the  annuity  on  the  succeeding  joint 
lives,  interest  at  5  per  cent,  and  the  probabilities  of 
living  as  observed  at  Northampioiif 

*  It  appears  that,  by  the  Northampto7i  tables,  a  life  of  the  age 
of  8  years  is  one  of  the  best  that  can  be  put  in  ;  since  the  value  of 
an  annuity  on  such  life  is  equal  to  15-226  :  but  in  questions  of  this 
kind  we  may  safely  omit  the  decimal,  and  assume  the  life  to  be 
such  that  an  annuity  on  it  at  the  time  of  nomination  would  be  worth 
15  years  purchase.  For,  it  seldom  happens  that  the  life,  which 
we  should  choose  to  nominate,  is  exactly  of  the  age  which  is  as- 
sumed. 
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The  value  of  an  annuity  on  the  two  joiJit  lives  is, 
by  Table  XXX,  equal  to  6*568  j  which,  being  multi- 
plied by  "05  and  subtracted  from  unity,  will  leave 
•67160;  and  this  multiplied  by  12'66.5  (or  the  value 
of  an  annuity  on  two  joint  lives  both  10  years  old) 
will  produce  8 '506  for  the  value  required. 

Had  the  annuity  been  held  on  the  longest  of  the  two 
lives,  aged  50  and  60  j  with  power,  on  the  extinction 
of  both  those  lives,  to  nominate  two  other  lives  (whose 
ages  we  will  suppose  to  be  each  10  years)  who  are  to 
enjoy  the  annuity  as  long  as  either  of  them  is  in  ex- 
istence; the  present  value  of  the  annuity  on  those  suc- 
ceeding lives  might  be  calculated  in  a  similar  manner. 
For,  the  value  of  an  annuity  on  the  longest  of  two  lives 
aged  50  and  60  is,  by  the  solution  in  Question  Vllf, 
equal  to  12*093;  which  being  multiplied  by  '05  and 
subtracted  from  unity,  leaves  'Q'dSSS  ;  and  this  quantity 
multiplied  by  17*613  (or  the  value  of  an  annuity  on 
the  longest  of  two  lives  aged  10  years)  will  give 
<6'963  for  the  value  required. 

QUESTION  XXIV. 

§  410.  To  find  the  present  value  of  an  annuity 
ecrtain  for  a  given  term  after  the  extinction  of  any 
given  life  or  lives. 

SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  given  life 
or  lives  by  the  rate  of  interest^  and  subtract  the  pro- 
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duct  from  unity  ;  multiply  the  remainder  by  the  pre- 
sent value  of  an  annuity  certain  for  the  given  term : 
the  product  will  be  the  value  required.     See  §  208. 

Example  1.  Suppose  D  and  his  heirs  to  be  en* 
titled  to  an  annuity  certain  for  21  yeai's,  to  commence 
at  the  death  of  a  person  aged  70 ;  what  is  the  present 
value  of  D's  interest  in  that  annuity,  taking  the  pro- 
babilities of  living  as  observed  at  Norlhampton^  and 
the  rate  of  interest  at  5  per  cent? 

The  value  of  an  annuity  on  the  lifs  of  a  person  aged 
70  is,  by  Table  XXVII,  equal  to  6-023,  which  being 
multiplied  by  '05  and  subtracted  from  unity,  will  leave 
•69885;  and  this  multiplied  by  12*821  (or  the  value 
of  an  annuity  certain  for  21  years)  will  produce  8'960 
for  the  present  value  of  the  same  annuity  to  be  entered 
on*  at  the  extinction  of  the  given  life. 

If  this  value  be  added  to  6*023  (or  the  value  of  the 
annuity  on  the  life  in  possession)  the  sum  of  them,  or 
14*983,  will  be  equal  to  the  value  of  an  annuity  on 
the  given  life,  commencing  immediately,  and  to  con- 
tinue, after  the  extinction  of  such  life,  for  the  term  of 
21  years  longer. 

Example  2.  A  lease  of  an  estate  is  held  upon  two 
Mves  aged  60  and  70 ;  and,  after  the  decease  of  both 
of  them,  then  for  2 1  years  longer :  what  is  the  value 

*  This  solution  supposes  that  the  first  payment  of  the  annuity- 
is  made  at  the  end  of  the  )'ear  in  which  the  given  life  becomtjs 
exunct. 
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of  such  lease,  reckoning  interest  at  5  per  cent,  and 
the  probabilities  of  living  as  at  Nortliampton? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  GO  and  70  is,  by  the  rule  in  Question  VIII,  equal 
to  9'735  ;  which,  being  multiplied  by  -05  and  sub- 
tracted from  unity,  will  leave  '51325  ;  this  being  mul- 
tiplied by  1 2*821  (or  the  value  6f  an  annuity  certain 
for  21  years)  will  give  6'580  for  the  present  value  of 
the  same  annuity  to  be  enjoyed  21  years  after  the  ex- 
tinction of  the  longest  of  the  two  lives.  And  this 
value  being  added  to  9*7 3.5  (or  the  value  of  an  annuity 
on  the  longest  of  the  two  lives)  will  give  1 6*3 15  for 
the  value  of  the  lease  required. 

Example  3.  A  lease  of  an  estate  is  held  upon  three 
lives  aged  50,  60,  and  70 ;  and,  after  their  decease, 
then  for  21  years  longer:  what  is  the  value  of  the 
same,  reckoning  interest  at  5  per  cent,  and  the  proba- 
bilities of  living  as  at  Northampton'^ 

The  value  of  an  annuity  on  the  longest  of  three 
lives  aged  50,  60,  and  70  is,  by  the  rule  in  Question 
IX,  equal  to  12*443;*  which,  being  multiplied  by  '05 
and  then  subtracted  from  unity,  will  leave  '37785; 
this  being  multiplied  by  1 2*821  will  give  4*844  for 
the  present  value  of  the  annuity  for  2 1  years  after  the 
longest  of  the  three  lives.  And  this  value,  being  ad- 
ded to  12*443,  will  give  17 '287  for  the  value  of  the 
lease  required. 

*  The  value  of  an  annuity  on  the  three  jo/«/  lives  is,  by  the  rule 
■  in  Question  V   (and  the  correction  alluded  to  in  page  S/f))  equal 
to  4001. 
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Had  the  three  lives  been  10,  60,  and  70  years  of 
age ;  then  the  value  of  an  annuity  on  the  longest  of 
their  lives  would  be  equal  to  15-878  ;*  and  the  value 
of  the  annuity  for  21  years  after  those  lives  w^ould  be 
equal  to  2*642  :  consequently  t!ie  value  of  the  lease 
would  in  this  case  be  equal  to  18\5CO. 

Or,  had  the  three  lives  been  10,  10  and  70  years  of 
age;  then  the  value  of  an  annuity  on  the  longest  of 
their  lives  would  be  equal  to  17'610  ;t  and  the  value 
of  the  annuity  for  21  years  after  those  lives  would  be 
equal  to  1  '532 :  consequently  the  value  of  the  lease 
would  in  this  case  be  equal  to  19*142. 

On  the  Renewal  of  Leases  for  Lives  and  aftenvards 
for  a  Term  certain, 

§  41 1.  The  three  examples  given  in  the  preceding 
question  will  serve  to  show  the  method  of  determining 
the  value  of  the  Fine  which  ought  to  be  given  for 
Reneiving  any  lives  dropt  in  a  lease  originally  held  on 
three  lives  and  for  a  term  certain  after  the  extinction 
of  those  lives.  For,  the  value  of  such  fine  will  in  all 
cases  be  equal  to  the  present  value  of  the  tenant's 
interest  in  the  lease  before   the  renewal,  subtracted 

*  The  value  of  an  annuity  on  these  three  joirit  lives  Is,  by  the 
rule  in  Question  V  (and  the  correction  alluded  to  in  page  376) 
equal  to  4454. 

f  The  value  of  an  annuity  on  these  three  joint  lives  is^  by  the 
rule  in  Question  V  (and  the  correction  alluded  to  in  page  3/6)  ' 
equal  to  5"374. 
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from  his  interest  in  the  lease  after  the  new  lives  are 
added.* 

Thus,  suppose  that,  in  a  lease  originally  held  on 
three  lives  and  21  years,  one  of  the  lives  has  dropt; 
and  that  the  ages  of  the  two  remaining  lives  are  GO 
and  70:  the  value  of  the  fine  which  ought  to  be  paid 
for  putting  in  another  life  aged  10  years  is  equal  to 
the  difference  between  16'31.5  (or  the  value  found  by 
the  second  example)  and  18*520  (or  the  value  found 
by  the  second  case  in  the  third  example).  That  is, 
the  value  of  the  fine  will  be  equal  to  2'20J,  or  about 
2y  years  purchase  of  the  net  improved  rent  of  the 
estate. 

Again,  let  us  suppose  that  t7vo  of  the  lives  have 
dropt ;  and  that  the  age  of  the  remaining  life  is  70 : 
the  value  of  the  fine  which  ought  to  be  paid  for 
putting  in  two  other  lives  both  10  years  of  age,  is 
equal  to  the  difference  between  14*983  (or  the  value 
found  by  the  first  example)  and  19*] 42  (or  the  value 
found  by  the  third  case  in  the  third  example)  :  conse- 
quently the  value  of  the  fine  will  be  equal  to  4*159, 
or  about  4-f  years  purchase  of  the  net  improved  rent 
of  the  estate. 

These  examples  will  also  serve  to  show  the  sum 
that  ought  to  be  given  for  Ex:changing-  any  of  the  lives 
on  which  the  lease  may  happen  to  be  held :  for,  the 
same  method  of  solution  will  apply  to  such  cases. 

*  See  what  has  been  ah^eady  said  on  the  subject  of  the  Renewal 
,pf  Leases  for  Lives  in  general,  in  page  307- 
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Thus,  suppose  that,  in  a  lease  held  on  three  Jives  and 
21  years,  the  ages  of  the  lives  at  present  in  the  lease 
were  50,  60,  and  70 ;  and  that  the  tenant  is  desirous 
of  exchanging  the  life  of  50  for  another  life  aged  10 
years  old:  the  value  of  the  fine  which  ought  in  such 
case  to  be  paid  will  be  equal  to  the  difference  between 
17*287  (or  the  value  of  his  present  interest,  as  found 
by  the  first  case  in  the  third  example)  and  18*520  (or 
the  value  of  his  interest  after  the  exchange,  as  found 
by  the  second  case  in  the  same  example).  That  is, 
the  value  of  the  fine  will  be  1'2S3,  or  near  1;^  year's 
purchase  of  the  net  improved  rent  of  the  estate. 

§  412.  Many  of  the  estates  belonging  to  the  Cor- 
poration o^  Liverpool  are  held  on  the  tenure  alluded  to 
in  these  examples ;  and  till  lately  they  were  in  the  con- 
stant habit  of  renewing  their  leases  on  the  following 
terms:  viz.  One  yearns  purchase  for  adding  one  life 
dropt.  Three  years  purchase  for  adding  two  lives 
dropt,  and  Seven  years  purchase  for  adding  three  lives 
dropt  when  the  21  years  remain  unexpired.  In  alt 
these  cases  no  regard  was  paid  to  the  age  or  state  of 
health  of  the  existing  lives  in  the  lease.  This  practice 
of  demanding  an  uniform  fine  for  renewing  with  a?ii/ 
life,  and  without  regard  to  the  age  or  state  of  health 
of  the  lives  remaining  in  the  lease,  betrayed  a  total 
want  of  knowledge  on  the  subject ;  and  was  in  most 
cases  injurious  to  the  interests  of  the  Corporation. 

But,  the  most  singular  circumstance  attending  this 
subject  was  their  custom  of  ea:changin^,  for  the  sum 
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of  only  one  guinea  each,  lives,  not  (^^xeedinjT  50  years 
of  age  and  in  good  health,  for  lives  of  any  other  age, 
and  in  evStates  of  any  yearly  value ! !  !  A  practice 
which  could  hardly  be  supposed  ever  to  have  existed 
in  so  enlightened  a  place  as  Liverpool.  The  Corpora- 
tion at  length,  suspecting  that  their  niode  of  proceeding 
was  incorrect  in  principle,  referred  the  matter  to  a 
Committee,  who  directed  it  to  be  laid  before  me  for 
my  opinion:  and  agreeably  to  their  request  I  calcu- 
lated a  set  of  Tables  for  their  use,  founded  on  the 
principles  detailed  in  the  preceding  examples. 

As  it  is  probable  that  many  other  Corporate  bodies 
are  still  pursuing  the  same  incorrect  and  absurd  practice 
of  leasing  their  estates,  I  have  been  more  particular  in 
these  examples,  in  order  that  they  may  the  more  readily 
determine  the  values  that  ought  to  be  given  in  such 
cases. 

QUESTION  XXV. 

§  413.  To  find  the  present  value  of  what  may 
happen  to  remain  (after  any  given  life,  or  lives)  of  an 
annuity  certain  for  a  given  term:  provided  such 
term  be  less  than  that  to  which  it  is  possible  the  given 
lives  may  extend.* 

*  The  term  to  which  it  is  possible  that  any  given  life  or  lives 
/may  extend  iS' — ibr  a  single  life,  equal  to  the  ditFerence  between 
the  age  of  such  life  and  the  age  of  the  oldest  life  in  the  table  of 
observations :— for  joint  lives,  equal  to  the  difference  between  the 
sliiest  of  such  lives  and  tl)e  age  of  the  oldest  life  in  the  table  af 
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SOLUTION. 

From  the  value  of  an  annuity  certain  for  the  given 
term,  subtract  the  value  of  an  annuity  on  the  given 
h'fe,  or  lives,  for  the  given  term :  the  difference  will  be 
the  value  required.     See  §  192. 

Example.  A  lease  of  an  estate  is  held  for  30 
years,  to  the  rent  of  which  a  person  aged  20  is  entitled 
provided  he  lives  so  long ;  but  if  not,  then  the  re- 
mainder of  the  lease  will  descend  to  his  heirs:  what 
is  the  value  of  their  interest  in  the  same,  taking  the 
probabilities  of  living  as  observed  by  M.  De  Parcieux, 
and  reckoning  interest  at  the  rate  of  4|-  per  cent? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  16-289;  and  the  value  of  a  tem- 
porary annuity  for  30  years  on  a  life  aged  20  is,  by 
Question  VII,  equal  to  14*352:  therefore  this  latter 
quantity  subtracted  from  the  former  will  leave  1*937 
for  the  value  of  the  reversion  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  the  difference  between  16*2S9  and 
13-470:  that  is,  2-819  would  be  the  value  of  the  re- 
version in  this  case  required. 

Had  these  two  Joint  lives  (aged  20  and  40)  been 
entitled  to  the  rent  of  the  estate  provided  they  lived  so 

observations: — and  for  the  hngest  of  any  number  of  lives,  equal 
to  the  difference  between  the  yomigesi  of  such  lives  and  the  aj^« 
©f  the  oldest  life  in  tlie  table  of  observations. 
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long,  then  12*049  (or  the  value  of  a  temporary  an- 
nuity for  30  years  on  those  two  Joint  lives,  as  found  by 
Question VII)  subtracted  from  1 6*289, vi^ould  give4'240 
for  the  value  of  the  reversion  in  this  case  required. 

Or,  had  the  longest  of  these  two  lives  been  entitled 
to  the  rent  of  the  estate,  then  15*773  (or  the  value  of 
a  temporary  annuity  for  30  years  on  the  longest  of 
^hose  lives,  as  found  by  Question  XII)  subtracted  from 
f6*289,  would  give  '516  for  the  value  of  the  reversion 
in  this  case  required. 


QUESTION  XXVI. 

§  414.  To  find  the  value  of  the  Assurance  of  an 
estate  (or  annuity  certain  for  any  given  term*)  to  be 
entered  upon  at  the  extinctionf  of  any  given  lives, 

SOLUTION. 

Subtract  the  value  of  an  annuity  on  the  given  lives} 
from  the  value  of  the  perpetuity,  or  the  terminable 

*  Provided  such  term  be  not  less  than  that  to  which  it  is  proba- 
ble the  given  Jives  may  extend.  For,  in  such  case,  the  solution  is 
obtained  by  the  preceding  Question. 

f  That  is,  the  first  payment  of  the  annuity  is  to  be  made  at  the 
end  of  the  year  in  which  such  lives  become  extinct :  and  this  is  al- 
ways understood  in  questions  of  this  kmd. 

,     X  Whether  a  single  life,  or  joint  lives,  or  tlic  longest  of  any 
number  of  lives :  for  the  solution  will  apply  to  each  case. 
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annuity;  and  the  difference  will  be  the  value  required. 
See  §  189. 

Example  1 .  What  is  the  value  of  the  reversion  of 
an  estate  in  fee  after  the  death  of  a  person  now  aged 
20  J  interest  being  reckoned  at  4^  per  cent,  and  the 
probabiiides  of  life  as  observed  by  M.  De  Parc'teux  P 

The  value  of  the  perpetuity  is,  by  Table  LIX,  equal 
to  22'22'2,  and  the  value  of  an  annuity  on  the  life  of 
a  person  ageci  20  is,  by  Table  V,  equal  to  16*624; 
consequently  the  difference  between  these  two  values, 
or  5*598,  will  be  the  answer  required.  Therefore 
if  the  estate  produced  a  rent  of  £,'%  :  10  per  annum, 
its  present  value  in  a  siui^h  payment  would  be  25*191, 
or  £'25  :  3  :  10. 

This  is  the  true  present  value  of  the  assurance  in  a 
single  payment:  but,  in  order  to  obtain  the  value  of 
the  same  in  annual,  payments,  commencing  imme- 
diately, we  must  divide  the  sum,  thus  found,  by  unity 
added  to  the  value  of  an  annuity  on  the  given  life 
(agreeably  to  the  principles  laid  down  in  §  369):  and 
the  quotient  will  be  the  answer  required. 

Thus,  in  the  present  case,  if  we  divide  25*191  by 
17-624,  the  quotient  will  be  1*429,  or  £1:8:7; 
and  this  is  the  sum.  that  ought  to  be  paid  annually 
during  the  life  of  the  person  assured,  in  order  to  secure 
the  perpetuity  of  ^£4  :  10  per  annum  on  his  death  : 
the  first  of  those  annual  payments  being  made  imme- 
diately,  and  the  remaining  ones  at  the  beghmhig  of 
every  subsequent  yeaf. 
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Had  the  question  referred  to  an  annuiUj  for  80 
years,*  instead  of  a  perpetuity,  then  1 6*G24  subtracted 
from  21*565  (or  the  present  value  of  an  annuity  certain 
for  that  term  by  Table  LIX)  would  leave  4*941   for 

I.  the  answer  required.  Therefore,  if  the  annuity,  as  in 
the  preceding  case,  were  X'4  :  10  per  annum,  its  present 
value  in  a  single  payment  would  be  22*2i34  :  and  this 
sura,  divided  by  17'624,  would  give  1*262  for  the 
value  of  the  same  in  annual  payments. 

Example  2.     What  is  the  value  of  a  freehold  estate 
f     to  be  entered  upon  at  the  death  of  either  of  two  lives, 
a  man  aged  46  and  a  woman  aged  40 ;  reckoning  in- 
terest at  4  per  cent,  and  the  probabilities  of  life  as  ob- 
served in  Sweden  ? 

The  value  of  the  perpetuity  is,  by  Table  LIX,  equal 
to  25,  and  the  value  of  an  annuity  on  the  joint  lives 
of  these  tvv'o  persons  is,  by  Table  XVI,  equal  to  10*286: 
I  this  latter  value  subtracted  from  the  former  will  leave 
i4"714  for  the  answer  required.  Therefore  if  the 
■estate  produced  ^£4  per  annum,  its  present  value  would 
be  58*8.56,  or  .i'58  :  1?  :  1,  in  a  sitigle  payment:  and 
this  sum,  divided  by  11*286,  would  give  5*215,  or 
£,5  :  4  :  4;  for  the  value  of  the  same  in  annual  pay- 
ments. 

If  the  estate  were  not  to  be  entered  upon  till  the 

*  It  must  be  particularly  observed  tliat,  when  we  hnve  to  de- 
tcnnine  by  this  rule  the  value  of  the  reversion  of  any  terminable 
annuity  after  any  given  lives,  the  number  of  years  during  which 
such  annuity  is  to  continue  must  not  be  less  tlian  that  to  which  it 
ic  probable  the  given  lives  may  extend :  see  the  note  in  page  419- 
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extinction  of  both  the  lives,  then  16*412  (or  the  value 
of  an  annuity  on  the  longest  of  the  tv/o  lives,  as 
found  by  Question  VIII)  subtracted  from  25,  will  leave 
8*588  for  the  number  of  years  purchase  required ; 
and  uiiich  being  multiplied  by  4,  as  in  the  preceding 
case,  will  give  34*352  for  the  value  of  the  same 
estate  in  a  single  payment :  and  this  sum  divided  by 
17'412  will  give  1*973  for  the  value  of  the  same  in 
annual  payments. 

Had  it  been  a  leasehold  estate  of  ^4  per  annum  for 
GO  years,  instead  of  a  freehold,  the  value  would  in  the 
former  case  have  come  out  equal  to  49*348  in  a  single 
payment ;  or  4*373  in  annual  payments.  And  in 
the  latter  case,  to  24*844  in  a  single  payment  j  or 
1  *427  in  annual  payments. 

QUESTION  XXVII. 

§  415.  To  find  the  value  of  an  Assvrance  o{  a 
given  sum,  which  is  to  be  received  on  the  extinction* 
of  any  given  Hves. 

SOLUTION, 

Multiply  the  value  of  an  annuity  on  the  given  lives  f 

*  That  is,  at  the  end  of  the  year  in  which  such  lives  become 
extinct:  and  this  is  always  understood  in  questions  of  this  kind. 
The  usual  practice  of  the  Assurance  Offices,  however,  is  to  pay 
the  sum  at  the  end  of  six  months  from  the  time  ^the  decease. 

f  Whether  a  single  life,  or  jo'vit  lives,  or  the  longest  of  any 
number  of  lives:  for,  the  solution  (as  in  the  preceding  question) 
■will  apply  to  eacli  case. 
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by  the  rate  of  interest,  and  subtract  the  product  from 
unity;  divide  the  remainder  by  the  amount  of  ^-£l  in 
one  year :  and  the  quotient,  multiplied  by  the  given 
sum,  will  be  the  value  required.     See  §  180. 

Example  1 .  What  is  the  present  value  of  an  as- 
surance of  X'lOO  on  the  life  of  a  person  aged  20: 
interest  at  4^  per  cent,  and  the  probabilities  of  living 
as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  such  life  is,  by  Table  V, 
equal  to  16'624,  which  being  muldplied  by  -04.5  (or 
the  rate  of  interest)  will  produce  '74808 ;  the  dif- 
ference between  this  value  and  unity  is  '25192,  which 
being  divided  by  1*045  (or  the  amount  of  £,\  in  one 
year)  will  give  '24107  for  the  present  value  of  ^^I  to 
be  received  on  the  extinction  of  the  given  life  :*  and 
this  value,  being  multiplied  by  100,  will  give  24*107, 
or  c£24  :  2  :  2,  for  the  answer  required,  in  a  single 
payment. 

But,  in  order  to  obtain  the  value  of  the  same  in 

*  From  the  present  value  of  one  pound  to  be  received  on  the 
extinction  of  any  given  life  or  hves,  we  may  readily  determine  the 
sum,  which  ought  to  be  paid,  on  the  extinction  of  such  lives,  for 
any  given  sum  noii' advanced :  viz.  by  dividing  this  latter  sum  bv 
the  present  value  of  ^1  as  above  found.  Thus,  if  a  person,  aged 
20,  borrows  /.  4000,  and  gives  security  to  pay  the  value  of  the  same 
at  his  death,  the  sum  which  ought  then  to  be  paid  (supposing  the 
interest  ^c  the  same  as  mentioned  in  the  text)  is  found  by  dividing 
4000  by  -24107}  which  gives  \iJ5Q2Q{)\,  or /.'lC)5Q2  :  12  :  10, 
far  the  answer  required.  I'his  method  is  universal;  and  will 
apply  to  all  the  subsequent  questions  in  the  present  Chapter, 
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mmual  payments,  commencing  immediately,  we  must 
divide  the  sum,  thus  found,  by  unity  added  to  the 
value  of  an  annuity  on  the  given  hfe ;  agreeably  to  the 
principles  laid  down  in  §  369:  whence  24'i07  di- 
vided by  ] 7*624  will  give  1-S6S,  or  £l  :  7  :  4,  for 
the  sum  which  ought  to  be  paid  annually  during  the 
life  of  the  person  assured,  in  order  to  secure  the  sum 
of  c£lOO  on  his  death.  The  first  of  those  annual  pay- 
ments being  made  innnediateli/j  and  the  remaining 
ones  at  the  begirming  of  every  subsequent  year.* 

Had  the  life  been  40  years  of  age,  its  value  in  a 
single  payment  would  have  been  equal  to  34'3I3: 
which  being  divided  by  J  5*254  (or  unity  added  to  the 
value  of  an  annuity  on  the  given  life)  will  give  2*249, 
or  c£2  :  5  :  0,  for  the  value  of  the  same  in  annual 
payments. 

Example  2.  What  is  the  present  value  of  .-£lOO 
to  be  received  on  the  death  of  a  man  aged  46 :  in- 
terest being  reckoned  at  4  per  cent,  and  the  proba- 
bilities of  life  as  observed  in  Sweden  f 

*  The  rates  of  Assurances  for  Lives,  at  all  the  different  Offices 
established  in  London,  are  calculated  from  the  Northampton  Table 
of  Observations,  and  at  3  per  cent  interest.  These  rates,  both  for 
Shgle  and  Joint  lives,  are  gi\en  in  Tables  LI  and  IJI  at  the  end 
of  the  present  work:  and  by  comparing  them  with  the  true  and 
proper  values,  as  given  in  Tables  LIV  to  LVII,  the  public  may 
form  a  tolerably  accurate  idea  of  the  immense  prolit  which  is  made 
by  the  several  Assurance  Companies  above  alluded  to.  I  shall 
liowever  enlarge  more  upon  this  subject  in  Chapter  XIV.  See 
also  the  Scholium  to  Question  XXIX,  and  the  Scholium  to  Ques- 
lion  XXX. 
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•  The  value  of  an  annuity  on  the  life  of  a  man  aged  46 
is,  by  Table  XVI,  equal  to  12"297;  which,  being  mul- 
tiplied by  04,  and  the  product  subtracted  from  unity, 
leaves  50812:  this  quantity,  divided  by  1*04,  gives 
•48858;  which,  being  multiplied  by  100,  produces 
48*858,  or  c£48  :  17  :  2,  for  the  answer  required,  in 
a  single  payment.  And  if  this  latter  sum  be  divided 
by  13-297,  it  will  give  S-C74,  or  £3  :  IS  :  6,  for  the 
value  of  the  same  in  annual  payments.  Had  the  age 
of  the  man  been  56,  the  value  of  the  assurance  in  a 
single  payment  would  have  been  equal  to  58*781  ; 
which  divided  by  10*717  would  give  5*485  for  the 
value  of  the  same  in  annual  payments. 

But  if  the  sum  had  depended  on  the  death  of  a 
woman  aged  40,  its  value  in  a  single  payment  would 
have  been  equal  to  40*765,  or  ^£.'40  :  15:4.  And 
this  sum,  divided  by  15*401,  would  give  2*647,  or 
X'2  :  12  :  11,  for  the  value  of  the  same  in  animal 
payments.  And  had  the  age  of  the  woman  been  50, 
the  value  of  the  assurance  in  a  single  payment  would 
have  been  equal  to  49*812  ;  which  divided  by  13049 
would  give  3*817  for  the  value  of  the  same  in  annual 
payments. 

Example  3.  What  sum  ought  to  be  given  for  the 
assurance  of  c£  100  on  X\no  joint  lives  aged  20  and  40: 
interest  at  4^-  per  cent,  and  the  probabilities  of  livinp- 
as  observed  by  M.  De  Parcieux  ? 

The  value  of  an  annuity  on  the  two  joint  lives  is, 
by  Table  IX,  equal  to  12*545,  which  being  multiplied 
by  '045  (or  the  rate  of  interest)  will  produce  '56452; 
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this  quantity,  subtracted  from  unity,  leaves  '43547, 
which  being  divided  by  1*045  (or  the  amount  of  c£l 
in  a  year)  will  give  '41672;  and  this  multiplied  by 
100  will  produce  41-672,  or  ^£41  :  IS:  5,  for  the 
answer  required,  in  a  sbigh  payment.  If  this  latter 
quantity  be  divided  by  1S*545,  it  will  give  3*077,  or 
£,S  :  1  :  6,  for  the  value  of  the  same  in  annual  pay- 
ments. 

Had  the  two  lives  been  50  and  70,  the  value  in  a 
Singh  payment  would  have  been  equal  to  71*936; 
which  being  divided  by  6*517  would  give  11*035  for 
the  value  of  the  same  in  annual  payments. 

Had  the  assurance  been  made  on  the  joint  lives  of 
a  man  aged  46,  and  his  wife  aged  40,  the  value  of  the 
same  (reckoning  interest  at  4  per  cent,  and  the  proba- 
bilities of  life  as  observed  in  Swedeii)  would  have  been 
equal  to  56*592  in  a  single  payment :  and  which,  be- 
ing divided  by  11*286,  would  give  5*014  for  the  value 
in  annual  payments. 

Or,  had  these  two  lives  beenj-espectively  5G  and  50, 
the  value  would  in  such  case  have  come  out  equal  to 
65*869  in  a  single  payment*,  and  which  being  divided 
by  8*874  would  give  7'42S  for  the  value  in  annua! 
payments. 

Example  4.  What  is  the  value  of  an  assurance  of 
<£lOO  on  the  longest  ,of  two  lives  aged  20  and  40; 
interest  4-]^  per  cent,  and  the  probabilities  of  life  as 
observed  by  M.  De  Parcieux  ? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  20  and  40  is,  by  Question  VIII,  equal  to  18*333; 
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which,  being  multiplied  by  '045  and  subtracted  from 
unity,  leaves  '17502;  this  quantity,  divided  by  1'04'5, 
will  give  'iQI-i^S,  and  which  being  multiplied  by  100 
will  produce  16*748,  or  oL'l6  :  15  : 0,  for  the  answer 
required,  in  a  single  payment.  If  this  latter  quantity 
be  divided  by  19'Z2>S  (or  unity  added  to  the  value  of 
an  annuity  on  the  longest  of  the  two  lives)  it  will  give 
•866  or  17*  :  4c/  for  the  value  of  the  same  in  arniual 
payments,  to  be  made  at  the  beginning  of  each  year 
during  the  continuance  of  either  of  the  given  lives. 

Had  the  two  lives  been  50  and  70  years  of  age,  the 
value  in  a  single  payment  would  have  been  equal  to 
41  '328  ;  which^  being  divided  by  13'625,  would  give 
3*033  for  the  value  of  the  same  in  annual  payments. 

Or,  had  the  assurance  been  made  on  the  longest  of 
the  two  lives  of  a  man  aged  46  and  his  wife  aged 
40,  the  value  of  the  same  (reckoning  interest  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  in  Siveden') 
would  have  been  equal  to  33*031  in  a  single  payment: 
and  which,  being  divided  by  17'412,  would  give  1*897 
for  the  value  of  the  same  in  annual  payments.  ' 

And  had  these  two  lives  been  respectively  56  and 
.50,  the  value  would  in  such  case  have  come  out  equal 
to  42*723  in  a  single  payment:  which  being  divided 
by  14'892,will  give  2-869  for  the  value  of  the  same 
in  annual  payments. 

Example  5.  What  is  the  present  value  of  a  legacy* 
of  X' 100  to  be  received  on  the  extinction  of  any  one 

*  I  consider  a  legacy  as  not  due  till  the  end  uf  the  year  in  v.hick 
tlie  testator  dies:  for  it  is  seldom  paid  IrnintdiuUhj. 
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of  three  lives  aged  20,  30,  and  40 :  reckoning  in- 
terest at  4  per  cent,  and  the  probabilities  of  living  as 
at  Northampton  ? 

The  value  of  an  annuity  on  the  three  joint  lives  is, 
by  Table  XLIV,  equal  to  8-986,  which,  being  multi- 
plied by  -04,  and  the  product  subtracted  from  unity, 
leaves  '64056:  this  quantity  divided  by  1*04  will 
give  •62  592,  and  which  being  multiplied  by  100  will 
produce  61*592,  or  £,^\  :  11  :  10,  for  the  present 
value  of  the  legacy  required. 

In  like  manner  we  might  determine  the  value  of  the 
legacy  payable  on  the  extinction  of  any  two  of  the  three 
lives  above  mentioned.  For,  the  value  of  an  annuity 
on  any  two  out  of  those  three  lives  is,  by  Question ^X, 
equal  to  15*315:  consequently,  by  proceeding  as  in 
the  last  case,  we  shall  find  that  37*250,  or  £37  :  5  :  O, 
will  be  the  present  value  of  the  legacy  in  this  case  re- 
quired. 

So  also  we  might  find  the  value  of  the  legacy  pay- 
able on  the  extinction  of  all  the  ikree  lives.  For,  the 
value  of  an  annuity  on  the  longest  of  the  lives  is,  by 
Question  IX,  equal  to  19*710:  and  by  proceeding  in 
a  similar  manner  it  will  be  found  that  20-346,  or 
eC20  :  6  :  1 1 ,  is  the  present  value  of  the  legacy  in  tl^is 
case  required. 

SCHOLIUM. 

§  41 6.  It  may  be  here  necessary  to  advert  to  the  re- 
mark which  I  have  made,  in  the  Scholium  in  page  160, 
respectiog  the  relative  values  of  a  reversionary  sum,  and 
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a  corresponding  reversionary  estate:  and  which  may  be 
verified  by  a  comparison  of  the  values  in  any  two 
similar  cases  found  by  the  rules  in  the  two  preceding 
Questions.  Thus,  by  the  first  example  in  Question 
XXVII,  it  appears  that  the  value  of  ^£100  payable  on 
the  decease  of  a  person  aged  20,  interest  at  47]  pei* 
cent,  is  equal  to  22-234  pounds:  and  by  the  first  ex- 
ample in  Question  XXVI,  it  appears  that  the  value  of  a 
corresponding  estate  (or  perpetuity)  of  ^£4  :  10  per  an- 
num is  equal  to  25-191  pounds.  But  the  latter  is  to 
the  former  value,  in  the  proportion  of  1*045  to  1  ; 
and  vice  versd,  the  former  is  to  the  latter  value,  as 
1  is  to  1-045, 

QUESTION  XXVIII. 

§  417.  To  find  the  value  of  a  Deferred  assurance 
of  any  given  sum,  on  any  given  lives. 

SOLUTION    FIRST. 

For  Single  and  Joint  Lives, 

Find  the  value  of  the  assurance  of  the  given  sum 
on  the  same  number  of  single  or  joint  lives  as  the  given 
lives,  but  each  older  than  such  lives  by  the  given  term  ^ 
multiply  this  value  by  the  expectation  that  the  given 
single  or  joint  lives  will  receive  J^\  at  the  end  of  that 
term :  the  product  multiplied  by  the  given  sum  will 
be  the  value  required.     See  the  note  in  page  147. 

E^ramplel.     What  is  the  preseat  value  ofX'lOO 
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to  be  received  on  the  death  of  a  man  aged  46,  pro» 
vided  that  should  happen  after  10  years :  interest  be- 
ing reckoned  at  4  per  cent,  and  the  probabilities  of  life 
as  observed  in  Sweden? 

The  value  of  an  assurance  of  ^100  on  a  man  aged 
56  is,  by  Question  XXVII,  equal  to  58*781  ♦,  and 
the  expectation  that  a  man  aged  46  will  receive  ^£1 
at  the  end  of  10  years  is,  by  Question  11,  equal  to 
•5241  ;  consequently  these  two  quantities  being  mul- 
tiplied together  will  produce  30*807,  or  c£30  :  16  :  2, 
for  the  answer  required. 

Had  the  assurance  been  on  a  woman  aged  40,  its 
present  value  would  have  been  equal  to  49*812  mul- 
tiplied by  -5748  5  that  is,  equal  to  28*632. 

Example  2.  What  is  the  present  value  of  ^ClOO 
to  be  received  on  the  extinction  of  either  of  two  lives 
aged  20  and  40,  provided  that  should  happen  after 
30  years :  interest  at  4^  per  cent,  and  the  probabilities 
of  life  as  observed  by  M.  De  Farcieux? 

The  value  of  the  assurance  on  two  joint  lives  aged 
50  and  70  is,  by  Question  XXVII,  equal  to  71*936; 
an4  the  expectation  of  two  joint  lives,  aged  20  and 
40,  receiving  ,£l  at  the  end  of  30  years  is,  by  Ques- 
tion II,  equal  to  '0899:  therefore  the  product  of  these 
two  quantities  will  give  6'467j  or  £,6  :  9  :  4,  for  the 
answer  required. 

Had  the  assurance  been  made  on  the  joint  lives  of 
a  man  aged  46  and  his  wife  aged  40,  provided  they 
became  extinct  after  10  years,  its  present  value  (taking 
interest  at  4  per  cent,  and  the  probabilities  of  life  as 
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observed  in  Sweden)  would  have  been  equal  to  65*869 
multiplied  by  '4459;  that  is,  equal  to  29*371. 


SOLUTION   SECOND. 

For  the  Longest  of  any  lives, 

§  4]S.  Multiply  the  value  of  an  annuity  on  the 
longest  of  the  given  lives,  deferred  for  the  given  term, 
by  the  rate  of  interest ;  subtract  the  product  from  the 
expectation  of  the  longest  of  the  given  lives  receiving 
£,1  at  the  end  of  the  same  period,  and  divide  the  dif- 
ference by  the  amount  of  e£.'i  in  a  year:  the  quotient 
multiplied  by  the  given  sum  will  be  the  answer  re- 
quired.    See  §  182. 

Example  3.  What  is  the  value  of  £,100  to  be 
received  on  the  extinction  of  the  longest  of  two  lives, 
aged  20  and  40,  provided  that  shall  happen  after  30 
years :  interest  at  4^  per  cent,  and  the  probabilities  of 
living  as  observed  by  M.  De  ParcieuxF 

The  value  of  a  deferred  annuity  for  30  years  on 
the  longest  of  the  two  lives  is,  by  Question  XI,  equal 
to  2*560,  which  being  multiplied  by  '045  produces 
•1152;  and  this  subtracted  from  '2266  (or  the  ex- 
pectation that  one  or  other  of  these  two  lives  will  re- 
ceive £  I  at  the  end  of  30  years,  as  found  by  Ques- 
tion II)  will  leave  "1114,  which  being  divided  by 
1*045  will  give  *  10660;  and  this  last  value,  multi- 
plied by  100,  will  produce  10-660,  or  i!lO  :  13  :  2, 
for  the  answer  required. 

2  F 
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Had  this  sum  depended  on  the  extinction  of  the 
longest  of  two  lives,  a  man  aged  46  and  a  woman 
aged  40j  provided  that  event  happened  after  10  years, 
the  value  of  the  same  (reckoning  interest  at  4  per 
cent,  and  the  probabiHties  of  life  as  observed  in  Sweden) 
may  be  fouild  in  a  similar  manner.  For,  the  value  of 
a  deferred  annuity  for  10  years  on  the  longest  of  these 
lives  is,  by  Question  XI,  equal  to  8*508,  which  being 
multiplied  by  "04  produces  -3403 ;  and  this  subtracted 
from  '6530  (or  the  expectation  that  one  at  least  of  the 
two  lives  will  receive  o£l  at  the  end  of  10  years,  as 
found  by  Question  II)  will  leave  '3127,  which  being 
divided  by  1*04  will  give  '30067;  and  this  last  value, 
multiplied  by  100,  will  produce  30-0675  or  £m :  1 :  4, 
for  the  answer  required. 

OUESTION  XXIX. 

§  419.  To  find  the  value  of  a  Temporary  as' 
surance  of  a  given  sum  on  any  given  lives. 

SOLUTION. 

From  the  value  of  the  assurance  of  the  given  sum 
on  the  whole  continuance  of  the  given  lives,  subtract 
the  value  of  a  deferred  assurance  of  the  same  sum  for 
the  given  terra :  the  difference  will  be  the  value  re- 
quired.    See  §   184. 

Example  1.  What  is  the  present  value  of  <£l00 
to  be  received  on  the  death  of  a  man  aged  46,  pro- 
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vided  that  shall  happen  luith'm  10  years:  interest  being 
reckoned  at  4  per  cent,  and  the  probabilities  of  life 
as  observed  in  Sweden? 

The  value  of  an  assurance  of  X'lOO  on  the  whole 
continuance  of  this  life  is,  by  Question  XXVII,  equal 
to  48*358  ;  and  the  value  of  a  similar  assurance,  de- 
ferred for  10  years  is,  by  Question  XXVIII,  equal  to 
30'807,  which  being  subtracted  from  the  former  value 
will  leave  1 8  '05 1 ,  or  c£  1 8  :  1  :  0,  for  the  answer  re- 
quired. 

This  is  the  value  in  a  sin^fle  payment :  but  if  we 
wish  to  find  the  corresponding  value  in  annual  pay- 
ments, we  must  divide  this  sum  by  7*680  (or  unity 
added  to  the  value  of  an  annuity  on  the  given  life  for 
one  year  less  than  the  given  term,  as  found  by  the 
rule  given  in  the  note,  page  380),  which  will  give 
2*350,  or  o£2  :  7 : 0,  for  the  value  of  the  same  assurance 
in  annual  payments. 

Had  the  assurance  been  made  on  a  woman  aged  40, 
its  present  value  would  have  been  equal  to  the  dif- 
ference between  40-765  and  28*632  :  that  is,  12-133, 
or  ,-£l2  :  2  :  8,  would  have  been  the  answer  required, 
in  a  single  payment.  And  this  value  divided  by 
7*900  (or  unity  added  to  the  value  of  an  annuity  on 
the  life  for  9  years,  as  found  by  the  rule  above  men- 
tioned) will  give  1-536,  or  ^1  :  10  :  9,  for  the  value 
of  the  same  in  annual  payments. 

Example  2.  What  is  the  value  of  an  assurance  of 
<£lOO  on  the  Joint  lives  of  two  persons  aged  20  and 

2  F  2 
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40,  for  30  years:  interest  at  4 J  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  the  assurance  on  the  whole  continu- 
ance of  the  lives  is,  by  Question  XXVIII,  equal  to 
41*672  ;  and  the  value  of  a  similar  assurance  deferred 
for  30  years  is,  by  Question  XXVIII,  equal  to  6*467 : 
therefore  this  latter  value,  subtracted  from  the  former, 
will  leave  35  205,  or  £sr)  :  4  :  1,  for  the  answer  re- 
quired, in  a  single  payment.  And  this  sum  divided 
by  12*959  (or  unity  added  to  the  value  of  an  annuity 
on  the  two  joint  lives  for  twenty-nine  years)  will  give 
2*717,  or  £,2  :  14  :  4,  for  the  value  of  the  same  as- 
surance in  annual  payments. 

Had  the  assurance  been  made  for  20  years  on  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40,  the 
value  of  the  same  (reckoning  interest  at  4  per  cent, 
and  the  probabilities  of  living  as  observed  in  Sweden) 
would  have  been  equal  to  the  difference  between  56*592 
and  29-371  :  that  is,  27*221  would  have  been  the 
value  in  a  single  payment.  And  this  sura  divided  by 
7*329  (or  unity  added  to  the  value  of  an  annuity  on 
the  two  joint  lives  for  nine  years)  will  give  3*714  for 
the  value  of  the  annual  payments. 

Example  3.  What  sum  ought  to  be  given  for  the 
assurance  of  o£l00  for  30  years  on  the  longest  of  two 
lives,  aged  20  and  40 :  interest  at  4  J  per  cent,  and  the 
probabilities  of  life  as  observed  by  JVf,  De  Parcieux P 

The  value  of  the  assurance  for  the  whole  continuance 
of  the  given  lives  is,  by  Question  XXVII,  equal  to 
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]  6*748  ;  and  the  value  of  a  similar  assurance  deferred 
for  30  years  is,  by  Question  XXVIII,  equal  to  1 0*660: 
this  latter  value  therefore  subtracted  from  the  former 
will  leave  6-088,  or  £6  :  1  :  9,  for  the  answer  re- 
quired, in  a  single  payment.  And  this  sum  divided 
by  16*546  (or  unity  added  to  the  value  of  an  annuity 
on  the  longest  of  the  two  lives  for  twenty-nine  years) 
will  give  -368,  or  7^ :  4c/,  for  the  value  of  the  same  in 
annual  payments. 

Had  it  been  required  to  determine  the  value  of  the 
assurance,  in  annual  payments  during  the  joint  con- 
tinuance of  the  given  lives,  then  6*086  divided  by 
12*959  (or  unity  added  to  the  value  of  an  annuity  on 
the  two  joint  lives  for  twenty-nine  years)  would  give 
•470  for  the  answer  required. 

In  like  manner  may  be  determined  the  value  of  an 
assurance  of  c€  100  for  10  years  on  the  longest  of  two 
lives,  viz  a  man  aged  46  and  a  woman  aged  40; 
reckoning  interest  at  4  per  cent,  and  the  probabilities 
of  life  as  observed  in  Siueden. 

For,  the  value  of  such  assurance  will  be  equal  to 
the  difference  between  33*031  and  30*067;  that  is, 
2*964  will  be  the  value  in  a  single  payment:  and  this 
sum  divided  by  8*251  (or  unity  added  to  the  value  of 
an  annuity  on  the  longest  of  the  two  lives  for  nine 
years)  will  give  '359  for  the  value  of  the  same  in 
annual  Tp^ymi-nts  during  the  longest  of  the  given  lives: 
or  being  divided  by  7*3::^9  (equal  to  unity  added  to 
the  value  of  an  annuity  on  the  two  Joint  lives  for  nine 
years)   will  give  '404  for  the  value  of  the  same  in 
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annual  payments  during  the  existence  of  the  joint 
lives. 

SCHOLIUM. 

§  420.  When  we  have  to  determine  the  value  of 
a  temporary  assurance  for  a  very  short  term,  such  as 
1,  2,  3,  &c  years,  it  will  be  the  easiest  method  to  cal- 
culate the  value  of  each  year's  expectation  from  the 
tables  of  mortality.  For,  the  probability  that  a  person 
of  any  given  age  will  die  in  any  particular  year  is  a 
fraction  whose  denominator  is  the  number  of  persons 
living  at  that  age,  and  whose  numerator  is  the  number 
of  persons  that  die  within  the  given  year ;  and  which 
fraction,  being  multiplied  by  the  present  value  of  the 
given  sum  due  at  the  end  of  the  given  year,  will  give 
the  expectation  of  receiving  such  sum  at  the  end  of 
that  year,  provided  the  given  life  becomes  extinct  in 
that  year :  and  the  sum  of  these  annual  expectations 
for  the  P^,  2""^,  S^'^,  &c  years  will  be  the  value  of  the 
assurance  for  those  periods  respectiyely. 

Example  ] .  What  is  the  value  of  an  assurance  of 
c£lOO,  for  one  year,  on  the  life  of  a  woman  aged  40; 
or,  in  other  words,  what  is  the  present  value  of  c£iOO 
to  be  received  at  the  end  of  the  year,  provided  such  life 
be  then  extinct :  interest  being  reckoned  at  4  per  cent, 
and  the  probabilities  of  life  as  observed  in  Siueden  ? 

The  probability  that  a  woman  of  40  will  die  within 
ihejirst  year  is,  by  Table  XIV,  equal  to  tt It  >  ^"^^ 
the  present  value  of  XlOO  to  be  received  at  the  end 
of  a  year  isj  by  Table  LVIII,  equal  to  96*154:  thesg 
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two  quantities,  multiplied  togr?ther,  will  produce  1  '321, 
or  oL'l  :  6  :  5,  for  the  value  required. 

In  like  manner  it  may  be  found  that  the  probability 
of  a  woman,  aged  40,  dying  within  the  second  year  is  by 
the  same  Table  equal  to  -f-f-x ;  and  that  the  present 
value  of  cClOO  to  be  received  at  the  end  of  two  years 
is  equal  to  92-456:  which  quantities  being  multiplied 
together  will  produce  I' 165  for  the  present  value  of 
^'100  to  be  received  at  the  end  of  the  second  year 
provided  the  given  life  becomes  extinct  in  that  year. 
And  this  value,  added  to  the  one  above  found,  will  give 
2*786,  or  £,2  :  15  :  9,  for  the  valueof  the  assurance 
for  two  years. 

By  a  similar  method  of  proceeding  it  will  be  found 
that  -^i-^  multiplied  by  88*900  will  give  l-4'/8  for 
the  present  value  of  ^£100  to  be  received  at  the  end 
of  tiie  third  year  on  a  similar  contingency :  and  which 
value,  being  added  to  the  sum  of  the  two  former  ones, 
will  give  4*214  for  the  value  of  the  assurance  for  three 
years.     And  so  on  for  the  subsequent  years. 

Had  it  been  required  to  determine  the  value  of  a 
similar  assurance  on  the  life  of  a  man,  aged  46,  the  ex- 
pectations for  the  first,  second,  and  third  years  would 
have  been  equal  to  --Hh-  multiplied  by  96*1 54,  92*456, 
and  88*900  respectively:*  whence,  those  expectations 
would  have  come  out  equal  to   1*927,  1*853,  and 

■*  Because  -j^t  is  not  only  the  probability  that  such  life  will 
die  in  the  ^/irst  yearj  but  also  the  probability  that  it  will  die  in 
the  sc  •>nn.  year ;  and  also  in  the  third  year :  as  may  be  seen  by 
Table  XIV. 
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1*782  :  and  the  value  of  the  assurance,  for  one,  two, 
and  three  years,  would  have  been  1*927,  3'730,  and 
5*562  respectively. 

The  same  observations  will  apply  to  assurances  for 
one  year  on  any  joint  lives.  For,  the  probability 
that  any  two  joint  lives  will  fall  within  the  first 
year  is  the  difference  between  unity  and  the  product 
of  the  probabilities  that  they  shall  both  live  to  the 
end  of  the  year :  and  which  difference,  being  multi- 
plied by  the  present  value  of  the  given  sum  due  at  the 
end  of  that  year,  will  give  the  expectation  of  receiving 
such  sum  at  that  period  provided  either  of  the  given 
lives  be  then  extinct. 

Example  2.  What  is  the  present  value  of  an  as- 
surance of  ^100  for  one  year,  on  the  joint  lives  of  a 
man  aged  46  and  his  wife  aged  40 :  interest  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  in 
Sweden  f 

The  probability  that  a  man  aged  46  will  live  to  the 
end  of  the  year  is  equal  to  -f-l-H  >  ^'^^  the  probability 
that  a  woman  aged  40  will  live  to  the  end  of  the  same 
period  is  equal  to  -T-rrl-  *  these  two  fractions,  there- 
fore, being  multiplied  together  and  their  product  sub- 
tracted from  unity,  will  leave  '0335 ;  which  being 
multiphed  by  96*154  (or  the  present  value  of  Jj\ 
due  at  the  end  of  the  year)  v/ill  produce  3*221,  or 
c£'3  :  4  :  5,  for  the  value  required. 

§  421.     These  examples  will  show  the  method  of 
J)roceeding  in  all  similar  cases :  and  for  the  informa- 
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don  of  the  reader  I  shall  here  subjoin  a  table  of  the 
sums  demanded  by  the  different  Assurance  Companies 
for  the  assurance  of  ,-£100  for  07ie  year  on  a  single 
life  at  the  several  ages  therein  mentioned:  to  which 
I  shall  add  the  fan*  value  that  ouglit  to  be  given  for 
the  same,  according  to  the  probabilities  of  life  as  ob- 
served by  M.  De  ParcisiLV*  and  reckoning  interest 
at  4  per  cent. 


Northampton. 

He  Parcieux. 

3  per  cent. 

4  percent. 

10 

•SqO 

•9'i9 

20 

r3ei2 

•900 

30 

loei 

1037 

40 

2030 

1049 

50 

2753 

1  -43 1 

60 

3906 

2-983 

70 

6-184 

5-289 

From  which  it  appears  that  the  several  Assurance 
Companies  require,  in  most  cases,  half  as  much  again 
as  ought  to  be  given;  and  in  some  cases  nearly  double 
the  sum  that  should  be  given  for  the  assurance.  And 
though  some  compensation  ought  to  be  allowed  for 
the  expenses  incurred  in  carrying  on  the  business  of 
the  Office,  as  well  as  a  proper  remuneration  for  the 
services  of  those  who  conduct  it ;  yet  it  is  evident 
that  these   sums   are  greater  than  ought   reasonably 


*  The  probabilities  here  alluded  to  are,  in  this  particular  case, 
taken  from  the  Table  of  Observations  given  by  Dr.  Price  in  his 
Obs.  on  Rev.  Pay.  vol.  ii.  p.  456:  because  the  decrements  of  life 
are  there  more  correctly  given  ;  and,  being  on  a  more  enlarged 
scale,  are  therefore  more  applicable  to  the  present  examples. 
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to  be  taken :  particularly  when  it  is  considered  that 
those  who  insure  at  any*  of  the  Offices,  for  a  lerm  of 
years  only,  have  not  much  prospect  of  deriving  any 
advantage  from  the  profits  of  the  concern. 


QUESTION  XX 


i\.. 


§  422.  To  find  the  value  of  an  Assurance  of  a 
given  sum  to  be  received  on  the  decease  of  A,  pro- 
vided he  dies  before  another  given  life  B.f 

SOLUTION, J 

Let  O  represent  a  life  one  year  older  than  A ;  and 
Y  a  life  one  year  younger  than  A.  Add  unity  to  the 
value  of  an  annuity  on  the  two  joint  lives  OB,  and 

*  For,  such  persons  do  not  (even  at  the  Equitable  Society)  par- 
ticipate in  the  profits,  unless  a  bonus  happens  to  be  declared  during 
the  term  for  which  they  are  assured:  which,  in  inost  ordinary  cases, 
(if  it  occurs  at  all)  is  but  a  partial  advantage. 

-j-  The  present  Question  will  be  found  of  considerable  utility  in  en- 
abling us  to  determine  the  propriety  and  advantage  of  those  Schemes 
which  are  formed  with  a  view  of  providing  sums  of  money  to  be 
paid  to  IFidou's^  on  the  decease  of  their  husbands.  See  what  has 
been  already  said  on  the  subject  ot  annuilies,  applied  in  a  similar 
manner,  in  the  note  in  page  3/(3. 

X  When  the  two  lives  are  of  the  same  age,  the  present  value 
required  is  in  all  cases  equal  to  the  present  value  of  half  the  sum 
payable  on  the  extinction  of  the  two  joint  lives  AB.  Thus,  if  the 
two  lives,  in  the  first  example,  were  both  aged  20,  the  present 
value  required  would  be  equal  to  lyijQd  :  and  if  they  had  both 
been  40  years  of  age,  tlie  required  value  would  have  been  equal  to 
'22-634. 
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multiply  the  sum  by  the  number  of  persons  living  at 
the  age  of  O  ;  then  divide  this  product  by  the  amount 
of  ot'l  in  a  year,  and  reserve  the  quotient.  Multiply 
the  value  of  an  annuity  on  the  two  joint  lives  YB  by 
the  number  of  persons  living  at  the  age  of  Y :  and, 
having  subtracted  the  product  from  the  reserved  quo- 
tient, divide  the  remainder  by  the  number  of  persons 
living  at  the  age  of  A.  Subtract  this  last  quotient 
from  the  present  value  of  ,£l  payable  on  the  extinction 
of  the  two  joint  lives  AB  ;  and  the  remainder,  multi- 
plied by  half  the  given  sum,  will  be  the  value  re* 
quired.     See  §  23 J. 

Example  1.  What  is  the  present  value  of  o£lOO 
payable  on  the  death  of  A  aged  20,  provided  B  aged 
40  be  then  living:  interest  at  4 J  per  cent,  and  the 
probabilities  of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  the  two  joint  lives  OB, 
aged  21  and  40,  is,  by  the  rule  in  page  SQ5,  equal  to 
12-520;  which,  being  added  to  unity,  and  then  mul- 
tiplied by  806  (or  the  number  of  persons  living  against 
the  age  of  21,  in  Table  III),  will  produce  1 0897*1 20; 
and  this  being  divided  by  1*045  will  give  10427*866 
for  the  reserved  quotient.  The  value  of  an  annuity 
on  the  two  joint  lives  YB,  aged  19  an4  40,  is,  by 
the  rule  in  page  365,  equal  to  12*575;  which  being 
multiplied  by  821  (or  the  number  of  persons  living  at 
the  age  of  19,  in  Table  III)  will  produce  10324r075; 
this  being  subtracted  from  10427 "866  (the  reserved 
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quotient)  and  the  remainder  divided  by  814  (or  the 
number  of  persons  living  at  the  age  of  20)  will  give 
*1275.  Now,  the  value  of  ^l  payable  on  the  ex- 
tinction of  the  joint  lives  AB,  aged  20  and  40,  is,  by 
Question  XXVII,  equal  to  -4167:  therefore  '1275 
being  subtracted  from  this  value  will  leave  '2892; 
which  being  multiplied  by  50  will  give  14"4G,  or 
cL'l4  :  9  :  2,  for  the  present  value  required. 

Having  thus  found  the  present  value  of  the  given 
sum  payable  on  the  decease  of  A,  provided  B  be  then 
alive;  we  may  easily  determine  the  present  value  of 
the  same  sum  payable  on  the  decease  of  B,  provided 
A  be  then  alive.  For,  we  have  only  in  such  case  to 
deduct  the  value,  found  by  the  rule^,  from  the  value  of 
the  same  sum  payable  on  the  extinction  of  the  joint 
lives  AB.  ThuSj  the  present  value  of  ^100  payable 
on  the  extinction  of  the  joint  lives  AB  is,  by  Ques- 
tion XXVII,  equal  to  41*67;  whence j  if  we  subtract 
14*46  from  such  value,  the  difference,  or  27*21,  will 
be  the  present  value  of  ^£100  payable  on  the  decease 
of  B,  provided  A  be  then  alive. 

These  values  are,  in  each  case,  the  sums  that  ought 
to  be  given  in  a  single  payment :  but,  if  we  wish  to 
determine  the  value  of  the  same  in  aiinual  payments, 
we  must  divide  those  sums  by  unity  added  to  the  value 
of  an  annuity  on  the  two  joint  lives  AB.  Therefore 
14*46  being  divided  by  13*545  will  give  1*068,  or 
c£l  :  1  ;  4,  for  the  annual  payments  in  the  former 
case:  and  27*21  divided  by  13'545  will  give  2*009, 
or  £.2  : 0  :  2,  for  the  annual  payments  in  the  latter  case. 
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Example  2.  B  aged  60  will,  if  he  lives  till  the 
decease  of  A  aged  25,  be  entitled  to  a  legacy  of  X^lOO: 
what  is  the  value  of  his  interest  in  such  sum,  taking 
the  probabilities  of  living  as  at  Northampton,  and  the 
rate  of  interest  5  per  cent  ? 

The  value  of  an  annuity  on  two  joint  lives  OB,  aged 
26  and  60,  is  equal  to  7  365  ;  which  being  added  to 
unity  and  multiplied  by  4685  (or  the  number  of  per- 
sons living  at  the  age  of  26,  as  in  Table  XXV)  will 
give  39190025;  and  this,  divided  by  r05,  will  give 
37323 "833  for  the  quotient,  to  be  reserved.  The 
value  of  an  annuity  on  the  two  joint  lives  YB,  aged 
24  and  60,  is  equal  to  7  399  ;  which  being  multiplied 
by  4835  (or  the  number  of  persons  living  against  the 
age  of  24)  will  produce  35774*165:  this,  being  sub- 
•  tracted  from  the  reserved  quotient,  and  the  remainder 
divided  by  4760  (or  the  number  of  persons  living 
against  the  age  of  25),  will  give  'S255Q.  Now,  the 
present  value  of  o£l  payable  on  the  extinction  of  two 
joint  lives,  aged  25  and  60,  is  equal  to  -60081 :  there- 
fore '32556,  being  subtracted  from  this  value,  will 
leave  '27525:  which,  being  multiplied  by  50,  will 
give  13"762,  or  X'l3  :  15  :  3,  for  the  present  value  of 
B*s  interest  in  the  legacy. 

If  this  sum  be  subtracted  from  60-081  (or  the  pre- 
sent value  of  X'lOO  payable  on  the  extinction  of  the 
joint  lives  AB  aged  25  and  60)  the  difference,  or 
46*319,  will  be  the  present  value  of  the  legacy  payable 
on  the  death  of  B,  provided  A  be  then  alive. 

And  either  of  these  values,  divided  by  unity  added 
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to  the  value  of  an  annuity  on  the  two  joint  lives,  will 
show  the  annual  payment  which  ought  to  be  given  by 
B  or  A  respectively,  in  order  to  have  the  same  assured 
to  his  heirs  provided  he  dies  before  the  other, 

SCHOLIUM. 

§  423.  The  examples  above  given  show  the  pro- 
per method  of  proceeding  in  all  similar  cases :  and  it 
may  be  here  useful  to  remark  that  the  values  in  Ta- 
ble LIII  (which  are  adopted  by  all  the  Assurance 
Offices  in  London)  have  been  computed  from  an  incor- 
rect rule  given  by  Mr.  Simpson,*  and  therefore  cannot 

*  In  the  Supplemenl  to  his  Doctrine  of  Annuities,  Prob. XXXII; 
and  in  his  Select  Exercises,  Prob.  XXXII.  In  using  which  rule, 
it  should  be  observed  that,  when  the  reversion  is  a  suvi  and  not  an 
estate,  the  value  found  by  the  rule  must  be  divided  by  _^1  increased 
by  its  interest  for  a  year :  as  explained  in  page  ]  02.  Agreeably 
to  this  correction  it  will  be  found  that  Mr.  Simpson's  rule  may  be 

expressed  by  the  formula    s  x — -  x  - — :  which  denotes  half 

'^  2(l  +  f)        e 

the  value  of  an  assurance  of  the  given  sum  payable  on  the  extinc- 
tion of  two  joint  lives  of  the  same  age  with  the  oldest  of  the  two 
lives,  multiplied  by  a  fraction  whose  numerator  is  the  expectation 
of  the  life  B,  and  whose  denominator  is  the  expectation  of  the  life  A.. 
This  is  the  approximate  value  when  B,  or  the  life  in  expectation, 
is  the  oldest  of  the  two  lives.     But  if  B  be  the  youngest,  this  valua 

must  be  subtracted  from  s  x  -7~  — t~j  ^nd  the  difference  will  be 

the  value  in  this  case. 

I  would  here  observe  that  Mr.  Dodsoii's  formula  (Mat.  Rep. 
vol,  iii.  Ques,  23)  is  deduced  from  precisely  the  ^awe  series  as 
Mr.  Simpson's  formula:  nevertheless,  they  give  different  results 
when  expounded  numerically. 
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be  depended  upon  when  the  life  of  A  is  very  young, 
or  when  there  is  any  considerable  difference  between 
the  ages  of  the  two  Hves.  I  shall  however  enter  more 
at  large  on  this  singular  fact,  in  Chapter  XIV.  See 
also  what  has  been  already  said  on  this  subject  in  the 
note  in  page  187. 


QUESTION  XXXI. 

§  424.  To  find  the  value  of  a  Temporary  as* 
surance  of  a  given  sum  payable  on  the  decease  of  A, 
provided  he  dies  before  another  life  B. 

SOLUTION.* 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  annuity  on  the  life  B,  and  add  unity 
to  the  product.     Call  this  ihe  Jirst  value. 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  annuity  on  a  Hfe  older  than  B  by  the 

*  It  may  be  necessary  to  observe  that  tliis  rule  Is  only  an  ap' 
proximation  to  the  true  value,  agreeably  to  the  principles  laid  down 
in  the  note  in  page  1943  and  therefore  must  be  always  used,  not 
only  with  caution  but,  with  a  due  regard  to  the  tables  of  observa- 
tion employed.  The  correct  value  may  be  obtained  by  the  help 
of  the  formula  in  Prob.  XXVII,  cor.  4}  but,  as  that  formula  could 
not  be  conveniently  expressed  in  words  at  length,  I  have  preferred 
the  one,  above  alluded  to,  for  the  illustration  of  this  part  of  the 
subject. 
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given  term,  add  unity  to  the  product,  and  then  mul- 
tiply this  sum  by  the  expectation  of  B's  receiving  £,1 
at  the  end  of  the  term^  Call  this  product  the  second 
value. 

Divide  the  probability  that  A  will  die  before  the 
end  of  the  term,  by  the  number  of  years,  and  multiply 
the  quotient  by  half  the  given  sum.  Call  this  product 
the  third  value. 

Subtract  the  second  value  from  the^y^rs?,  and  divide 
the  remainder  by  the  amount  of  £,1  in  a  year:  the 
quotient  thence  arising,  being  multiplied  by  the  diird 
value,  will  give  the  present  value  of  the  given  sum 
required. 

Example  1.  What  is  the  present  value  of  oClOO 
payable  on  the  decease  of  A  aged  7,  provided  that 
shall  happen  within  1 4,  years,  and  provided  another  life 
B,  aged  30,  be  then  alive  :  interest  at  3  per  cent,  and  the 
probabilities  of  living  as  observed  at  Northampton? 

The  value  of  an  annuity  on  the  life  B,  aged  SO,  is, 
by  Table  XXVII,  equal  to  16-922  ;  which  being  mul- 
tiplied by  2*03  (or  2  added  to  '03)  will  produce 
34'35166;  and  this,  being  added  to  unity,  will  give 
35'S516Q  for  ihejirst  value. 

The  value  of  an  annuity  on  a  life  14  years  older 
than  B  (that  is,  on  a  life  aged  44)  is  equal  to  13*929; 
which,  being  also  multiplied  by  2*03,  will  produce 
28*27587.  This,  being  added  to  unity,  will  give 
29*27587;  which  being  multiplied  by  '50144  (or 
the  expectation  of  B's  receiving  £.\  at  the  end  of 
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14  years*)    will  produce   14-68009   for   the   second 
value. 

The  probability  that  A  will  die  before  the  end  of 
the  given  term  is  equal  to  '14599,1  which  being  di- 
vided by   14  will  give  •0104<28 ;  and  this  quotient^ 
multiplied  by   50  (or  halt  the  given  sum )   will  pro- 
[     duce  •5214  for  the  third  value- 

The  difference  between  the  Jirst  and  second  value 
is  20*67157;  which,  being  divided  by  103,  will  givt? 
20-0695.  This  quotient,  multipHed  by  *5214  will 
produce  10*464  for  the  value  required. 

This  is  the  sum  that  ought  to  be  given  for  the  as- 
surance in  a  single  payment :  but,  if  we  wish  to  de- 
termine the  value  of  the  same  in  annual  payments,  we 
must  divide  this  sum  by  d'SQQ  (or  unity  added  io  the 
value  of  an  annuity  on  the  tv/o  joint  lives  for  1 3  years); 
which  will  give  1  0^4  for  the  annual  payment  re- 
quired. 

Example  2.  B  aged  60  will,  if  he  lives  to  the  de« 
cease  of  A  aged  25,  be  entitled  to  a  legacy  of  i:.'l00, 
provided  that  event  shall  happen  within  15  years:  what 

*  The  probability  that  B  shall  live  to  the  end  of  14  years  is,  by 
the  rule  in  Question  I,  equal  to  ^r}},^  i  ^^nd  the  present  value  of 
;^1  certain  to  be  received  at  the  end  of  that  period  is,  by  Table 
LVIIl,  equal  to  -5611  :  the  product  of  these  two  quantities  will 
give  '50144  for  the  expectation  required. 

f  The  probability  that  A  shall  live  to  the  end  of  14  years  is,  by 
the  rule  in  Qucbtion  I,  equal  to  |-§-^f ;  that  is,  equal  to  -85401, 
This  value,  subtracted  from  unity,  will  give  "14599  ^o^  the  pro- 
bability that  A  shall  die  before  the  end  of  that  peiiod. 

2  o 
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is  the  Value  of  bis  interest  therein,  Reckoning  the  pro- 
babilities of  life  as  observed  at  Norlhampton,  and  the 
rate  of  interest  at  5  per  cent  ? 

The  value  of  an  annuity  on  the  life  aged  60  is,  by 
Table  XXVII,  equal  to  8-392  ;  which,  being  multi- 
plied by  2*05  and  added  to  unity,  will  make  18*2036 
for  the^r^^  value. 

The  value  of  an  annuity  on  a  life  aged  15  is  equal 
to  4'744;  which  being  multiplied  also  by  2-05,  and 
added  to  unity  will  make  10*7252;  and  this,  being 
multiplied  by  -19637  (or  the  expectation  of  B's 
receiving  ^£1  at  the  end  of  15  years*)  will  produce 
2-1061  for  the  second  value. 

The  probability  that  A  will  die  before  the  end  of 
15  years  is  equal  to  -236341;  which,  being  divided 
by  15,  will  give  -015756;  and  this  quotient,  multiplied 
by  half  the  given  sum,  will  produce  '7878  for  the  third 
value. 

The  difference  between  the^r^^  and  second  value  is 
16-0975;  which,  being  divided  by  1-05,  will  give 
15-3310.  This  quotient,  multiplied  by  '7878,  will 
produce  12*078  for  the  value  required,  in  a  single 
payment. 

And  this  sum  being  divided  by  7*592  (or  unity 

*  The  probability  that  B  shall  live  to  the  end  of  15  years  is 
equal  to  //^"g,  and  the  present  value  of  £1  to  be  received  at  the 
end  of  that  term  is  equal  to  •48102:  the  product  of  these  two 
quantities  will  give  'ipOS/  for  the  expectation  required. 

f  The  probability  that  A  will  die  in  15  years  is  equal  to  lyel 
subtracted  from  unity  j  that  i.^,  equal  to  .H'sS>  ^'  '23^34. 
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added  to  the  value  of  an  annuity  on  the  two  joint  lives 
for  14  years)  would  give  l\59l  for  the  value  of  the 
same  sum,  if  required,  in  annual  payments. 


SCHOLIUM* 

§  425.  If  the  term,  for  which  the  assurance  is 
made,  happens  to  fall  within  the  limits  of  equal  decre- 
ments, of  the  life  A,  as  found  in  the  given  table  of 
observations,  it  is  obvious  (from  the  method  of  de- 
duction in  the  note,  in  page  192,  &c)  that  this  rule 
will  give  the  e.taci  value.  This  is  the  case  in  the  se- 
cond example  here  given :  for,  by  referring  to  Ta- 
ble XXV,  it  will  be  found  that  from  the  age  of  25  to 
40  the  decrements  of  life  are  exactly  equal :  and 
consequently  the  rule  is  in  this  case  strictly  correct. 
Nevertheless,  if  the  value  of  the  same  assurance  be 
found  by  the  help  of  the  formula  given  in  Prob.  XXVIT, 
cor,  4,  it  will  come  out  equal  to  12*139:  and  I  can 
account  for  this  difference  in  no  other  way,  than  by 
supposing  there  is  some  error  in  the  tables  of  the  values 
of  the  annuities ;  for,  it  is  evident  that  the  two  results 
ought  to  be  precisely  the  same* 


QUESTION  XXXII. 

§  426.  To  find  the  value  of  an  Assurance  of  a 
given  sum  payable  on  the  decease  of  A,  provided  he 
dies  after  another  life  B. 

2  o  3 
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SOLUTION. 

From  the  value  of  the  assurance  of  the  given  sum 
payable  on  the  decease  of  A,  subtract  the  value  of 
the  same  assurance  payable  on  the  decease  of  A,  pro- 
vided he  dies  before  B :  the  difference  will  be  the 
value  required.     See  §  241. 

Example  1.  What  is  the  present  value  of^'lOO 
payable  on  the  decease  of  A  aged  20,  provided  B 
aged  40  be  then  dead :  reckoning  interest  at  4j^  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcieux? 

The  value  of  the  assurance  of  o£l  00,  payable  on 
the  decease  of  A,  is,  by  Question  XXVII,  equal  to 
24*107  ;  and  the  value  of  the  same  sum,  payable  on 
the  decease  of  A  provided  he  dies  before  B,  is,  by 
Question  XXX,  equal  to  14-460 :  consequently  9-6474| 
©r  £,9  :  12  :  11,  will  be  the  value  required. 

Having  thus  found  the  value  of  the  given  sum  pay- 
able on  the  decease  of  A,  provided  B  be  then  dead, 
we  may  easily  determine  the  value  of  a  similar  sum 
payable  on  the  decease  of  B,  provided  A  be  the  ex- 
tinct :  for,  we  have  only  in  such  case  to  deduct  the 
value,  found  by  the  rule,  from  the  value  of  the  same 
sum  payable  on  the  extinction  of  the  longest  of  the 
two  lives.  Thus,  the  present  value  of  ^£  100  payable 
on  the  extinction  of  the  longest  of  two  lives  aged  20 
and  40  (at  the  rate  of  interest  kc,  above  mentioned) 
is,  by  Question  XXVII^  equal  to  16'748;  from  which 
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if  we  subtract  9*G47,  as  above  found,  the  difference, 
or  7' 101,  will  be  the  value  of  ,£100  payable  on  the 
decease  of  B,  provided  he  dies  after  A. 

These  sums  are  the  values  which  ought  in  each  case 
to  be  given  in  a  single  payment :  but,  if  we  wish  to 
determine  the  value  of  the  same  in  annual  payments 
till  the  claim  is  determined,  we  must  divide  the  single 
payment,  thus  found,  by  unity  added  to  the  value  of 
an  annuity  on  the  two  joint  lives.  Or,  if  u-e  wish 
to  determine  the  value  of  the  same  in  annual  payments 
till  the  claim  becomes  due,  we  must  divide  the  single 
payment  by  unity  added  to  the  value  of  an  annuity  on 
the  single  life,  on  which  the  assurance  is  made.*  Thus, 
9'647  being  the  value,  in  a  single  payment,  of  an 
assurance  of  ^100  on  the  life  A  provided  he  dies 
after  B ;  it  follows  that  the  value  of  the  same  assurance, 
in  annual  payments  till  the  claim  is  determined,  is 
equal  to  9*647  divided  by  13-545:  that  is,  equal  to 
•712,  or  145  :  Sd.  And  that  the  value  of  the  same 
assurance,  in  annual  payments  till  the  claim  becomes 
due,  is  equal  to  9*647  divided  by  17*624:  that  is, 
equal  to  '547,  or  lOs :  lid. 

Example  2.  What  is  the  present  value  of  o£l00 
payable  on  the  decease  of  A  aged  25,  provided  he 
should  die  after  B  aged  60 :  interest  at  5  per  cent, 
and  the  probabilities  of  living  as  at  Nurthampton  ? 

The  value  of  an  assurance  of  c£l00  on  the  decease 
of  A  is,  by  the  rule  in  Question  XXVII,  equal  to 

*  See  page  353. 
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SO'633  ;  and  the  value  of  the  same  sum  payable  at  the 
same  period,  provided  B  be  then  extinct,  is,  by  Ques- 
tion XXX,  equal  to  IS'762:  consequently  16-871,  or 
^£16  :  17  :  Oy  will  be  the  value  required,  in  a  single 
payment. 

This  value,  being  divided  by  8*383  will  give  2 '01 3, 
or  £,2  :  0  :  3,  for  the  annual  payments  till  the  clain> 
is  determined:  or,  being  divided  by  14*567,  will  give 
1*158,  or  oGl  :  S  :  2,  for  the  annual  payments  till  the 
claim  becomes  due. 


QUESTION  XXXIII. 

§  4'27.  To  find  the  value  of  a  Tejuporary  as- 
surance of  a  given  sum  payable  on  the  decease  of  Aj 
provided  he  dies  after  another  life  B. 

SOLUTION. 

From  the  value  of  a  temporary  assurance  of  the 
given  sum  payable  on  the  decease  of  A,  subtract  the 
value  of  a  similar  temporary  assurance,  payable  on  the 
decease  of  A  provided  he  dies  before  B  :  the  difference 
v/ill  be  the  value  required. 

Example.  What  is  the  present  value  of  a  legacy 
of  oClOO  payable  on  the  decease  of  A  aged  25,  pro- 
vided he  dies  within  15  years,  and  provided  also  that 
^another  person  B,  now  aged  60,  be  then  dead :  in- 
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terest  being  reckoned  at  5  per  cent,  and  the  proba- 
bilities of  living  as  at  Northampton? 

The  value  of  an  assurance  of  ^^100  payable  on  the 
decease  of  a  person  aged  25,  provided  that  should 
happen  within  15  years,  is,  by  the  rule  in  Question 
XXIX,  equal  to  16-354*;  and  the  value  of  a  similar 
assurance,  provided  another  person  now  aged  60  be 
then  living,  is,  by  Question  XXXI,  equal  to  12*078: 
consequently  this  latter  value  subtracted  from  the  for- 
mer will  leave  4-276,  or  £,4: '.  5  '.Q,  for  the  value  of 
the  assurance  required. 

SCHOLIUM. 

§  428.  This  rule  will  still  be  correct  although 
the  given  term  exceed  the  number  of  years  between 
the  age  of  B,,  and  the  oldest  life  in  the  table  of  obser- 
vations: but,  in  such  case,  the  value  of  the  assurance 
payable  on  the  decease  of  A  provided  he  dies  before 
B  (being  now  for  the  ivhole  continuance  of  the  joint 
lives)  must  be  found  by  Question  XXX  instead  of 
Question  XXXI :  and  the  value  thus  found,  being  de- 
ducted from  the  temporary  assurance  on  the  life  A, 
will  give  the  value  requiredf. 

*  The  value  of  the  assurance  on  the  ivhole  continuance  of  the 
life  \s,  by  the  rule  in  Question  XXVII,  equal  to  30"633  ;  and  the 
value  of  the  same  assurance  deferred  for  15  years  is,  by  the  mle  in 
Question  XXVIII,  equal  to  14"279:  consequently  the  difference 
between  these  two  values,  will  be  the  value  of  the  temporary  as- 
surance. 

f  Mr,  Morgan  has  given  a  singular  and  troublesome  rule  for 
this  case,  in  Dr.  Price's  Ohs.  mi  Rev.  Pay,  vol,  I,  page  70,  note  i. 
It  is  neither  simple  nor  correct. 
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Thus,  If  the  term  in  the  preceding  example  had 
been  40  years ;  then  the  value  of  the  assurance  on  the 
life  A  for  40  years  would,  by  the  rule  in  Question 
XXIX,  be  equal  to  27  682*;  and  the  value  of  the 
assurance  on  the  same  life,  provided  B  be  ahve  at  his 
decease,  would,  by  Question  XXX,  be  equal  to  1 3-762 ; 
consequently,  this  latter  value  subtracted  from  the 
former  would  leave  13-920,  or  £13:  18  :  5,  for  the 
value  required,  in  a  single  payment.  And  1 3'920  di- 
.vided  by  8*383  (or  unity  added  to  the  value  of  an 
annuity  on  the  two  joint  lives)  will  give  1  'Q(j  1  for  the 
value  of  the  same  in  annucU  payments  till  the  clam 
is  determined:  or,  being  divided  by  14*164  (or  unity 
added  to  the  value  of  an  annuity  on  the  life  A  for  39 
years)  will  give  '983  for  the  same  value  in  annual  pay- 
ments till  the  sum  becomes  due. 


§  429.  Before  I  close  the  present  chapter  I  shall 
insert  the  solution  of  a  Question,  which  will  be  often 
found  of  considerable  practical  utility,  not  only  to  in- 
dividuals, but  likewise  to  those  Societies  whose  business 
consist  in  granting  Assurances  on  lives. 

The  reader  must  be  already  aware  that  if  a  person 
vvere  to  make  an  assurance  ^t  any  of  the  Offices  on  his 

*  The  value  of  the  assurance  on  the  whole  continuance  of  the  life 
is,  as  in  the  preceding  note,  equal  to  30-633  j  and  the  value  of  the 
same  assurance  deferred  for  40  years  is,  by  the  rule  in  Question 
XXVIII,  equal  to  2-951  :  consequently  the  latter  value  subtracted 
from  the  former  will  be  the  value  of  the  temporary  assurance  re* 
quired. 
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own  life  for  a  single  year,  and  to  repeat  this  at  the  end 
of  every  successive  year  to  the  utmost  extremity  of 
life,  the  annual  payment  (for  such  assurance)  would 
be  continually  increasing  till  his  death.  But,  if  he 
made  the  assurance  on  the  jvhole  continuance  of  his 
life,  and  contracted  with  the  Office  to  pay  the  value  of 
such  assurance  by  equal  annual  payments  during  his 
life  (as  is  usually  the  case),  it  is  evident  that  such  an- 
nual payment  ought  to  be  greater  than  the  premium 
required  for  an  assurance  for  a  single  year  at  his  pre- 
sent age,  but  less  than  the  premium  required  for  a 
similar  assurance  at  the  more  advanced  periods  of  life. 
Hence,  it  appears  that  if  a  person,  who  was  originally 
assured  for  the  whole  term  of  his  life,  should  be  de- 
sirous  (either  through  inability,  or  any  other  motive) 
of  renouncing  his  claim  upon  the  Office  and  of  can- 
celling  his  policy,  he  ought  to  have  some  part  of  those 
annual  payments  returned  to  him  :  or,  in  other  words, 
a  compensation  ought  to  be  made  him  for  that  ea^cess 
in  the  annual  payments  which  he  has  been  advancing 
to  the  Society.  The  object  of  the  following  questiou 
is  to  determine  the  amount  of  that  remuneration. 


QUESTION  XXXIV. 

§  430.  To  find  the  sum  that  ought  to  be  given 
to  a  person,  who  is  assured  for  the  whole  term  of  his 
life,  for  a  given  sum,  in  order  that  he  may  renounce 
his  claim  thereto. 
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SOLUTION. 

Subtract  the  equal  annual  payment,  which  he  has 
been  giving  since  the  assurance  commenced,  from  the 
equal  annual  payment  which  ought  to  be  given  for  the 
assurance  of  the  given  sum  on  the  life  at  its  present 
age ;  multiply  the  remainder  by  the  value  of  an  annuity 
(increased  by  unity*)  on  the  life  at  its  present  age : 
the  product  will  be  the  sum  required. 

Example.  A  person  now  aged  50,  who  has  been 
paying  21-790,  or  £21  :  15  :  I0,t  annually  for  the 
assurance  of  £lOOO  at  his  death,  is  desirous  of  discon- 
tinuing the  same ;  what  sum  ought  to  be  given  to 
him,  by  the  Office,  as  a  compensation  for  so  doing : 
interest  being  reckoned  at  3  per  cent,  and  the  proba- 
bilities of  Hving  as  at  NortJiar.iplonfl 

The  annual  premiums  which  ought  to  be  given  for 
the  assurance  of  £1000  on  a  life  aged  50  is,  by  Ta- 
ble LI,  equal  to  45*300;  and  the  difference  between 
this  and   21  "790  is  equal  to   23*510  j  which  being 

*  This  supposes  that  the  policy  is  cancelled  immediately  Irfore 
the  annual  payment  becomes  due :  but  if  immediately  after,  we 
must  multiply  the  remainder,  above  alluded  to,  by  the  value  of  au 
annuity  on  the  given  life,  without  the  addition  of  unity. 

f  This  is  the  annual  payment  for  the  assurance  of  ^1000  on  a 
life  aged  20^  as  appears  by  Table  LI. 

+  The  rate  of  interest  and  probabilities  of  life,  in  such  compu- 
tations, ought  to  be  tlie  same  as  those  adopted  by  the  Oflice,  at 
which  the  policy  is  effected. 
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multiplied  by  13'436  (or  unity  added  to  the  value  of 
an  annuity  on  a  life  age4  50)  will  produce  31 5*880, 
or  i;!315  :  17:7,  for  the  answer  required.* 


SCHOLIUM. 

§  431.  If  the  sum,  which  is  to  be  received  at  the 
death  of  the  assured,  has  been  increased  by  any  ade- 
dition,  or  bonus^  (as  will  oftentimes  be  the  case  in  the 
Eqidtable  Society)  we  must  take  the  difference  be- 
tween the  annual  payment,  that  ought  to  be  given  for 
jthe  assurance  of  the  given  sum  together  ivith  its  bonus, 
^nd  the  original  annual  payment  above  mentioned : 
iand  the  remainder  multiplied,  as  before,  by  the  value 
of  an  annuity  (increased  by  unity)  on  the  life  at  its 
present  age,  will  give  the  sum  required.! 

*  This  case  may  be  stated  in  anoiiier  manner,  as  follows.  The 
Society  may  be  considered  as  indebted  to  the  assured  in  the  present 
value  of  an  assurance  of/'lOOO  on  a  life  aged  50  j  which  is  equal 
to  QOQ'QQ,  or  ^60S  :  13  :  2.  And  the  assured  may  be  considored 
ps  owing  to  the  Society  the  present  value  of  all  the  annual  payments 
)of  /'21  :  15  :  10,  during  the  remainder  of  his  life  5  the  first  of 
which  payments  is  supposed  to  be  made  immediately :  therefore  the 
value  of  all  those  payments   will  be  equal  to  2] '790  multiplied  by 

13*436;  which  produces  29378,  or /,292  :  15  :  7.  Consequently 
the  interest  of  the  assured  in  his  policy  will  be  equal  to  the  dif- 
Jkrence  between  £G08  :  13  :  2,  and  ^,292  :  15  ;  7  :  that  is,  equal  to 
^315  :  17  :  7>  ^s  found  by  the  exam.ple  in  the  text. 

f  Or,  we  may  add  the  value  of  an  assurance  of  the  additional 

sum  on  the  given  life,  to  the  value  found  by  the  preceding  solution  ^ 

wjaicli  will  give  the  same  results. 
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Example.  Suppose  that  the  several  additions  made 
to  the  policy,  alluded  to  in  the  preceding  example, 
amount  to  d'-^OO ;  in  which  case,  the  executors  of  the 
assured  would  be  entitled  to  £\500  on  his  death:  what 
sum  ought  now  to  be  given  him  for  renouncing  his 
claim  upon  the  Society;  the  interest,  &c,  being  as  in 
the  preceding  example? 

The  annual  premium  which  ought  to  be  given  for 
the  assurance  of  c£l500  on  a  life  aged  50  will  be 
67*950;  and  the  difference  between  this  and  21*790 
is  equal  to  46*  160:  which  being  multiplied  by  1 3*430 
■will  produce  620*206,  or  ^£620  :  4  :  1,  for  the  answer 
required. 

The  same  result  would  have  been  obtained  by  adding 
^£304  '.6'.Q  (or  the  value  of  an  assurance  of  the  ad- 
ditional ^500  on  the  given  life)  to  £^\5  :  17  :  7,  as 
found  by  the  preceding  example. 

§  432.  These  two  examples  will  show  the  method 
of  proceeding  in  all  similar  cases,  whether  the  assurance 
depends  upon  a  single  life,  upon  any  joint  lives,  or  on 
any  other  contingency.  It  will  also  serve  to  show  the 
amount  of  the  debts  owing  by  a  Company,  whose 
business  consists  in  making  Assurances  on  lives :  since 
these  are  the  sums  which  would  be  required  to  cancel 
the  respective  claims  on  the  Society,  and  may  conse- 
quently be  fairly  considered  as  money  owing  by  them. 
These  debts,  therefore,  being  deducted  from  the 
amount  of  capital  in  hand,  will  leave  the  net  surplus 
stock  belonging  to  the  Society:  and  it  is  this  net  sun 
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plus  stock  alone  that  can  be  considered  as  the  true 
promts  of  the  concern,  and  as  the  o?ily  fund  from  which 
any  divisions  ought  to  be  made  amongst  the  different 
members;  either  by  way  of  interest,  dividend,  or 
bonus.  A  society  that  is  not  guided  by  some  principle 
of  this  kind  must  inevitably  terminate  in  disgrace 
and  ruin. 
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CHAPTER  XIIL 

On  Schemes  for  providing  Annuities  for  the  Benefit' 
of  Old  Age,  and  of  Widoivs, 


1.     For  Old  Age. 


§  433.  X  HE  rule  given  for  the  solution  of  Question  VI, 
in  the  preceding  Chapter,  is  of  considerable  practical 
use ;  since,  by  means  of  it,  we  are  enabled  to  deter* 
mine  the  efficacy  and  propriety  of  those  schemes  and 
establishments  which  are  proposed  with  a  view  of  pro- 
viding Annuities  for  Old  Age.  For,  having  found 
the  present  value  of  an  annuity  of  £,1  per  annum  on 
any  given  life  or  lives,  to  commence  at  the  end  of  any 
number  of  years  from  the  present  time,  we  may  easily 
find  the  present  value  of  any  other  annuity  (either  in 
a  single  payment,  or  in  annual  payments,  or  in  botK) 
by  multiplying  the  present  values,  thus  deduced^  by 
that  other  annuity;  agreeably  to  the  principles  already 
laid  dovm  in  the  note  in  page  362.  And  in  like 
manner,  having  found  the  present  value  above  alluded 
to,  we  may  readily  determine  the  annuity  that  ought 
to  be  given,  at  the  end  of  any  period,  for  a  given  sum 
paid  down  immediately;  or,  for  a  given  sum,  part  of 
which  is  paid  immediately,  and  the  remainder  by  an- 
nual payments  till  tjie  end  of  the  given  term. 
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Thus,  it  appears,  by  the  second  example  in  page 
378,  that  the  present  value  of  an  annuity  of  one 
poimd  per  annum  on  the  life  of  a  female  aged  40,  to 
commence  at  the  end  of  10  years,  is  (reckoning  interest 
at  4  per  cent,  and  the  probabilities  of  life  as  observed 
in  Sweden)  equal  to  6'926j  or  <£*^:18:6:  conse- 
quently an  annuity  of  o£44  per  annum  to  commence 
at  the  same  period  would  be  equal  to  304*744,  or 
,£304:  14:  1',  in  a  single  present  payment.  And 
this  latter  sum  divided  by  7' 900  (or  unity  added  to 
the  value  of  an  annuity  on  the  given  life  for  9  years) 
will  give  38-575,  or  X'38  :  1 1  :  6,  for  the  value  of  the 
same  annuity  in  annual  payments :  the  first  of  such 
payments  to  be  made  immediately,  and  the  remaining 
ones  at  the  beginning  of  every  subsequent  year,  pro- 
vided the  given  life  is  then  in  being.  Or,  if  £'200 
(part  of  the  <£304  :  14:  11)  be  paid  down  imme- 
diatelij;  then  the  annual  payments  which  ought  in 
this  case  to  be  made,  in  order  to  supply  the  deficiency, 
will  be  equal  to  the  remaining  sum  of  104*744  divided 
by  7*900:*  that  is,  equal  to  13-259,  or  £v^  :  5  :  2, 

*  If  the  first  of  these  annual  payments  is  not  made  till  the  end 
of  the  first  year,  then  the  sum  here  alluded  to  must  be  divided  by 
7'475  (or  the  value  of  an  annuity  on  the  given  life  for  10  years) 
which  will  make  the  annual  payments  equal  tol4"013,or^l4:0:  3; 
and,  in  this  case,  the  last  annual  payment  will  be  made  at  the  same 
time  that  the  first  payment  of  the  annuity  becomes  due.  In  the 
cases  mentioned  by  Dr,  Price  {Ols.  on  Rev.  Pay.  vol.  i.  p.  141} 
and  to  which  I  shall  presently  allude,  the  payments  were  made 
half-yearly;  and  the  first  of  those  half-yearly  payments  was  paid 
down  with  the  Admission  money :  but  he  does  not  notice  thiis 
fact,  although  it  makes  some  difiTerence  in  the  resulti. 
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In  like  manner  if  we  wish  to  determine  the  anmiitij 
that  ought  to  be  granted  on  such  life  at  the  end  of 
10  years,  for  ,£73  :  10  :  0,  paid  down  wimediateh) , 
and  c£6  :  14  :  0  in  annual  payments,  we  must  proceed 
as  follows.  Multiply  6*700  (or  the  amount  of  the 
annual  payment)  by  7*900  (or  unity  added  to  the 
value  of  annuity  on  the  given  hfe  for  9  years)*,  which 
will  produce  5^*930,  or  £51 :  18  :  7,  for  the  total 
present  value  of  such  annual  payments ;  and  which 
being  added  to  the  admission  money,  or  c£73  :  10  : 0, 
will  make  the  whole  value,  given  for  the  annuity,  equal 
to  126-430,  or  £V1Q  :  8  :  7.  Therefore  this  quantity^ 
being  divided  by  6*926  (agreeably  to  the  principles 
laid  down  in  the  note  in  page  363),  will  give  18*2.54, 
or  oL'lS:5:0,  for  the  amount  of  the  annuity  re- 
quired. 

§  434.  This  example  will  show  the  method  of 
proceeding  in  all  similar  cases;  and  I  have  taken  this 
one  in  particular,  because  it  is  the  one  assumed  by 
Dr.  Price  {Ohs.  on  Rev.  Pay.  vol.  i.  p.  137)  to  expose 
the  fudlity  and  iniquity  of  those  Schemes  that  were 
published  by  the  several  societies  instituted  about  the 
year  1770:  who,  by  holding  out  a  false  lure  to  the 
public,  took  in  the  unwary,  and  entailed  misery  and 
distress  on  the  unfortunate  adventurers.!     Happily  his 

■*  If  the  first  annual  ])ayment  is  i>ot  to  be  made  till  the  end  of 
the  year,  we  must  multiply  6/00  by  7"475  (or  the  value  ot  an 
annuity  on  the  given  life  for  10  years):  see  the  preceding  note. 

t  The  follo'.vijig  are  tlie  terms  upon  which  some  of  those  S<>. 
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eftbrts  were  crowned  with  success,  and  none  of  those 
public  societies  now  exist  to  disgrace  the  present  age. 
But  ahhough  he  has  sufficiently  demonstrated  that 
those  bubbles  could  not  possibly  comply  with  the  terms 


cieties  granted  annuities  to  members,  aged  40,  for  what  might 

happen  lo  remain  of  iheir  Uves  after  50  years  of  age. 

yichiiission       Aniiual       Annuity 
Money.         Puyvu-nt.     granted. 

The  Laudable  Society 73  :  10  0:14         44  :    O 

The  London  Annuitants 25  :0         10:    O         44:    O 

The  Equitable  Society  of  Ann\  .  32  ;    0  13  :     0         44  :     O 

The  London  Union  Society  ....37:0  7:0         54  :  12 

The  Amicable  Society  of  Ann'.  .  2S  :  Id  6:0         2(5  :    O 

The  Provident  Society 31:10  8  :     8  25  :     O 

The  annual  payment  was  usually  paid  //f///* yearly;  and  the  Jint 
half  yearly  payment  was  made  at  the  time  of  admission.  It  will 
be  readily  seen  (from  the  example  given  in  the  text)  that  there 
was  no  probability  that  the  Societies  would  ever  be  able  to  con- 
tinue these  enormous  annuities  to  all  the  members.  The  truth  is, 
that  (even  at  that  day)  they  were  styled  impositions  on  the  public 
proceeding  from  ignorance^  and  supported  L-y  credulity  and  folly. 
*'  But  (as  Dr.  Price  justly  continues)  this  is  too  gentle  a  censure. 
**  There  is  reason  to  believe  that  worse  principles  have  contributed 
"  to  their  rise  and  support.  The  present  m.embers,  consisting 
"  chiefly  of  persons  in  the  more  advanced  ages  who  have  been  ad- 
*'  mitted  on  the  easiest  terms,  believe  that  the  schemes  they  are 
"  supporting  will  last  their  time  and  that  they  will  be  gainers. 
**  And,  as  to  the  injury  that  may  be  done  to  tlieir  successors  or  to 
**  younger  menjbers,  it  is  at  a  distance,  and  they  care  little  about  it. 
"  Agreeably  to  this  principle  the  founders  of  these  societies  begin 
"  so  low  as  not  to  require  perhaps  :i  J'ourth  or  ''■^ffdi-  of  the  values 
"  of  the  annuities  they  promis^.  At'tevwards  they  advance  gra- 
*'  dually,  just  as  if  tiiey  imagined  that  the  value  of  the  annuities 
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held  out  to  the  public,  yet  he  has  not  shown  that  they 
were  so  deficienr.  and  absurd  as  they  will  appear  to  be, 
when  compared  with  the  values  deduced  as  above  from 
the  real  probabilities  of  life.*  The  present  examples 
will  be  sufficient  to  enable  any  one  to  examine  the  accu- 
racy and  sufficiency  of  similar  proposals :  and  I  shall 
not  detain  the  reader  with  any  further  comments  on 
this  subject,  as  it  is  probable  that  a  similar  circum- 
stance will  not  soon  again  occur  to  call  forth  the  cen- 
csure  of  every  honest  member  of  society.  The  public 
are  now  better  acquainted  with  the  method  of  calcu- 
lating the  values  that  ought  to  be  given  in  such  cases, 
and  are  not  likely  to  become  again  in  this  manner  the 
dupes  of  any  artful  impostor.  Their  danger  now 
seems  to  lie  in  the  opposite  extreme. 

"  was  nothing  determinate,  but  increased  with  every  Increase  of 
"  the  society.  V.wi,  as  no  ignorance  can  believe  this,  the  true  de- 
*'*  sign  appears  to  be,  to  form  soon  as  large  a  society  as  possible  by 
"  leading  the  unwary  to  endeavour  to  be  foremost  in  their  applica- 
','  tions,  lest  the  advantage  of  getting  in  on  the  easiest  terms  should 
*'■  be  lost.  Jt  is  well  known  that  these  arts  have  succeeded  won- 
"  derfuUy;  and  that,  in  consequence  of  them,  these  societies  novr- 
"  consist  of  persons  who  for  llie  savie  annuities  make  higher  or 
"  lower  payments,  according  to  the  time  when  they  have  been 
"■admitted;  and  the  ge'ierality  of  whom,  therefore,  must  know 
"  that  either  mr.re  than  tlie  values  have  been  required  of  the  mem- 
"  bers  last  admitted;  or,  if  not,  that  they  are  themselves  expecting 
"  considerable  annuities  for  which  they  have  given  no  valuable 
"  consideration;  and  which,  if  paid,  must  be  stolen  from  the 
"  pockets  of  some  of  their  fellovv-mcrnbers," 

•'■  Dr.  Price  formed  his  calculations  trom  the  values  of  annuities 
deduced  from  the  hypothesi'j  of  M.  Le  Moivrc. 
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I  do  not,  howeveV,  by  these  observations  iX  all  in- 
tend to  discourage  institutions  or  schemes  for  providing 
annuities  for  old  age.  On  the  contrary,  I  am  fully 
persuaded  that  a  society  or  office,  that  would  proceed 
upon  an  efficient  and  liberal  plan,  might  be  of  essential 
advantage  to  the  state  and  highly  beneficial  to  the 
public.  Many  persons,  particularly  in  the  inferior 
stations  of  life,  would  in  such  case  be  induced  to  lay 
by  (during  the  period  of  youth  and  vigour)  many  small 
sums,  which  are  now  squandered  in  riot  and  dissipa- 
tion ;  and  by  endeavouring  to  get  a  little  money  be- 
forehand would  acquire  habits  of  industry,  and  be 
probably  enabled  thus  to  make  provision  for  them- 
selves in  the  more  advanced  periods  of  life,  when  they 
will  be  incapable  of  labour.  Thereby  rendering  them- 
vselves  not  only  more  independent  and  valuable  mem- 
bers of  society,  but  also  obviating  the  necessity  of  their 
applying  to  the  parish  for  relief.  Dr.  Price  justly  ob- 
serves that  "  the  lower  orders  of  mankind  are  objects 
"  of  particular  compassion,  when  rendered  incapable, 
"  by  accident,  sickness,  or  age,  of  earning  their  sub- 
"  sistence.  This  has  given  rise  to  many  very  useful 
"  societies  among  them  lor  granting  relief  to  one  an- 
"  other,  out  of  little  funds  supplied  by  weekly  contri- 
"  butions."  It  is  much  to  be  feared,  however,  that 
many  of  these  establishments  are  formed  on  such 
vague  and  inefficient  plans,,  without  any  regard  to  the 
true  principles  of  calculation,  that  they  are  not  always 
entitled  to  our  unqualified  approbation.  When  thus 
erroneously  founded,  and  perhaps  at  the  same  lime 

2  H  2 
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badlj  and  carelessly  conducted,  they  only  serve  to  in- 
crease the  misery  which  they  were  intended  to  re- 
move. 

§  435.  Under  these  circumstances  it  is  to  be  re- 
gretted that  the  Legislature  has  not  adopted  some  ef- 
ficient measures  towards  assisting  such  persons,  in  the 
humbler  stations  of  Hfe,  as  might  be  desirous  of  em- 
ploying  their  money  in  this  laudable  manner.  Two 
attempts  have  been  made  to  obtain  an  Act  for  this 
purpose :  but,  though  it  has  each  time  passed  the 
House  of  Commons,  it  has  been  as  reg^ilarly  thrown 
oat  by  the  House  of  Lords.  I  cannot  here,  however, 
omit  the  opportunity  of  inserting  the  pertinent  remarks, 
on  this  subject,  of  a  very  able  writer*,  which  will  serve 
to  show  the  objects  that  those  bills  had  in  view. 

'^  To  make  such  a  provision  for  one's  old  age,  is  so 

*  natural  a  piece  of  prudence,  that  it  seems  wonderful 
'  at  first  sight  that  it  should  not  be  generally  practised 

*  by  the  labouring  poor  above  described,  as  it  is  almost 
'  universally  by  persons  engaged  in  the  higher  paths 
'  of  industry,  such   as  the  several  branches  of  com- 

*  Mr.  Earon  Maseres,  in  a  pamphlet  whic.li  he  published,  en- 
titled A  Proposal  for  estallishing  Lij'e  Annuities  in  Parishes  for 
the  Benefit  of  the  Industrious  Poor:  London,  1/72.  1  he  learned 
author  has  lately  favoured  me  with  a  copy  of  that  pamphlet,  with 
an  obliging  offer  that  I  might  make  what  use  of  it  I  pleased  iiv 
my  intended  publication  :  and  I  lament  that  the  limits  of  the  pre- 
sent treatise  will  not  enable  me  to  enter  upon  the  snbjert  more 
ihan  by  an  insertion  of  the  abave  estiactfrom  that  va!u.:ble  work. 
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*  merce,  and  the  practice  of  the  liberal  professions : 
'  nor  can  their  negligence  in  this  respect  be  accounted 
*'  for  in  any  other  way  so  naturally  as  by  ascribing  it  to 
'  their  wanting  opportunities  of  employing  the  money, 
'  they  might  save,  in  some  safe  and  easy  method  that 
'  would  procure  them  a  suitable  advantage  from  it  in 
'  the  latter  periods  of  their  lives.  They  know,  for 
'  the  most  part,  but  little  of  the  public  funds;  and 
'  when  it  happens  that  they  are  acquainted  with  them, 
'  the  smallneiss  of  the  sums  they  would  be  intitled  to 
'  receive  (as  tlie  interest  of  the  money  they  could  afford 

*  to  lay  out  in  rhcni)  is  no  encouragement  to  dispose 
'  of  it  in  that  way.     What  inducement,  for  instance, 

*  can  it  be  to  a  man,  who  has  saved  ten  pounds  out  of 

*  his  year's  wages,  to  invest  it  in  the  purchase  of  three 

*  per  cent  Bank  annuities,  to  consider  that  it  will  pro- 
'  duce  him  about  six  or  seven  shillings  a  year  ?     It  is 

*  but  the  wages  of  three  days  labour.     And  if  they 

*  lend  their  money  to  tradesmen  of  their  acquaintance, 
'  as  they  sometimes  do,  it  happens  not  unfrequently 
'  that  their  creditor  becomes  a  bankrupt ;  and  the 
^  money,  they  had  trusted  him  with,  is  lost  forever; 

*  which  discourages  others  of  them  from  saving  their 

*  money  at  all,  and  makes  them  resolve  to  spend  it  in 

*  the  enjoyment  of  present  pleasure.  But,  if  they  saw 
'  an  easy  method  of  employing  tiie  money  they  could 
'  spare,  in  such  a  manner  as  would  procure  them  a 
'  considerable  income  in  return  for  it  at  some  future 

*  period  of  their  lives,  without  any  such  hazard  of 

*  losing  it  by  another  man  s  folly  or  misfortune,  it  is 
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'  probable  they  would  frequently  embrace  it :  and  thus 
'  a  diminution  of  the  poor's  rate  on  the  estates  of  the 
'  rich,  an  increase  of  present  industry  and  sobriety  in 
'  the  poor,  and  a  more  independent  and  comfortable 

*  support  of  them  in  their  old  age  than  they  can  other- 
'  wise  expect,  would  be  the  happy  consequences  of 
'  such  an  establishment.  Now  this,  I  conceive,  might 
'  be  effected  in  the  following  plain  and  easy  method. 

'  1  °  Let  the  churchwardens  and  overseers  of  every 
'  parish  be  impovv'ered  by  Act  of  Parliament  to  grant 

*  life-annuities  to  such  of  the  inhabitants  of  the  parish 
'  as  shall  be  inclined  to  purchase  them,  to  commence 
'  at  the  end  of  one,  two,  or  three  years  (or  such  other 
'  future  period  of  time  as  the  purchaser  shall  choose) 
'  and  to  be  paid  out  of  the  poor's  rate  of  the  parish, 
'  so  that  the  lands  and  other  property  in  the  parish 
'  that  is  chargeable  to  the  poor's  rate,  shall  be  answer- 
'  able  for  the  payment  of  these  annuities.  This  cir- 
'  cumstance  would  give  these  annuities  great  credit 
'  with  the  poor  inhabitants,  by  setting  before  them  so 
'  solid  and  ample  a  security  for  the  regular  payment 
'  of  them. 

'  2°  Let  the  annuities,  thus  granted  to  the  poor  in- 
'  habitants,  be  such  as  arise  from  a  supposition  that 

*  the  interest  of  money  is  three  per  cent;  or  some  higher 
'  rate  of  interest,  if  the  churchwardens  or  overseers  of 
'  the  poor  shall  think  fit  to  make  use  of  such  higher 
'  interest. 

'  S°  But,  at  the  rate  of  three  per  cent,  the  purchaser 

*  should  have  a  right  to  an  annuity,  and  the  church- 
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*  wardens  and  overseers  of  the  poor  should  be  com- 
'  pellable  to  grant  it. 

'  4°  No  annuity,  depending  upon  one  life,  should 
'  exceed  20l.  a  year. 

'  5°  No  less  sum  than  51.  should  be  allowed  to  be 
'  employed  in  the  purchase  of  an  annuity.  This  is  to 
'  avoid  intricacy  and  multiplicity  of  accounts, 

'  G°  An  exact  register  of  these  grants  should  be 
'  kept  bv  the  churchwardens  and  overseers  of  the  poor 

*  in  proper  books  for  the  purpose,  in  which  the  grants 
'  should  be  copied  exactly,  and  the  copy  of  each  grant 
'  subscribed  bv  the  person  to  whom  it  is  granted  :  or, 
'  if  he  cannot  write,  marked  with  his  mark,  and  sub- 
'  scribed  by  two  other  persons  as  witnesses.  And  this 
'  copy  in  the  register-book  of  the  parish  should  be 
'  good  evidtfuce  of  the  purchaser's  right  to  the  annuity, 
'  in  case  the  original  deed  of  grant  to  the  purchaser 
'  (which  was  delivered  to  him  at  the  time  of  the  pur- 
'  chase)  should  afterwards  be  lost. 

'  7°  The  money,  thus  paid  to  the  churchwardens  and 

*  overseers  of  the  poor  for  the  purchase  of  life-annuities, 
'  should  be  employed  in  the  purchase  of  three  per 
'  cent  Bank  annuities,  in  the  joint  names  of  all  the 
'  churchwardens  and  overseers ;  and  by  them  transferred 
'  at  the  expiration  of  their  offices  to  their  successors, 
'  and  so  on  to  the  next  successors  for  ever,  so  as  to 
'  be  always  the  legal  property  of  the  churchwardens 
'  and  overseers  of  the  poor  for  the  time  being,  in  trust 
'  for  the  persons  who  should  be  entitled  to  the  several 
'  life-annuities,  granted  in  the    manner  above    men- 
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'  tioned ;  and  the  interest  of  this  money  should  be 

*  received  every  half  year,  and  invested  in  the  purchase 

*  of  more  principal  annually,  so  as  to  make  a  perpetual 
'  fund  for  the  payment  of  these  life-annuities.  And 
'  when  any  annuity  became  due,  the  churchwardens 
'  and  overseers  of  the  poor  should  pay  it  out  of  this 

*  fund,  and  should  sell  a  sufficient  part  of  the  principal 

*  for  that  purpose,  where  the  interest  was  not  sufficient 

*  for  the  purpose,  as  would  generally  be  the  case : 
'  and  the  deficiencies  (if  any  were)  of  both  principal 

*  and  interest  should  be  made  good  out  of  the  poor's 

*  rate  assessed  upon  the  parish.  But  this  could  hardly 
'  ever  happen,  if  the  annuities  granted  to  the  pur- 
'  chasers  were  such  as  would  be  proportional  to  the 

*  money  contributed,  upon  a  supposition  that  the  in- 

*  terest  of  money  was  only  three  per  cent ;  because  that 
'  is  a  lower  interest  than  that  which  the  parish  would 
'  receive  from  the  government  for  the  same  money, 
'  by  investing  it  in  the  three  per  cent  Bank  annuities, 
'  as  that  stock  is  now  twelve  per  cent  under  par,*  and 

*  is  not  likely  soon  to  rise  to  par  again.     So  that  the 

*  landholders  of  the  parish,  and  the  owners  of  other 
'  rateable  property  in  it,  need  be  under  very  little  ap- 

*  prehension  of  having  their  estates  exorbitantly  bur- 

*  thened  by  a  great  increase  of  the  poor's  rate,  in  order 

*  to  make  good  the  payment  of  these  annuities.  On 
'  the  contrary,  they  would  be  gainers  by  this  institution, 

*  as  was  observed  above,  since  many  of  the  poor  who 

*  It  is  now  (ISIO)  above  30  per  cent  under  par. 
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'  must  otherwise,  in  their  old  age,  come  to  be  a  bur- 
'  then  upon  the  parish,  would  now  be  maintained,  in 

*  part  at  least,  by  annuities  paid  to  them  out  of  a  fund 

*  of  their  own  raising.' 

Agreeably  to  this  plan,  a  bill*  was  brought  into  the 
House  of  Commons  in  the  year  1773  by  Mr.  William 
Dowdeswell,  and  passed,  on  a  division  after  a  debate, 
by  a  majority  of  two  to  one  of  all  the  members  present: 
but  it  was  rejected  by  the  House  of  Lords  in  conse- 
quence of  the  opposition  of  Lord  Cambden,  who  con- 
ceived that  the  measure  might  be  ultimately  injurious 
to  the  landed  interest;  since  the  value  of  future  leases 
might  be  affected  by  an  increase  of  the  poor's  rate  to 
make  good  any  deficiency  arising  from  the  failure  or 
defection  of  the  scheme.  A  bill  of  a  similar  nature, 
however,  with  tables  computed  by  Dr.  Price,!  was  in- 
troduced in  the  year  1789  j  but  shared  a  similar  fate. 


2.     For  JFldows, 

§  436.  The  rules,  by  which  Question  XIII  and 
XVIII,  in  the  preceding  Chapter,  are  solved,  are  very 
useful  in  enabling  us  to  determine  the  advantage  and 
propriety  of  those  schemes  which  are  instituted  with  a, 

*  A  copy  of  this  bill,  together  with  the  tables  that  were  com- 
puted for  it,  are  jnscrted  by  Mr,  Baron  Maseres  in  his  Doctrine  of 
Life  Annuities. 

f  These  1'ables  are  inserted  in  Dr.  Price's  Ol'S.  on  Rev.  Pay, 
vol.  ii,  page  4/3. 
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view  to  provide  Annuities  for  IVidows*.  For,  having 
found  the  present  value  of  a  reversionary  annuity,  or 
a  deferred  reversionary  annuity,  of  £,[  per  annum  on 
any  given  life  after  any  other  given  life,  we  may  readily 
find  the  present  value  of  any  other  annuity  (either  in 
a  single  payment,  or  in  annual  payments,  or  in  bolJi) 
by  multiplying  the  present  value,  thus  obtained,  by 
that  other  annuity.  And  in  like  manner,  having  found 
the  present  value  above  alluded  to,  we  may  easily  de- 
termine the  annuity  which  ought  to  be  granted,  to  the 
life  in  reversion,  for  a  given  sum  paid  down  imme- 
diately; or,  for  a  given  sum,  part  of  which  is  paid 
down  immediately,  and  the  remainder  by  annual  pay- 
ments during  the  existence  of  the  life  in  possession. 
Or,  according  to  any  other  plan  which  may  be  pro- 
posed. 

Thus,  let  the  'scheme  of  a  society,  for  granting  an- 
nuities to  widows,  be  such  that,  if  a  member  lives  one 
year  after  admission,  his  widow  shall  be  entitled  to  a 
life  annuity  of  ^£''0:  {{seven  years,  to  i:!lO  more  (or 
X'30  in  the  whole):  \{  fifteen  years,  to  ^^10  more  (or 
^40  in  the  whole).  What  ought  to  be  the  annual 
payments  for  members  aged  SO,  40,  and  50  years  re- 
spectively, and  supposing  them  of  the  same  ages  as 
their  waives:  interest  being  reckoned  at  4  per  cent, 

*  These  observations  relate  to  the  method  of  determining  the 
best  mode  of  providing  Annuities  for  Widows :  but  those  inquiries 
whicli  relate  to  the  best  mode  of  providing  for  the  payment  of  any 
given  Sum  to  a  widow,  on  the  death  of  her  husband,  are  answered 
by  Question  XXX,  in  the  preceding  Chapter. 
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and  the  probabilities  of  living  as  observed  In  Siceden 
amongst  males  and  females  respectively ;  and  also  as 
observed  at  Northampton  and  at  London  P 

By  proceeding  according  to  the  rules  laid  down  in 
the  Scholium  in  page  394*,  we  shall  find  that  the  an- 
nual payments  which  ought  to  be  made  by  the  mem- 
bers, of  the  respective  ages  above  mentioned,  will  (ac- 
cording to  the  several  tables  of  observations  made  use 
of)  be  as  follow  : 


Jges. 

Sweden. 

Northampton, 

London, 

30 

~      6-90 

7-C6 

8-52 

40 

=      7-89 

8-09 

9 -06 

50 

=      8-50 

8-40 

9-51 

I  have  selected  this  scheme  as  being  that  on  which 

*  For  example:  the  value  of  a  reversionary  annuity  on  the 
life  of  a  female  aged  30  after  the  life  of  a  man  aged  also  30^  and 
deferred  for  one  year  provided  loth  the  lives  continue  so  long,  is 
(by  the  rule  in  the  Scholium,  according  to  the  Sweden  observa- 
tions) equal  to  3*108 :  consequently  the  present  value  of  an  an- 
nuity of  _j^20,  under  the  same  circumstances,  is  62- 100,  In  like 
manner,  the  present  value  of  ^10  per  annum  on  the  same  life, 
deferred  for  seven  years  provided  loth  the  lives  continue  so  long, 
is  equal  to  21 '680.  And  by  the  same  rule  the  present  value  of 
/"lO  per  annum,  deferred  for^y  if ec7z  years,  is  under  the  like  circum- 
stances equal  to  I2'56'(5. 

These  values,  being  added  together,  are  equal  to  9G-IO4  ;  or  the 
value  of  the  expectation,  described  in  the  scheme,  in  a  single  pre- 
sent payment:  and  which  being  divided  by  I3f)6.5  (or  unity- 
added  to  the  value  of  an  annuity  on  the  two  joint  lives)  will  give 
6903  for  the  value  of  the  same  expectation  in  annual  payments, 
ns  sinled  in  the  text.  In  like  manner  may  be  found  the  answer 
10  all  Qucstionsi  of  a  similar  kind. 


47G  ON  ANNUITIES  FOR   WIDOWS.  CJl.  13, 

the  London  Annuity  Society  foj-  the  Benejil  of  JVidoius 
set  out  in  1765.  The  Laudable  Society ,  which  was 
formed  on  nearly  a  similar  plan,  had  been  established 
in  the  year  1761.  In  each  of  tliese,  the  annual  con- 
tribution of  every  member  was  five  guineas  only,  pay- 
able half-yearly ;  for  which  payment,  his  widow  was 
entitled  to  the  annuities  stated  in  the  scheme  above 
mentioned,  according  to  the  conditions  there  expressed. 
Nothing,  however,  can  more  fully  show  the  inadequacy 
of  the  means  for  carrying  into  effect  the  intentions  of 
those  Societies  than  the  examples  above  given.  For 
it  will  be  seen  that,  on  the  supposition  that  the  mem-, 
bers  are  of  the  same  ages  as  their  wives,  the  Societies 
received,  on  an  average,  little  more  than  three JiftJis 
of  the  true  value  of  the  annuities :  but,  on  the  sup- 
position that  they  are,  one  with  another,  ten  years 
older  than  their  wives,  it  will  be  found  that  they  re- 
ceived only  one  half  of  the  true  value  of  such  an- 
nuities. The  consequences  of  such  inequitable  measures 
were  highly  injurious.  The  more  early  annuitants  en- 
joyed the  full  sums,  according  to  the  conditions  of  the 
plan:  but,  after  pursuing  this  pernicious  course  for 
some  years,  the  Directors  at  length  listened  to  the 
voice  of  reason ;  and,  in  consequence  of  the  repeated 
warnings  that  were  given  them,  found  It  necessary  to 
adopt  one  of  the  tv/o  following  plans  in  order  to  main- 
tain the  permanency  and  security  of  the  establish- 
ment:— to  increase  the  premiums,  or  diminish  the 
annuity.  The  London  Annuity  Society,  at  an  early 
period,  adopted  the  former  proposal,  and  thus  preserved 
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its  honour  and  its  credit :  but  the  Laudable  Society^ 
although  it  repeatedly  reduced  the  annuities,  had  been 
too  long  struggling  with  the  errors  of  its  original  esta- 
blishment to  enable  it  to  derive  much  permanent  ad- 
vantage from  this  procrastinated  remedy.  "  If  cireum- 
"  stances  therefore  should  still  continue  unfavourable, 
*'  the  next  measure  must  be  the  dissolution  of  the 
"  Society,  and  a  division  of  the  remaining  capital 
"  among  the  annuitants  and  surviving  members,  in 
'"  proportion  to  their  respective  interests  in  the  funds 
"  of  the  Society*." 

§  437.  Such  will  be  the  Bnal  issue  of  every  scheme 
that  is  not  founded  on  correct  observations  and  on 
mathematical  principles :  and  though  my  remarks  have 
been  confined  to  the  tv70  establishments  above  men- 
tioned, they  will,  I  fear,  apply  with  too  much  justice 
to  several  others  of  a  similar  nature.  "  There  are  in 
*'  this  kingdom  many  institutions  for  the  benefit  of 
*'■  widows  besides  the  two  on  which  I  have  now  re- 
"  marked ;  and  in  general,  as  far  as  I  have  had  any 
"  information  respecting  them,  they  are  founded  on 
"'  plans  equally  inadequate,  having  been  formed  just 
"  as  fancy  has  dictated,  without  any  knowledge  of 
"  the  prindples  on  which  the  values  of  reversionary 
"  annuities  ought  to  be  calculated.  The  motives. 
'*  which  influence  the  contrivers  of  these  institutions, 

*  See  the  history  of  these  two  Societie<5,  brought  down  to  the 
present  period,  iii  Dr.  Price's    Ols.  on  Rev.  Fay.  vol    i-.  page-- 


1 
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"  may  be  laudable-,  but  they  ought  (I  think)  to  have 
"  informed  themselves  better." — "  The  longer  such 
*'  schemes  are  carried  on,  the  more  mischief  they 
"  must  produce.  Tis  vain  to  form  such  establish- 
"  ments  with  the  expectation  of  seeing  their  fate  de- 
"  termined  soon  by  experience.  If  not  more  extrava- 
"  gant  than  any  ignorance  can  well  make  them,  they 
"  luill  go  on  prosperously  for  20  or  30  years ;  and  if 
"  at  all  tolerable,  they  may  support  themselves  for  40 
'*  or  50  years,  and  at  last  end  in  distress  and  ruin, 
tin  inadequate  schemes  lay  the  foundation  oi present 
relief  on  future  calamity;  and  afford  assistance  to  a 
^''  few  by  disappointing  and  distressing  multitudes.*'* 

The  very  learned  and  able  writer,  from  whose  work 
these  quotations  are  made,  employed  his  great  abilldes 
in  detecting  the  pernicious  tendency  and  iniquity  of 
the  several  schemes  above  alluded  to.  His  remarks 
on  this  subject  are  invaluable,  and  will  always  be  con- 
sulted with  advantage.  He  has  not  only  shown  how 
far  the  various  societies,  then  in  existence,  erred  from 
the  true  line  of  equity  and  propriety  (predicting,  there- 
from, their  incapacity  and  ruin);  but  has  likewise 
pointed  out  some  of  the  best  schemes  for  providing 
annuities  for  widows — such  as  might  be  "  durable,  and 
"  at  the  same  time  easy  and  encouraging.**  As  I  can- 
not add  much  to  the  observadons  of  so  intelligent  an 
author  1  must  refer  the  reader  to  that  work,  for  anv 
further  information  on  this  subject. 

*  Dr.  Price's  Ols.  on  Rcv.  Pay.  vol.  i.  Chapter  II. 
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CHAPTER  XIV. 

u^n  Account  of  the  several  Companies,  estahliJied  in 
London,  for  Life  Assurances^  &c. 


The  Amicable  Society. 

§  438.  J.  HE  first  establishment  of  this  kind,  in  point  of 
time,  is  the  Amicable  Society  for  a  perpetual  Assurance 
office  J  which  was  founded  by  a  charter  of  Oueen  Anne 
in  1 706,  at  a  jx^riod  when  the  subject  of  Life  Assurances 
was  but  little  understood.  Irs  original  plan  was  con- 
sccjuently  in  many  instances  exceedingly  defective, 
absurd,  and  inequitable  :  and,  though  it  has  since  un- 
dergone several  partial  reforms^,  it  is  still  liable  to  many 
objections.  It  was  limited  by  its  first  charter  to  the 
disposal  of  shares  or  numbers,  not  exceeding  2000, 
held  by  single  lives  ;  and  entitling  to  claims  when  they 
drop.  For  each  of  these  shares  every  new  purchaser 
paid  down  at  entrance  Xl ".  10  :  0,  besides  X'l  :  11:0, 
as  the  first  quarterly  payment  of  XQ  :  4 :  0  per  annum 
to  be  continued  during  his  life.  An  annual  dividend 
of  ^^'i  :  4  :  O  for  each  share  v^'as  allowed  to  every  pur- 
chaser, out  of  the  profits  of  the  society;  v.hich  re- 
duced the  annual  payment,  on  each  share,  to  £5.    No 
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one  person  was  allowed  to  purchase  more  than  tJiree 
shares ;  nor  were  any  admitted  to  be  purchasers  whose 
ages  were  below  12  or  above  45:  and  all  between 
those  ages  were  admitted  on  the  same  terms.  Every 
person  admitted  became  a  member ;  and  the  net  an- 
nual income,  arising  from  ad  the  annual  payments* j 
was  equally  divided  among  the  nominees  of  such 
members  as  happened  to  die  within  the  year.  In  1 757 
the  society  engaged  that  this  dividend,  though  it  might 
be  more,  should  not  be  less  on  each  share  than  ^125; 
and  in  1770  they  guarantied  that  it  should  not  be  less 
than  £\50> 

Such  are  the  outlines  of  the  plan  upon  which  the 
business  of  this  society  was  formerly  conducted.  Its 
absurdity  and  injustice  are  manifest  in  its  two  moat 
prominent  features:   1°  in  regulating  the   dividends, 

*  Making  ;^10,000  when  the  society  was  full ;  being  £5  net 
income  on  each  of  the  2000  shares.  The  adinittance  money  of 
£y  :  10:0,  together  with  such  profit,  interest  or  improvement,  as 
the  Society  might  be  able  to  make,  were  carried  to  a  separate  ac- 
count. In  1757  these  savings  had  accumuLited  to  /.'25,300  three 
per  cent  stock  j  which  in  1770  had  increased  to  ;^33,30O.  Out 
of  this  stock,  the  sum  of  _^4000  Consols  and  /'l  1,000  Reduced 
was  in  1770  appropriated  and  set  apart,  together  with  all  future 
savings,  as  a  fund  for  augmenting  the  claims  to  the  full  sum  of 
£  150,  whenever  they  fell  short  of  that  amount  under  the  dividend 
directed  by  the  charter.  In  1 780  the  stock  of  the  Society  had 
been  increased  to  ^.51,300;  and  in  IjOf},  to /64, 300  three  per 
cent  annuities,  together  with  some  property  in  houses.  Out  of 
this  amount,  the  sum  of  ^^30,000  stock  was  appropriated  in  aid  of 
the  fund  above  mentioned :  but  the  remainder  cannot  be  disposed 
of  without  the  consent  of  two  successive  Geoeral  Courts. 
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among  the  nominees^  by  the  number  of  members  that 
die  within  the  year ;  whereby  that  benefit  is  made  to 
depend  not  on  the  value  of  the  contribution,  but  on  a 
contingency :  2°  in  requiring,  from  all  the  members^ 
the  same  payments  without  regarding  their  differences 
of  age.  The  utility  of  this  institution  however  (de- 
fective as  it  is)  has  been  virtually  acknowledged,  and 
the  plan  thereof  sanctioned,  by  the  grant  of  three  sub- 
sequent charters :  one  in  1 730,  providing  for  the 
better  regulation  of  the  society;  the  next  in  1790^ 
enabling  it  to  enlarge  the  number  of  its  members  to 
4000;*  and  the  last  in  1807,  whereby  the  society  is 
enabled  to  render  itself  more  extensively  useful,  and 
whereby  it  has  obtained  several  other  powers  for  the 
better  regulation  and  conduct  of  the  business  of  the 
corporation. 

By  this  new  charter  the  society  is  enabled  to  grant 
twelve  shares  on  each  life  at  any  age  between  8  and  67* 
It  is  also  empowered  to  proportion  the  premiums  on 

*^'  "When  the  Societyy  in  1770,  guarantied  that  the  dividend  on 
e:ich  share  should  not  be  less  tlian  /,  150,  the  number  of  subscribers 
increased  very  considerably:  the  natural  consequence  of  which  was, 
•(in  a  Society  so  constituted)  that,  for  the  first  10  or  15  years,  the 
T^ividends  rose  from  ;^  150  to  ^200}  and  in  some  years  even  to 
£300.  A  .similar  rise  was  produced  from  the  increase  of  the  number 
of  shares,  by  the  charter  of  l/QO:  but  these  etfects  were  le/nporary 
only,  and  necessarily  ceased  with  the  cause  that  produced  them. 
They  were  sufficient  however  to  prove  to  the  society  the  absurdity 
of  their  plan,  had  tliey  been  disposed  to  profit  by  experience.  Of 
late  years,  the  dividend  has  been  gradually  decreasing ;  but  it  is 
noii!>  fixed  that  it  shall  not  be  less  than  ^^'ISO, 

21 
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admission,  and  the  annual  contributions  for  each  share, 
to  the  age  and  other  circumstances  of  the  parties  on 
whose  lives  the  Assurance  is  made ;  with  further 
power  to  grant  (when  applied  for  by  the  parties)  An- 
nuities in  lieu  of  the  amount  insured,  or  in  lieu  of  po- 
licies which  it  may  be  desirable  no  longer  to  continue. 
The  luhole  of  the  annual  contributions  for  every  share 
granted  previous  to  this  charter,  and  seven-eighths  of 
the  contributions  on  shares  subsequently  granted,  are 
to  be  divided  every  year  amongst  the  claimants  by 
deaths  which  happen  in  that  year :  and  the  corporation 
now  engages  that  each  share  (although  it  may  be 
more)  shall  not  produce  less  than  X'180.* 

The  several  charters  provide  that   the  joint  stock, 

*  The  following  are  some  of  the  Rates ^  on  which  persons  are 
now  admitted  to  become  shareholders,  according  to  the  ages  of  the 
lives  assured. 


Jges. 
>5 

P 
1 

revihim  on                Anmial 
Idmission.               Payments. 

s.       d.                 £       s.         d. 
:   11    :  6              3   :    10  :   6 

20 

1 

:    14 

:  6             4 

:     0  :   6 

25 

1 

:    17 

:  0             4 

:     9  :  0 

30 

I 

:    J9 

:  6              4 

:    19  :  0 

35 

2 

:     2  ; 

;   6              5 

:    11    :   6 

40 

2 

:     5 

:   0              6 

:     7  :  6 

45 

2 

••      9   : 

:   0              7 

:     7  ■•  0 

50 

2 

:    13    : 

:  0              8 

:    12  :  O 

55 

2 

:    16    : 

:   6             10 

:     4  :  0 

60 

3 

:      1    : 

;  6            12 

:     6  :  0 

65 

3 

:     6  : 

6             15    : 

:     6  :  0 

The  annual  pay 

ments 

are  to  be  made  half  yearly ;  and  the  fiist 

half  yearly  payment  is  to  be  made  at  the  time  of  admission. 
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raised  by  the  accumulation  of  the  reserve  found  neces- 
sary for  the  security  of  this  guarantee,  is  to  be  im- 
proved for  the  benefit  of  all  the  members,  according 
to  their  respective  interests :  and  no  division  of  this 
capital  is  to  be  made,  otherwise  than  in  the  payment 
of  claims  on  death,  without  the  consent  of  two  suc- 
cessive General  Courts  of  the  members  of  the  cor- 
poration. And  the  Society  is  now  enabled  to  effect 
assurances  for  any  number  of  years,  or  on  the  joint 
continuance  of  lives^,  or  on  survivorships,  or  on  anif 
other  conlingeTicy  of  life,* 


The  Royal  Exchange,  and  London  Assurance 
Companies. 

§  439.  The  Royal  Exchange  Assurance  Company 
was  formed  about  the  time  of  the  South  Sea  Bubble ; 
and  is  one  of  the  few  projects  which  has  survived  that 
troublesome  period,!  and  preserved  its  credit  to  the 
present  day.  It  was  established  by  charter  dated  June 
22,  1720,  under  the  name  of  The  Royal  Exchange 

*  No  table  has  yet  been  published  of  the  terms  on  which  these 
Assurances  are  effected. 

-j-  Out  of  above  two  hundred  visionary  schemes,  that  were 
formed  and  carried  into  effect  at  that  time,  only  four  exist  at  pre- 
sent !  viz.  the  Royal  Exchange  Assurance  Company,  the  London 
Assurance  Company,  the  York  Buildings  Company,  and  the  Enghsh 
Copper  Company.  See  Macpherson's  Annals  of  Commerce,  vol.  iii, 
page  gg. 

2  I  2 
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Assurance,  for  insuring  ships  and  goods  at  sea,  or 
going  to  sea,  and  for  lending  money  on  bottomry. 
This  charter  was  granted  by  virtue  of  an  Act  of  Par- 
liament (6  Geo.  I,  c.  IS):  but  in  the  following  year 
(April  '29,  \1'1\)  the  king  (by  virtue  of  his  preroga- 
tive) granted  them  another  charter  for  the  Assurance 
of  Lives  and  against  casualties  and  accidents  by  fire, 
under  the  name  of  The  Royal  Exchange  Assurance 
of  Houses  and  Goods  from,  Fire. 

The  LovAon  Assurance  Company  had  a  similar 
origin,  and  was  incorporated  in  consequence  of  the 
Act  above  mentioned.  It  is  also  empowered  to  grant 
Assurances  on  Lives. 

In  addition  however  to  the  powers  and  privileges, 
which  are  common  to  both  these  Companies,  the 
Jtoyai  Exchange  was  further  authorised  and  enabled 
(by  Act  33  Geo.  Ill,  c.  14)  to  sell  and  purchase  An- 
nuities either  inniiediate  or  reversionary,  under  certain 
restrictions :  and  for  the  purposes  of  that  act  only  they 
are  (over  and  above  the  names  by  which  they  were 
before  styled)  to  assume  the  name  of  The  Royal  Ex- 
change Assurance  Annuity  Company,  In  order  to 
render  full  security  to  the  Annuitants  under  this  act, 
it  is  provided  that  the  money  received  for  the  annuity 
shall  (as  often  as  it  shall  amount  to  ^^lOOO)  be  laid 
out  in  government  security  ;  the  interest  or  dividends  on 
which,  the  Corporation  may  from  time  to  time  receive: 
but  they  are  prohibited  from  touching  any  part  of  the 
principal  till  the  extinction  of  the  life  on  which  the 
annuity  is  granted.     And  for  the  sake  of  preventing 
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any  fraud  in  this  respect,  it  is  enacted  that  the  time 
and  place  of  the  death  and  burial  of  each  aiHiuitant 
shall  be  inserted  twice  at  least  in  the  London  Gazette: 
and  that  a  certificate  of  such  death  or  burial,  with  an 
accoupt  of  the  annuity  depending,  shall  be  left  at  the 
Office  in  London  ;  to  be  inspected,  without  fee  or  re- 
ward, by  any  person  interested  in  any  annuity  granted 
by  virtue  of  that  act.  And  it  is  likewise  further  en- 
acted, that  no  agreement  for  the  selling  or  purchasing 
of  any  annuity  shall  be  valid,  unless  at  the  price  stated 
in  a  Table  which  is  directed  to  be  hung  up  in  some 
conspicuous  place  in  the  Office ;  and  which  table  shall 
be  remaining  in  the  office  at  the  time  of  granting  the 
annuity. 

It  is  difficult  to  discover  upon  what  principles  this 
Corporation  has  deduced  its  table  of  the  Rates  of  Life 
Annuities.*  Those  rates  have  certainly  not  been  de- 
duced from  any  observations  hitherto  published  ;  nei- 
ther do  they  agree  with  any  probable  rate  of  human 
mortality:  but  seem  to  have  been  formed  at  random, 
without  any  regard  to  the  true  principles  of  the  science. 
The  values  for  all  the  lives  under  .50  years  of  age  are 
much  too  low,  even  when  compared  with  M.  De  Par- 
cieux's  Observations,  at  4  per  cent :  bur,  above  that 
age,  they  err  considerably  more  from  the  true  value, 
in  the  contrary  extreme.     If  however  their  rates  be 


*  Their  rates  of  Life  Assurances,  as  well  as  those  of  the  London 
Jssurance  Company,  are  the  same  as  those  adopted  by  all  the  oth$f 
O^ceg:  of  which  I  shall  speak  hereafter. 


486  ON    THE    LONDON  CL  14. 

compared  with  those  proposed  by  Government  (as  ex- 
plained at  the  end  of  this  chapter),  they  will  be  found 
altogether  too  high  :  and  few  persons,  who  are  enabled 
to  accept  the  proposals  there  alluded  to,  will  be  dis- 
posed to  sacrifice  so  considerable  a  difference  by  pur- 
chasing an  annuity  at  the  Office  of  the  Royal  Ex- 
chanf^e  Company:  or  indeed  at  any  other  Office  whose 
terms  have  yet  been  published. 


Equitable  Society. 

§  440.  These  were  the  only  three  Companies  for 
granting  Life  Assurances  till  the  establishment  of  the 
Equitable  Society  in  1762^*  which  was  formed  in  con- 
sequence of  Mr.  Simpson's  lectures,  recommending 
such  an  institution.  It  appears  likewise  that  Mr.  Dod- 
son  was  active  in  recommending  the  plan  of  this  society; 
and  composed  some  tables  for  its  use.  It  is  truly  de- 
serving the  name  which  it  has  assumed :  it  being  cer- 
tainly one  of  the  most  Equitable,  as  well  as  the  most 
important,  of  all  the  societies  that  have  ever  yet  been 
formed  for  the  purpose  of  granting  Assurances  on 
lives. 

■*  Several  Societies  however  had  been  formed,  and  still  exist, 
for  the  purpose  of  assuring  the  lives  of  a  particular  class  of  the 
community;  such  as  Naval  and  Military  men.  Clergymen,  School-^ 
jhasters  and  others.  But  it  is  not  my  intention  to  enter  into 
any  inquiry  on  the.  principles  whereon  these  Societies  have  been 
established. 
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By  its  constitution,  the  assured  are  mutual  assurers 
one  to  the  other ;  and  participate  equally*  in  all  the 
profits  and  advantages  of  the  concern.  These  profits 
are  estimated  from  certain  periodical!  valuations  of 
all  the  claims  upon  the  society,  compared  with  its  pre- 
sent assets.|  One  third  of  the  clear  surplus  stock  is 
then  set  apart  as  a  fund  for  the  permanency  and  future 
security  of  the  concern. §  But,  the  remaining  two 
thirds  are  divided  amongst  the  assured;  and  the 
amount  of  each  person's  share  (estimated  in  proportion 
to  the  time  that  he  has  been  a  member)  is  added  to 
his  policy  :  so  that  his  representatives  will,  at  his  de« 

*  This  applies  only  to  those  persons  who  are  assured  for  the 
whole  continuance  of  their  lives :  that  right  has  not  yet  been 
extended  to  those  who  are  assured  for  a  term  of  years,  except  a 
Bonus  should  happen  to  be  declared  during  the  term  for  which 
tlie  assurance  is  madej  and  then  only  in  case  the  life  should  hap- 
pen to  become  extinct  hetween  the  time  of  declaring  such  bonus 
and  the  end  of  the  given  term:  which,  in  most  ordinary  cases,  can 
be  but  a  partial  advantage. 

f  The  period  of  ten  years  (which  has  been  adopted  by  the  So- 
ciety) is  certainly  too  great  an  interval;  since  few  persons  can 
expect  to  enjoy  the  full  value  of  their  interest  in  the  concern.  A 
new  plan,  however,  has  just  been  adopted  by  the  Society  (which 
I  shall  presently  mention)  that  will  in  some  measure  remove  this 
objection,  as  far  as  the  old  members  are  concerned. 

X  See  the  method  of  making  these  valuations  in  Question 
XXXIV,  page  457. 

§  When  it  is  considered  that  this  reserved  third  is  continually 
improved  at  interest,  to  the  end  of  the  nest  period,  for  the  use  of 
all  the  members,  and  then  merges  into  the  general  stock  to  be 
again  divided;  it  will  appear  that  a  person  assuring  at  the  Equitable 
Society,  in  its  present  established  state  (with  its  reserved  third  in 
abeyance),  receives  nearly  the  whole  of  his  share  of  the  current 
prolits  of  the  concern, 

2  I  4. 
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cease,  probably  receive  considerahlij  more  than  the 
original  sum  insured.  That  this  has  hitherto  been  the 
case  will  appear  from  the  following  statement. 

In  the  year  1786,  the  addition  of  1 J  per  cent  on 
the  sum  assured^  which  had  been  made  to  the  claims 
in  1782,  for  every  annual  payment  prior  to  that  year, 
was  increased  to  2 J  per  cent.  In  the  years  1791, 
1793,  and  1795,  still  further  additions  were  made; 
amounting  together  to  4  per  cent.  In  the  year  1 800, 
another  addition,  of  2  per  cent,  was  made  to  the 
claims :  and  we  have  just  seen  a  still  further  bonus 
declared,  of  2j  per  cent  per  annum,  on  all  claims 
from  assurances  effected  before  December  7,  1809. 
So  that  at  this  time,  the  assurances  of  the  year 
1 800  are  increased  by  the  addition  of  25  per  cent  j 
those  of  1790  are  increased  by  86  per  cent;  those  of 
1780  are  increased  by  180  per  cent ;  these  of  1770  are 
increased  by  290  per  cent ;  and  those  of  1 762  are  in- 
creased by  378  per  cent.  Or,  in  other  words,  (for  I 
cannot  be  too  explicit  upon  tnis  important  subject,)  the 
executors  of  a  person  assured  at  this  Office  in  the  year 
J  800,  for  the  sum  of  c£l000  only,  will  on  his  decease 
be  entitled  to  the  sum  of  ^1250:  but,  if  the  assurance 
has  been  effected  in  1790,  they  will  be  entitled  to 
^1860:  if  in  1780,  10^2800:  if  in  1770,  to  ^^3 900: 
and  if  in  1762  (when  the  Society  was  first  established) 
they  will  be  entitled  to  the  enormous  sum  of  ^4780. 
Now,  at  720  other  Office  (v/ith  the  exception  of  the 
partial  advantages  derived  from  assuring  at  one  or  two 
of  the  Societies  hereafter  mentioned)  would  the  exe- 
cutors be  entitled  to  receive  a  shilling  more  than  the 
sum  oi  X'lOOO  originally  assured.     Surely  these /ac/^ 
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speak  sufficiently  for  themselves;  and  show,  most 
decidedly,  the  impolicy  of  assuring  at  those  Offices 
whose  sole  object  is  gain,  and  who  consequently  maks 
no  return  of  their  immense  premiums. 

But  the  most  important  alteration  in  the  plan  of  this 
Society  was  that  which  was  brought  forward  and  pro- 
posed at  the  General  Court  held  December  7,  1809: 
where  it  was  resolved  that  in  future  the  addition  of  2  per 
cent  on  the  sum  assured  should  be  made  to  each  ex- 
isting policy  at  the  end  of  every  year^  for  the  next  10 
years  :  at  the  end  of  which  period  another  valuation  is  to 
take  place,  when  the  surplus  profits  of  the  Society  (after 
allowing  for  the  bonus  just  alluded  to)  will  be  divided 
amongst  the  existing  policies,  in  the  usual  manner.  So 
numerous  however  were  the  applications  for  admission 
into  the  Society,  on  this  proposal  being  made  known 
to  the  public,  that  it  was  thought  necessary  and  proper 
to  amend  it.  At  the  next  General  Court  (December 
1 9,  1 809)  it  was  therefore  resolved  to  limit  this  ad- 
vantage to  the  persons  already  assured  at  the  Office, 
and  to  such  claims  only  as  should  arise  prior  to  the 
next  division  of  profits.  Consequently,  by  this  new 
plan,  the  executors  of  a  person  already  assured  at  this 
Office  will  be  entitled  to  receive  (in  addition  to  any 
other  bonus  which  may  have  been  declared)  2  per  cent 
(on  the  original  sum  assured)  for  every  year  which 
has  transpired  since  the  date  of  the  last  division  of 
profits  and  the  time  of  his  death.  But,  this  benefit 
is  not  yet  extended  to  members  effecting  assurances 
subsequent  to  the  date  above  mentioned. 

The  proceedings  of  this  Society  have  hitherto  been 
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founded  on  a  firm  and  durable  basis :  and  the  Di- 
rectors* have,  in  their  management  of  it,  shown  the 
greatest  prudence  and  discretion.  Guiding  themselves 
by  the  light  of  mathematical  science  ( without  which 
po  establishment  of  this  kind  can  be  ever  upheld) 
they  have  taken  no  step  which  can  at  all  hazard  its 
permanency  or  safety:  '  and,  in  order  to  secure  the 
same  prudence  and  discretion  in  the  future  conduct  of 
its  members,  the  Society  has  provided  by  certain  lawsj 
"  That  no  allowance  to  claimants  shall  ever  be  made 
"  without  a  previous  investigation  of  its  affairs,  and 
"  the  concurrence  of  four  fifths  of  its  members  at 
•'  three  successive  General  Courts ;  and  also  that  such 
'*  allowance  shall  in  no  instance  exceed  iiuo  thirds  of 
*'  the  clear  surplus  stock  of  the  Society."  By  these 
restrictions,  as  far  as  human  precaution  can  operate, 
the  danger  of  intemperate  measures  is  avoided:  and 
there  is  every  reason  to  hope  that  an  institution, 
founded  on  such  liberal  principles  and  defended  by 
such  wholesome  provisions,  will  not  only  be  secure, 
but  continue  to  improve  in  credit  and  prosperity.!  * 

*  The  Directors  are  chosen  annually  by  tlie  members  of  the 
Society:  and  four  General  Courts  are  held  in  the  year  j  at  which 
are  exhibited  accounts  of-  tbe  state  of  the  Company,  and  at  which 
are  formed  such  rules  and  regulations  as  may  be  deemed  necessary 
for  its  advancement.  Eut,  by  a  law  made  in  January  1810,  no 
person,  admitted  a  member  subsequent  to  December  19,  I8O9,  has 
a  voice  at  the  general  meetings  unless  he  has  been  assured  for  .5 
years  in  the  -sum  of  ^^2000  on  the  whole  continuance  of  a  lite. 
Nor  can  any  such  person  be  chosen  a  director  unless  he  has  been 
assured  for  5  years  in  the  sum  of  ^^5000. 

■\  See  the  history  of  this  Society,  brouglu  down  to  the  present 
time,  in  Price's  Ols.  on  Reu.  Pay.  vol.  1,  Chapter  II,  Section  7. 
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Olher  Societies. 

§  441.  Soon  after  the  establishment  of  the  Equitable 
Assurance  Company  a  number  of  societies  sprang  up, 
(all  about  the  same  time*),  which  assumed  the  false 
and  alluring  title  of  Institutions  "  for  the  benefit  of 
Old  Age."  These  institutions  were,  for  the  most  part, 
gross  impositions  on  the  public ;  proceeding  from  ig- 
norance or  knavery,  and  encouraged  by  credulity  and 
folly.  The  promoters  of  them  were  principally  per- 
sons in  the  more  advanced  ages  of  life,  and  who  ima- 
gined the  schemes  would  last  their  time:  they  were 
consequently  little  anxious  about  the  durability  of  the 
plan,  and  desirous  only  of  getting  a  numerouf:  body 
of  subscribers,  that  their  plunder  might  be  the  greater. 
Agreeably  to  this  principle,  the  founders  of  these  so- 
cieties began  so  low  as  not  to  require  so  much  as  a 
fourth  or  a  Jifth  part  of  the  values  of  the  annuities 
which  they  undertook  to  pay:  and  encouragement  was 
also  held  out  to  early  applicants.  These  base  attempts 
to  deceive  and  allure  the  ignorant  and  distressed  (and 
which  unfortunately  succeeded  too  well)  first  induced 

*  The  Laudable  Society,  the  Amicable  Society  of  Annuitants, 
the  Provident  Society,  the  London  Annuity  Society,  the  Equitable 
Society  of  Annuitants,  the  Westminster  Union  Society,  the  Lon- 
don Union  Society,  the  Consolidated  Union  Society,  the  Public 
Annuitant  Society,  the  Rational  Society,  the  Friendly  Society  of 
Annuitants,  and  many  others  (whose  names  are  now  lost  or  for.* 
gotten)  were  all  established  about  the  year  ]77Q^aJ^<3  1/71. 
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Dr.  Price  to  publish  his  Observations  on  Reversionary 
Payments,  "  On  the  first  appearance  however  of  this 
"  workj  the  rage  for  establishing  new  Societies  imme- 
"  diately  subsided  j  a  partial  reformation  took  place 
*'  in  some  of  those  which  had  been  ah'eady  formed : 
"  and  in  a  short  time  the  greater  part  of  them^  con- 
*'  vinced  of  their  mistakes,  dissolved  themseh^es.  A 
*'  few,  indeed,  persevered  in  an  obstinate  adherence 
**  to  their  original  plans  j  but  they  have  long  since 
"  exhibited  a  melancholy  proof  of  their  own  folly, 
"  and  of  the  truth  and  justice  of  the  admonitions  which 
*'  had  been  wasted  upon  them.*" 

The  general  practice  of  the  promoters  of  those 
schemes  was  to  attract  the  weak  and  credulous  by 
holding  out  the  most  easy  and  advantageous  terms. 
These  arts  succeeded  wonderfully  weHai;  first ;  till  the 
public  became  better  informed  on  the  subject;  when 
they  soon  fell  into  disrepute  and  contempt.  But  al- 
though such  specious  proposals  should  always  be  viewed 
with  suspicion,  the  public  should  be  cautious  not  to 
fall  into  the  opposite  extreme,-  and  suffer  themselves 
to  be  enticed  into  the  payment  of  exorbitant  rates, 
under  the  delusive  plea  of  stability  and  security.  They 
ought  to  satisfy  themselves  that  any  extra  charge  which 
is  made  upon  them  (over  and  above  the  fair  value, 
after  allowing  a  proper  and  liberal  compensarion  to 
the  proprietors)  is  sacredly  and  inviolably  appropriated 
to  secure  the  permanency  of  the  establishment,  and  to 

*  Introd.  to  Dr.  Price's  Ohs.  on  Rev.  Pay. 


Ch.  14.  ASSURANCE  COMPANIES.  49? 

provide  for  those  unfavourable  events  which  vsometimes 
arise  and  overturn  the  best  contrived  schemes. 

Towards  the  end  of  the  last,  and  the  beginning  of 
the  present  century,  several  new  Public  Companies 
were  formed  for  the  purpose  of  making  Assurances 
on  Lives,  granting  Annuities,  &c:  viz  the  JVestminsier 
Society  in  179:2;  the  Pelican  in  1797;  the  Globe  in 
1799  ;  the  Albion  m  1805 ;  the  Rock  and  the  Provi- 
dent Instilntion  in  1S06;  and  the  Eagle,  the  Hope, 
the  London  Life  ^Association  and  the  ^tlas  in  1807. 
None  of  these  societies  however  are  confined  solely  to 
the  granting  of  Life  Assurances :  since  they  all  unite, 
thereto,  the  purchase  or  sale  of  Jinnuities',  and  five 
of  them  (in  addition  to  the  other  two  branches)  are 
engaged  in  Plre  Assurances.  It  is  not  my  intention. 
to  enter  into  the  nature  and  form  of  all  these  different 
Societies  ;  since  the  major  part  of  them  do  not  (as  far 
as  the  subject  of  this  work  is  concerned)  profess  to 
hold  out  any  peculiar  advantages  to  the  pub  lie  J^  But, 
as  tico  of  them  in  particular  differ  materially  in  this 
point  from  all  the  rest,  I  shall  devote  a  few  lines  to 
their  separate  explanation  and  examination. 

The  Provident  Institution. 

§  442.  The  Provident  Institution  was  formed  in  1 806, 
with  a  view  "  to  enable  the  industrious  and  economical 

*  There  is  some  trifling  difference  between  theoi  ns  to  the  fees 
on  admission,  and  as  to  military  persons :  but,  these  are  paltry 
considerations  compared  witli  those  which  I  shall  hereafter  men- 
tion. 
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*'  to  appropriate  their  savings  most  beneficially  to  their 
*'  different  objects  of  prudence  or  affection ;  and  to 
"  encourage  that  laudable  disposition  by  affording  an 
"  ample  guarantee  for  the  fulfilment  of  the  benefits 
*'  proposed,  wilhnut  curtailing  them  hy  commercial 
*'  vieivs  of  profit.  With  these  objects  ^e?;6'7-«/  hundred 
"  noblemen  and  gentlemen  have  entered  into  a  sub- 
"  scription  of  ,£250,000  to  constitute  an  original  ca- 
"  pital  * ;  and  taking  upon  themselves  the  sole  re- 
"  sponsibility  of  the  establishment,  they  render  the  in- 
*'  sured  and  annuitants  proprietors,  and  entitle  them 
*'  equalli)  to  participate  in  profits,  after  the  expenses 
*'  of  an  economical  arrangement  are  defrayed,  in  which 
**  the  Presidents,  Directors,  Trustees  and  Auditors 
"  act  gratuitously.  Thus,  by  the  specific  sum  insured, 
*'  and  the  division  of  contingent  profits^,  every  member 
*'  of  this  institution  has  i\iQ  fullest  value  possible  f,  for 
"  his  payments,  vfithout  being  subject  to  any  calls  or 
"  risk  whatever." 

This  institution  not  only  makes  Assurances  on  lives, 
but  also  buys  and  sells  Annuities,  and  grants  Endow- 
ments for  children.  Their  proposals,  at  first  sight, 
appear  to  be  the  same  as  in  the  Equitable  Society  j 
since  all  the  proprietors  are  stated  to  participate  equally 
in  the  profits  of  the  concern.  There  is  however  this 
material  difference,  that,  in  the  Provident  Institution, 

*  These  subscribers  are  not  obliged  to  insure  their  oivn  lives,  as 
is  the  case  at  all  the  other  newly  established  Offices. 

t  This  is  a  false  assertion,  as  will  evidently  appear  in  the  se- 
quel. 
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those  profits  are  shared  in  conjunction  with  the  several 
hundred  noblemen  and  gentlemen  who  have  guaraii" 
tied  *  the  capital ;  and  who  appear  not  to  have  wholly 
lost  sight  of  the  commercial  views  of  profit  in  esta- 
blishing this  concern  f. 

The  Rock. 

§  443.  The  Rock  Life  Asmraiice  Companij  was 
formed  also  in  the  year  1 80G  j  and  appears  in  some 
respects  to  have  followed  the  plan  of  the  Equitable  So- 
ciety :  it  is  however  in  its  nature  essentially  different. 
In  the  Rock,  the  assured  are  not  miiinal  assurers  one 
to  the  other :  neither  do  they  participate  equally  in  the 
profits  of  the  concern.  For,  though  at  certain  periods 
(of  not  less  than  seven  years  |)  an  estimate  is  made  of 
those  profits,  and  two  thirds  of  the  same^  after  dc- 
ducting  the  sum  of  five  thousand  pounds  therefrom  §, 
are  divided  amongst  all  the  policies,  as  in  the  Equitable 
Society  ;  yet  the  remaining  third,  instead  of  being  im- 
proved for  the  benefit  of  all  the  parties,  is  appropriated 

■*  A  small  portion  only  of  the  capital  has  been  actnaily  advanced. 

•j-  See  some  observations  on  the  Rates  of  this  Society  in  §  374 
and  446. 

J  The  first  division  of  profits,  however,  is  not  to  take  place  till 
after  the  expiration  of  twelve  years  from  the  establishment  of  the 
Society. 

§  This  is  provided  for,  in  the  Deed  of  Settlement,  although  it 
is  not  mentioned  in  the  Prospectus  of  the  Company.  See  a  pam- 
phlet issued  by  this  Society  under  the  erroneous  and  illusive  title 
«f  Ths  Principles  of  Life  Assurance  explained. 
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to  the  use  of  the  proprietors  only.  This  third  part  is 
thus  for  ever  lost  to  the  rest  of  the  assured ;  and,  at 
the  end  of  the  next  period,  another  third  part  is  Hke- 
wise  taken  away :  which  continual  subtraction  operates 
in  the  inverse  method  to  that  pursued  by  the  Equitable 
Society,  and  must  in  a  course  of  years  make  a  very 
material  difference  in  the  amount  to  be  added  to  the 
pohcies  at  each  respective  office.* 


General  Observations, 

§  444.  With  respect  to  the  remaining  institutions  of 
this  kind  now  in  existence,  I  believe  they  are  all  formed 
with  a  view  to  private  interest,  and  do  not  profess  to 
hold  out  any  peculiar  advantage  to  the  public. \  It 
will  be  recollected  that,  a  few  years  ago,  there  existed 
in  this  country  a  great  rage  for  Joint-Stock  Companies ; 
and  the  public  were  much  amused  with  the  various 
proposals  that  daily  issued  from  the  press.  The  enor- 
mous profits  that  are  made,  by  granting  Life  Assurances 
and  Annuities,  attracted  the  hopes  and  expectations  of 
many  persons ;  and  several  of  the  more  recent  Offices 
may  ascribe  their  origin  to  these  popular  impressions. 
The   success,   attending  the   establishment   of   these 

*  It  will  appear  from  this  view  of  the  subject  that  a  person  in- 
suring at  the  Rock  does  not  stand  a  chance  of  receiving  even  one 
haljihe  additional  profit  that  he  would  probably  obtain  by  insuring 
at  the  Equitable.     See  the  note  in  page  487. 

I  See  the  aote  in  page  493. 
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Offices,  and  of  similar  undertakings,  encouraged  others 
to  come  forward,  not  only  with  the  Hke  proposals,  but 
with  various  fanciful  schemes  and  visionary  projects  : 
and  there  was  every  appearance  that  the  times  of  the 
South-Sea  Bubble  were  about  to  be  revived.  The 
same  measures,  however,  that  put  a  stop  to  the  ne- 
farious practices  of  that  period,  were  now  resorted  to: 
the  act  of  6  Geo.  I,  c.  1 8,*  after  lying  dormant  above 
80  years,  was  applied  to  the  correction  of  this  public 
grievance ;  and  the  decision  of  the  Court  of  King's 
Bench,  in  the  case  of  The  King  versus  Dodd,  put  a 
stop  to  all  these  delusive  projects.  As  the  opinion  of 
the  Lord  Chief  Justice  (Ellenborough)  on  that  occasion 
cannot  be  made  too  public,  and  as  it  has  some  con- 
nection with  the  present  subject,  I  shall  make  no 
apology  for  here  inserting  it. 

"  This  case  has  been  very  fully  argued,  and  the  ap- 
*'  plication  for  an  information  has  at  least  had  this 

*  By  that  statute  it  was  declared  that  all  the  mischievous  un- 
dertakings and  attempts  therein  described,  tending  to  the  common 
grievance,  prejudice  and  inconvenience  of  his  Majesty's  subjects, 
in  their  trade  and  commerce, — and  all  public  subscriptions,  re- 
ceipts, payments,  assignments  or  transfers,  for  the  purpose  of  furth- 
ering, countenancing,  or  proceeding  in  such  undertakings, — and 
more  particularly  the  presuming  to  act  as  a  corporate  body,  and 
pretending  to  raise  and  transfer  any  shares  in  such  concerns  without 
legal  authority  (either  by  Act  of  Parliament  or  Royal  Charter)— 
should  be  illegal  and  void.  All  such  undertakings  are  declared  to 
be  a  public  nuisance  j  and  persons  offending  therein  are  not  only 
subject  to  the  usual  fines  in  such  cases,  but  are  farther  liable  to  th® 
jpenaltles  and  forfeiture  of  the  statute  of  Pnemunire. 

2k 
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"  good  effect,  that  it  has  produced  a  full  discussion 
'*  of  the  question,  and  has  given  a  general  notoriety 
"  to  the  existence  of  the  statute  of  the  6  Geo.  I :  so 
"  that  no  person  can  hereafter  pretend  to  say  that  it 
"  is  an  obsolete  law  ;  and,  on  that  account,  no  longer 
••*  to  be  enforced  against  such  as  offend  against  ihe 
"  provisions  of  it.  After  a  lapse,  however,  of  eighty- 
*'  seven  years  since  any  authenticated  proceeding  has 
*'  been  had  upon  this  branch  of  the  act,  and  when 
*'  other  ways  are  still  open  to  the  party  now  applying 
"  to  put  this  act  in  force  against  offenders,  the  Court 
"  (in  the  exercise  of  a  sound  discretion,  under  all  the 
"  circumstances  of  the  case)  will  forbear  to  interfere 
"  in  this  extraordinary  manner.  But,  at  the  same 
*'  time  we  wish  it  to  be  understood  that  it  is  not  be- 
"  cause  we  think  that  the  facts  brought  before  us  are 
"  not  within  the  penalty  of  the  law :  but  we  choose  to 
"  express  ourselves  with  the  greater  reserve,  because 
"  Xhc  defendant  may  still  be  indicted,  and  the  Court 
'•  may  still  be  called  (upon  the  removal  of  the  indict- 
*'  mcnt  by  cerdorariy  or  upon  an  information  filed  by 
"  the  Attorney-General)  to  give  their  opinion  on  this 
"  very  case.  But  (independent  of  the  general  tendency 
"  of  schemes,  of  the  nature  of  the  project  now  before 
"  us,  to  occasion  prejudice  lO  the  public)  there  is  be- 
*'  sides  in  this  prospectus  a  prominent  feature  of  mis- 
•'  chief:  for,  it  therein  appears  to  be  held  out  that  no 
*'  person  is  to  be  accountable  beyond  the  amount  of 
"  the  share  for  which  he  shall  subscribe,  the  conditions 
"  of  which  are  to  be  included  iii  a  Deed  of  Trust  to 
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^"^  be  enrolled.  But  this  is  a  miscliievous  delusion, 
*'  calculated  to  ensnare  the  unwary  public.  As  to 
*'  the  subscribers  themselves,  indeed,  they  may  stipu- 
*'  late  with  each  other  for  this  contracted  responsibility; 
*'  but  as  to  the  rest  of  the  world,  it  is  clear  that  each 
*^  partner  is  liable  to  the  ivhole  amount  of  the  debts 
"  contracted  by  the  partnership.  I  forbear  to  com- 
"  ment  on  lesser  circumstances ;  such  as  the  smallness 
"  of  the  sum  to  be  subscribed  in  the  first  instance,* 
"  (which  seems  to  carry  an  appearance  of  holding  out 
*'  a  lure  to  the  unwary)  and  other  features  in  the 
*'  case.  But  (considering  that  this  is  brought  forward 
*'  after  a  lapse  of  so  many  years  since  any  similar  pro- 
'*  secution  was  instituted,  and  brought  forward  by  a 
"  party  who  does  not  profess  to  have  been  himself  de- 
**  luded  by  the  project ;  and  the  statute  having  been 
*'  passed  principally  for  the  protection  of  unwary  per- 
*'  sons  from  delusions  of  this  kind)  the  Court  think, 
"  in  the  exercise  of  their  discretion,  that  they  should 

*  Of  all  the  Life  Assurance  Companies  that  have  lately  been 
establibhed,  the  Gluhe  is  the  only  one  that  has  paid  up  its  subscrip- 
tion in  full.  The  remaining  ones  have  divided  their  capital  into 
small  shares,  on  which  10  per  cent  only  has  been  paid,  llius,  the 
Eagle  professes  to  have  a  capital  of  Two  Million Sj  whereas  it 
in  reality  consists  of  no  more  than  X20(),000,  which  is  divided 
into  40,000  shares  of  X5  each.  And  the  Rock,  which  professes  to 
have  a  capital  of  One  Million^  is  divided  into  50,000  shares  of 
/2  each.  A  similar  observation  will  apply  to  most  of  the  other 
Societies.  It  is  true  that  they  have  reserved  a  privilege  of  making 
■i  call  for  the  remainder:  but  I  hope  no  circumstances  will  ever 
arise^  whc?reip.  their  power  or  pretensions  may  be  disputed. 

2  K  2 
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''  not  now  enforce  the  statute  against  this  defendant, 
"  at  the  relation  of  a  person  so  circumstanced:  leaving 
"  the  relator  to  the  common  law  remedy  by  indict- 
"  ment ;  or  the  defendant  to  be  proceeded  against 
"  by  His  Majesty's  Attorney-General  ex  officio,  if  he 
"  should  deem  it  adviseabie  for  the  protection  of  the 
"  public.  But,  the  Court  think  it  is  fit  that  this  rule 
"  should  be  discharged  without  costs.  And  they  re- 
"^  commend  it  as  a  matter  of  prudence  to  the  parties 
"  concerned,  tliat  they  should  forbear  to  carry  into 
"  execution  this  miscliievous  project,  or  any  other 
"  speculative  project  of  the  like  nature,  founded  on 
'"'' joints  to  ch  and  transferable  shares  :  and  we  hope 
"  that  this  intimation  will  prevent  others  from  engaging 
"  in  the  like  mischievous  and  illegal  projects.*'^ 
.  With  respect  to  the  constitutions  of  the  several  As- 
surance Companies  above  alluded  to,  they  are  all  of 
them  (with  the  exception  of  the  Amicable  and  Equi- 
table Societies )  in  one  particular  nearly  the  same.  In 
each  of  them  the  Assured  may  be  divided  into  two 
classes.  Proprietors  and  Non- Proprietors.  The  former 
are  those  -who  hold  shares  in  the  concern  and  who  di- 
vide allf  the  profit  among  themselves  :  and  the  latter 

*  East's  Reports,  in  Easter  Term  1 803,  vol.  ix.  page  525. 

f  This  must  be  taken  with  somt  limitation  a&.  far  as  it  regards 
tjie  Provident  Institution  and  the  Rock ;  agreeably  to  what  I  have 
above  stated,  when  speaking  of  those  companies.  There  is  also 
the  following  advantage  held  out  by  the  Hope  Insurance  Company : 
viz.  **  Persons,  not  being  proprietors,  who  insure  for  ;^500  upon 
**  their  own  lives,  will,  upon  the  payment  of  tcu  shillings  per  cent 
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consist  of  such  other  persons  as  have  been  induced  from 
ignorance,  persuasion,  or  necessity  to  effect  assurances 
at  those  Offices;  and  who  (akhough  they  pay  the 
same  premium  on  their  policy  as  at  the  Equitable  So- 
ciety) will  never  receive  a  shilling  more  than  the  sum 
originally  insured. 

For,  it  is  necessary  here  to  remark  (and  I  think  it 
an  observation  of  considerable  importance)  that  the 
rates  of  Assurances  on  lives  do  not  differ,  in  the  least, 
at  any  of  the  Oflices:  so  that  whether  a  person  makes 
an  assurance  at  the  Equitable  Society  where  the  sum 
assured  is  continually  increasing  in  value,*  or  whether 
he  effects  it  at  any  other  Office  where  no  additional 
advantage  is  derived,  he  pays  precisely  the  same  pre- 
mium J  Surely  this  important  fact  cannot  be  suffi- 
ciently known  by  the  public,  else  it  is  difficult  to  con- 
ceive how  any  of  the  newly  established  Offices  should 
ever  have  been  able  to  extend  their  business  beyond 
the  limits  of  their  own  proprietary.! 

"  (on  their  admission)  beyond  the  premium  paid  for  the  Assurance, 
"  be  entitled,  out  of  the  profits  of  the  Life  Fund,  to  such  interest 
"  or  dividend  as  may  be  paid  on  a  £>50  share  to  the  several  pro- 
"  prietors  thereof  j  and  so  on  in  like  manner  for  every  £5QO  so 
"  insured.  But  in  no  case  whatever  are  they  to  be  responsible 
*'  for  any  claims  which  the  Life  Fund  may  be  called  upon  to  payi 
"  the  Capital  of  the  Company  being  of  sufficient  magnitude  for 
"  that  purpose." 

*  See  page  488. 

f  Every  propnetor,  in  all  these  newly  established  Societies,  is 
-obliged  to  insure  a  given  sum  on  his  own,  or  on  some  other  per- 
son's life. 
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Independent,  however,  of  the  superior  advantage 
0f  insuring  at  the  Equitable  Society,  there  is  a  satisfac- 
tion arising  from  the  consciousness  of  its  superior 
security  *  This  security  originated  from,  and  is  prin- 
cipally maintained  by,  the  power  which  each  member 
possesses  (in  his  own  right)  of  giving  his  vote  and 
opinion  on  all  the  proceedings  of  the  Society:  so  that 
no  unfair  advantage  can  be  taken  by  any  particular 
class  of  the  assured.  On  the  contrary,  at  all  the  other 
Offices!  the  management  of  the  concern  is  in  the 
hands  of  the  Proprietors  onhj :  and  the  Non-Proprietors 
(or  those  who  assure  at  the  office  without  holding  any 
share)  have  no  voice  whatever  in  the  administration  of 
the  affairs  of  the  Company.  They  may  see  the  pro- 
prietors voting  large  dividends  amongst  themselves, 
and  the  capital  of  the  society  (whicli  ought  to  be  im- 
proved with  the  greatest  economy)  annually  dwindling 
away:  but,  though  this  should  be  apparent  to  the 
most  common   observer,   they  would  be,  in  a  great 

*  A  person  who  makes  an  Assurance  against  Tire  is  content  if 
the  Office,  at  which  he  insures,  possesses  the  present  confidence  of 
the  public  and  of  himself:  since  he  may  remove  his  policy  to  any 
other  Office  whenever  he  doubts  its  stability  or  responsibleness. 
Not  so  with  a  Life  assurance:  for,  a  policy  of  that  kind,  once  en- 
tered into,  cannot  be  removed  without  considerable  loss  and  incon- 
venience to  the  party  J  and,  as  the  claim  may  not  become  due  for 
20,  30  or  40  years  (nay,  perhaps  for  more  than  half  a  century)  it 
therefore  particularly  behoves  him  to  be  satisfied  not  only  with 
the  present  flourishing  state  of  the  society  but  with  the  prospect  of 
its  pci-mnnency  zuiXJviure  solvency. 

f  Excepting  the  Amicable  Society. 
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measure,  unable  to  relieve  themselves.  For,  most 
persons,  after  continuing  the  payments  on  their  policies 
through  a  series  of  years,  would  think  it  too  serious 
an  injury  to  withdraw  j  and  would  rather  risk  the  issue 
of  the  event. 

Now,  though  I  by  no  means  wish  or  intend  to  cast 
any  reflection  on  the  present  managers  of  any  of  the 
more  recent  Societies,  many  of  whom  I  know  to  be 
men  of  strict  honour  and  integrity,  and  who  (consi- 
dering themselves  equally  trustees  for  the  public  as  for 
the  5oc/e^j/)  would  not  give  their  sanction  to  any  measure 
that  was  likely  to  endanger  its  security,  or  hazard  its  re- 
putation ;  yet  theb'  voice  may  not  always  prevail  against 
a  numerous  body  of  proprietors,  neither  can  their  ser- 
vices be  perpetuated.  And  the  sad  experience  of  al- 
most all  preceding  establishments  of  a  similar  kind, 
which  have  been  formed  with  a  view  to  the  benefit  of 
posterity,  shows  that  this  is  not  an'  imaginary  evil 
only:*  and  that  it  becomes  every  person  connected 
with  such  Societies  to  be  particularly  cautious  that  no 
attempts  are  made,  either  through  ignorance  or  design, 
to  risk  the  security  of  the  establishment  by  grasping 
too  eagerly  at  immediate  or  enormous  profits.  They 
should  bear  in  m.ihd  the  advice  that  was  given  to  the 
Directors   of  the  Equitable   Society  by  a  celebrated 

*  Let  any  person  read  the  nefarious  practices  alluded  to  by  Dr. 
Price  in  his  Observations  on  Rev.  Pay.  and  by  Mr.  Dale  in  his  Cat' 
dilations  deduced  fiornjirs I  Principles;  he  will  then  be  convinced 
that  the  members  cannot  keep  too  vigilant  an  eve  over  the  pro- 
ceedings of  their  society. 
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writer  on  these  subjects,  and  the  adoption  of  which 
has  tended  to  raise  that  establishment  to  its  present 
state  of  eminence.  "  They  should  consider  what 
"  distress  would  arise  from  the  failure  of  the  concern 
*'  at  any  future  time  ;  and  what  are  the  dangers  which 
*'  ought  to  be  carefully  guarded  against  in  order  to 

*'  secure  success." ^"  That  it  is  not  to  be  expected 

*'  that  any  society  can  meet  with  difficulties  in  its  in- 
"  fancy;  because,  not  till  the  end  of  many  years,  after 
"  it  has  acquired  its  maximum  of  members,  will  the 
**  maximum  of  yearly  claimants  and  annuitants  come 
*'  upon  it.  Should  it,  therefore,  through  inattention 
*'  to  this  remark,  and  the  encouragement  arising  from 
"  the  possession  of  a  large  surplus,  be  led  to  check  or 
**  stop  the  increase  of  its  stock  [or  to  divide  the  pro- 
*'  fits    of  the  concern]    too   soon,   the    consequences 

*'  might  be  highly  pernicious.**' ''  That  it  is  of 

*'  great  importance  to  the  safety  of  such  a  society  that 
*'  its  affairs  should  be  under  the  inspection  of  able 

*  The  distinguishing  principle  of  the  London  Life  Association 
h,  that  the  profits  resuhing  from  its  transactions  shall  be  shared  by 
the  members  during  life:  whereby  the  security  of  that  establish- 
ment must  be  considerably  impaired.  For,  "  in  matters  of  chance 
*'  it  is  impossible  to  say  that  an  unfavourable  run  of  events  will 
"  not  come,  which  may  hurt  the  best  contrived  scheme.  The  cal- 
"  culations  only  determine  prubub'ilities;  and  agreeably  to  these 
"  it  may  be  depended  on  that  events  will  happen  on  the  whole.  But, 
*'  at  particular  periods,  and  in  particular  instances,  great  deviations 
"  will  often  happen;  and  these  deviations,  at  the  commencement 
*'  of  a  scheme,  must  prove  either  very  favourable  or  y&iy  unfa- 
*'  vourable." 
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"  mathematicians.  Melancholy  experience  shows  that 
"  none  but  mathematicians  are  qualified  for  forming 
"  and  conducting  schemes  of  this  kind.  In  short; 
*'  dangerous  mistakes  may  sometimes  be  committed, 
*'  if  the  affairs  of  such  a  society  are  not  managed  fru- 
*'  gaily,  carefully,  and  prudently.*** 


Rates  for  Life  Assurances, 

5  445.  I  cannot  conclude  this  chapter  without  some 
observations  on  the  Rates  of  Life  Assurances  published 
by  the  several  Companies  above  alluded  to :  and,  as 
those  rates  are  the  same  in  all,  my  remarks  will  equally 
apply  to  each  of  those  different  societies ;  excepting 
perhaps  the  Equitable,  the  nature  of  whose  establish- 

*  Price's  Ohs.  on  Rev.  Pay.  vol.  1,  page  179.  The  same  author 
(in  pointing  out,  in  another  place,  the  dangers  to  which  a  Society 
of  this  kind  is  exposed)  remarks,  "  that  there  are  no  questions,  tha 
"  solution  of  which  requires  a  stricter  attention,  or  greater  skill  in 
"  investigation,  than  some  in  the  eioctrine  of  Assurances.  DitScuIt 
**  questions  are  sometimes  brought  to  the  Society  j  and  the  Di- 
"  rectors,  not  being  themselves  mathematicians,  are  under  a  ne- 
"  cessity,  in  making  their  demands,  of  being  governed  by  their 
"  Actuary:  and  should  he  happen  to  be  unqualified,  he  must  make 
"  mistakes,  and  either  the  Public  or  the  Society  will  be  injured. 
"  In  short,  the  Society  can  scarcely  be  sensible  enough  of  the 
"  importance  of  both  abilities  and  probity  in  the  servants  it  em- 
**  ploys :  nor,  therefore,  of  the  particular  reason  there  is  for  guarding 
*' their  places  against  the  applications  of  candidates  who,  on  any 
"  future  vacancies,  may  endeavour  to  iatrudq  themselves  by  their 
**  connexions  or  injQueace." 
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ment  renders  It  not  of  so  much  moment  what  the  rates 
are,  provided  every  member  pays  in  proportion.*  The 
promoters  of  that  concern  showed  their  sound  judge- 
ment and  good  sense  in  adopting  such  tables  of  the 
probabilities  of  life  as  were  rather  below  than  above  the 
truth.  They  first  made  use  of  Mr.  Simpson's  Table 
for  London ;  but,  finding  these  too  inaccurate,  they 
changed  them  for  ihe  Northampton  Table.  Ex- 
perience has  confirmed  the  propriety  of  their  choice ; 
but,  at  the  same  time,  has  proved  to  us  that  the  North' 
ampton  Table  is  by  no  means  a  corret  index  of  the 
rate  of  human  mortality  amongst  the  members  of  such 
a  society.!  It  has,  however,  been  adopted  by  all  the 
other  offices,  under  the  delusive  plea  that  "  experience 
*'  has  shown  it  to  be  the  most  just  and  liberal  scale, 
*'  whereby  to  estimate  a  fair  value  between  the  two 
*'  parties."  But,  however  applicable  the  Northampton 
Table  may  be  to  the  use  of  a  society  constituted  as  the 

*  I  should  likewise  except  the  ^micalle  Society,  whose  plan 
and  constitution  differ  so  materially  from  the  others. 

f  Mr.  Morgan  says  (Price's  Ols.  on  Rev.  Pay.  vol.  1,  page  183) 
that  the  decrements  of  life  in  the  Equitable  Society,  from  the  year 
1768  to  1800,  compared  with  the  decrements  of  life  in  the  Norik' 
ampton  Table,  appear  to  have  been  from  the  age  of 

JO  to  20  in  the  ratio  of  1  to  2 

20  . .  30 1  to  2 

30  . .  40 3  to  5 

40  , ,  50 3  to  5 

50  . .  60 5  lo  7 

60  . .  80 4  to  5 

All  ages  together 2  to  u 
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Equitable  is,  it  certainly  is  not  entitled  to  the  same 
degree  of  approbation  as  affording  a  fair  estimate  of 
the  value  of  annuities  and  assurances  between  the  pub- 
lic and  a  trading  company;  nor  even  as  between  two 
individuals,  unless  under  particular  circumstances.  A 
more  just  and  equitable  scale  ought  to  be  adopted  by 
those  societies  who  do  not  make  any  return  to  the 
assured,  of  the  vast  profits  that  arise  from  this  species 
of  daily  traffic ;  and  would  tend  more  to  the  increase 
of  their  business  in  this  way,  and  would  likewise  be 
more  honoQrable  to  themselves,  than  the  disgraceful 
practice  of  bribing  solicitors,  agents  and  others  lo  effect 
assurances  at  their  Offices:  thereby  notoriously  in- 
ducing those  parties  to  sacrijice  the  interest  of  their 
employers  and  their  friends.*  For,  the  money  which 
is  applied  to  this  base  purpose  can  be  considered  in 

*  Many  of  the  public  Companies,  who  do  not  make  any  return 
of  the  profits  to  the  assured,  allow  a  liberal  premium  (generally  5 
per  cent  on  the  payment  made)  to  any  person  who  will  procure 
an  insurance  to  be  effected  at  their  Office:  and  this  commission  t» 
also  allowed  to  any  person  who  makes  the  an)tual  payment  prom 
vidcd  it  be  not  the  party  himself!!!  An  artifice  which  is  easily 
seen  through  :  but  which  opens  such  a  door  to  fraud  and  imposi- 
tion, that  it  cannot  be  too  severely  reprobated.  And  however 
much  it  maybe  sanctioned  by  the  Directors  in  their/>?/Z'/ic  capacity, 
we  are  all  aware  what  their  emotions  would  be  if  they  discovered 
any  of  their  tradesmen  tampering  with  their  civn  servants  in  this 
opprobrious  manner :  since  they  must  well  know  who  would 
eventually  pay  for  it.  I  omit  to  give  the  names  of  those  com- 
panies who  have  adopted  this  nefarious  practice,  under  the  hope 
that  such  a  mean  and  improper  artifice  will  not  be  encouraged  in 
future. 
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no  other  light  than  as  unjustly  taken  from  the  pockets 
of  the  assured ;  and  would  be  more  properly  and 
more  equitably  employed  in  being  appropriated  to- 
wards a  reduction  of  the  rate  of  assurance :  since,  if 
the  Company  can  afford  to  allow  it  to  the  agent,  it 
surely  can  afford  to  allow  it  to  the  principal ;  and  it 
evidently  belongs  more  jmilij  to  the  latter  than  to  the 
former. 

The  Tables  of  the  Rates  of  Life  Assurances,  as 
published  by  the  several  Companies,  are  precisely  the 
same  in  each  ;  and  are  usually  three  in  number:  viz. 
one  for  Single  lives,  one  for  Joint  lives,  and  the  other 
on  the  Contingency  that  one  life  shall  die  before  an- 
other life*  These  rates  are  all  deduced  from  the 
JSiorthainpion  observations,  and  at  the  rate  of  tfiree  per 
cent  interest.  By  thus  computing  the  values  from  the 
lowest  probabilities  of  life,  and  at  the  lowest  rate  of 
interest,  the  Rates  become,  in  most  cases,  full  a  third 
more  than  they  ought  to  be  when  calculated  from  the 
more  correct  tables  of  the  probabilities  of  life  as  ob- 
served in  Stveden,  at  the  rate  oifour  per  cent  interest ; 
and  still  more  do  they  differ  from  the  true  value  as 
deduced  from  the  probabilities  of  life  as  observed  by 
M.  De  Parcicu.v,  at  the  same  rate  of  interest. 

*  These  Tables  are  LI,  IJI,  and  LIII  at  the  end;  and  which 
may  be  had  at  any  of  the  Assurance  Otlices.  On  a  comparison  of 
them,  as  issued  by  the  diirerent  Offices,  they  will  be  found  to  be 
all  alike  :  there  behig  onl\'  a  trifling  difference  of  a  penny  or  twO" 
jt)c«ce  per  cent  in  any  of  them;  which  is  somelimes  in  excesisxi^ 
jomelimes  in  defect. 
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Now,  since  the  rate  of  human  mortality,  amongst 
the  members  assured  at  such  Societies,  is  by  no  means 
correctly  indicated  by  the  Northampton*  table  of  ob- 
servations, but  approximates  more  nearly  to  the  ob- 
servations made  in  Sweden,  or  to  those  made  by  M.  De 
Parcieucc,ihe  public  may  form  a  tolerably  correct  idea  of 
the  immense!  profit  that  is  made  by  this  species  of  daily 
traffic  ;  and  may  learn,  to  their  own  cost,  the  impolicy 
of  insuring  at  those  Offices  whose  sole  object  is  gain, 
and  who  consequently  make  no  return  of  any  part  of 
these  exorbitant  demands.  A  single  instance  will  il- 
lustrate this. 

A  person  aged  20  is  desirous  of  assuring  his  owa 
life  for  £5000:  the  sum  demanded  for.  this  purpose 
by  all  the  Assurance  Companies  is  ,£2140:  2:  O. 
But  the  true  value  of  such  sum,  as  deduced  from  the 
Siveden  Observations,  is  no  more  than  c£  1422  :  10 :  O, 
if  we  take  the  rate  of  interest  at  4  per  cent ;  and  no  more 
than  i!l  128:  10: 0,  if  we  take  the  rate  of  interest  at  5 
per  cent :  or  when  deduced  from  the  observations  of  J/. 
De  Parcieux,  it  is  no  more  than  £\S5S:  2  :  0,  taking 
interest  at  4  percent;  and  no  more  than .£  107 8:  16:0, 
taking  interest  at  5  per  cent.  A  person,  therefore, 
of  this  age  who  insures  the  above  sum  at  any  of  those 
Offices,  which  make  no  return  of  any  part  of  the  pre- 

*  It  is  in  the  ratio  of  only  2  to  3,     See  the  note  inpsge  506. 

\  Some  idea  may  be  formed  of  these  enormous  gains,  from  the 
large  sums  which  have  occasionally  been  added  to  the  policies  at 
the  Equitable  Society  j  and  which  have  amounted  to  above  ow* 
million  and  a  half  in  present  money.     See  page  -J  68. 
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mlum,  may  be  considered  as  tkroiving  aivay  between 
seven  hundred  and  a  thousand  pounds  *.  I  say  that 
this  sum  is  thrown  away  by  insuring  at  such  Offices, 
because,  by  effecting  the  same  assurance  at  the  E(jid- 
table  Society,  the  money  thus  paid  down  is  carried  to 
a  common  stock,  and  the  whole  f  of  the  profits  of  the 
concern  (after  the  expenses  of  an  economical  establish- 
ment are  defrayed)  are  from  time  to  time  divided 
amongst  all  the  persons  assured,  and  added  to  their 
policies :  so  that  the  executors  of  a  person  assured 
at  that  office  have  a  chance  of  receiving  (at  his  death) 
considerably  more  \  than  the  sum  originally  insured. 
The  public,  I  presume,  are  not  aware  of  this  important 
fact ;  otherwise  it  is  difficult  to  conceive  how  the  other 

*  These  calculations  are  deduced  from  the  supposition  that  the 
whole  premium  is  paid  down  immediately  in  one  payment :  but, 
nearly  the  same  differences  will  arise  if  we  suppose  the  premiums 
to  be  made  annually.  For  the  annual  payment  which  v/ould  be 
required,  by  all  the  Offices,  for  the  assurance  above  alluded  to,  is 
;£108  :  \g:  O:  whereas  the  value  of  the  same,  deduced  from 
the  observations  of  ik/,  De  Par  deux,  \s  £y\  :  14:  3,  if  interest  be 
taken  at  4  per  cent,  and  only  £65  :  10:0,  if  interest  be  taken  at  5 
per  cent. 

-j-  Every  person  now  insuring  at  that  Office  may  be  considered 
as  partaking  of  the  whole  of  the  profits  of  the  concern  ;  for  the 
reasons  given  in  the  note  in  pag«r  -IS/- 

+  They  have  a  chance  of  receiving  considerably  more,  for  two 
reasons  :  in  the  first  place  the  Society  can  generally  make  more 
than  three  per  cent  interest  of  their  money  ;  and  secondly,  the  lives 
do  not  die  off  so  fast  as  the  computations  suppose.  So  that  the 
money  is  not  only  improved  at  a  better  rate  of  interest,  but  alao 
for  a  longer  period. 
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Offices  should  ever  have  been  able  to  effect  a  single 
policy,  except  such  as  the  Equitable  Society  had  re- 
fused. 

The  same  observations  will  apply  to  the  case  of 
Joint  lives;  since  the  values  are  here  also  deduced 
from  the  Norlhn7npton  table  of  observations,  and  at  the 
rate  of  three  per  cent  interest.  But,  if  we  take  the 
case  of  Contingent  assurances  (that  is,  of  an  assurance 
made  on  a  given  life,  or  the  contingency  that  it  dies  be- 
fore another)  we  shall  find  still  greater  cause  for  censure. 
For,  independent  of  the  rates  being  computed  from 
the  lowest  probabilites  of  life  and  at  the  lowest  rate  of 
interest,  they  are  also  deduced  from  a  rule  given  by 
Mr.  Simpson*,  which  produces  a  ref?ult  that  is  often- 
times more  than  one  third  of  the  true  value  too  muchj, 
even  when  computed  from  the  Northampton  table,  at 
3  per  cent  interest  ! — A  single  instance  will  confirm 
this  also. 

A  person,  10  years  of  age,  is  desirous  of  assuring 
the  sum  of  Jl\0()  on  his  life,  on  the  contingency  that 
he  dies  before  another  person  aged  60.  The  sum  which 
would  be  demanded  by  all  the  Assurance  OfHces  (not 
even  excepting  the  Ecjuitable)  is  oL'l2 :  18 :  6  in  a 
single  payment,  or  £,\  :  G  :  O  in  annual  payments 
during  the  joint  lives.  But  the  true  value  which  ought 
to  be  given  for  the  same  (even  on  the  supposition  that 
the  rate  of  interest  is  no  more  than  .3  per  cent,  and  the 
probabilities  of  living  the  same  as  obseiv  :d  at  North' 

*  See  the  Scholium  in  page  446. 
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ampton)  is  onlyX'lO:  13:0*  in  z  single  payment, 
and  £,1  :  1  :  5  in  annual  payments  :  consequently  the 
Offices  demand  about  a  fourth  part  of  the  true  value 
more  than  {on  their  own  data)  is  just  and  equitable. 
If  the  value,  hovi^ever,  had  been  deduced  from  the 
probabilities  of  living  as  observed  by  M.  De  Parcieux, 
and  at  the  rate  of  4j  per  cent  interest,  it  would  be 
^9 :  3 :  1  in  a  single  payment,  and  only  eighteen 
shillings  and  ninepcnce  in  annual  payments :  which 
makes  the  Office  rate,  in  this  case,  nearly  one  half  the 
true  value  too  much  ! 

Mr.  Morgan  has  taken  considerable  pains  to  prove 
that  Mr.  Simpson's  rule  for  finding  the  value  of  these 
contingent  reversions  is  exceeding} y  defective  f  j  and 
that  it  oftentimes  leads  to  conclusions  too  erroneous  to 
be  overlooked.  Now,  since  the  true  values  can  in  all 
cases  be  obtained  with  so  little  trouble,  it  is  somewhat 
singular  that  the  incorrect  values,  in  Table  LIII  above 
alluded  to,  should  still  be  adopted  (not  only  by  the 
Equitable  Socitty,  but  also  by  every  other  Office  in 
London)  for  the  purpose  of  determining  the  sums  that 

*  1  take  this  sum  from  Mr.  Ivlorgan's  calculation  in  Phil.  Trans. 
for  1788,  page  344;  who  says  that  he  has  compared  it  with  the 
sum  deduced  from  the  exact  values  of  annuilies  on  tliu  joint  lives 
involved  in  the  solution. 

■\  See  Phil.  Trans,  ibid.  The  iingular  formula  however,  from 
which  Mr.  Morgan  has  deduced  his  values,  has  at  length  been 
amended  by  him  in  the  last  edition  of  Dr.  Price's  Obs.  on  Rev.  Pay. 
Note  (O).  See  what  has  been  said  in  the  note  in  page  18/  of  th« 
present  work. 
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are  required  for  effecting  assurances  on  the  contingency 
here  mentioned.  Amongst  the  numerous  societies 
that  have  lately  been  established,  is  there  no  one  Ac- 
tuary that  has  the  confidence  to  propose  a  neiu  table 
of^the  value  of.  such  2i^s\xY2J}QQS,  founded  on  a  true  and 
proper  basis :  or  jjjUI  the  several  Companies  still  per- 
severe in  their  unjust  and  illiberal  demands  ?  Surely 
their  profits  must  be  sufficiently  great  by  taking  the 
lowest  rate  of  interest,  and  the  lowest  probabilities  of 
living  as  the  basis  of  their  calculations  ;  without  adding 
thereto  the  unfair  advantage  arising  from  the  use  of 
inaccurate  rules  *. 

The  following  tables  (given  by  Mr.  Morgpji  him- 
self f)  of  the  present  value  of  ^100  payable  on  the 
decease  of  A,  provided  B  be  then  ahve,  will  show 
*'  how  far  Mr.  Simpson's  approximation,  the  only  rule 
•'  now  in  use  [_bi/  the  Assurance  OJp.ces\  may  be  de- 
*'  pended  upon." 

*  These  observations  will,  in  a  great  measure,  apply  also  to  the 
Equitable  Society ;  since  those,  who  assure  on  this  contingency, 
pay  more  in  proportion  than  the  rest  of  the  members  :  and  it  is 
curious  to  observe  how  servilely  the  other  Offices  have  followed 
their  example.  See  what  has  been  already  said  upon  this  subject 
in  the  note  in  page  188. 

•j-  See  Phil.  Trans,  ibid. 
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Interest  3  per  cent,  Northampton  Observations. 


geof 
A 

Age  of 
B 

Value  by 

Simpson's 

rule. 

V^ahieby 

correct 

rule. 

Age  of 
A 

Age  of 
B 

Value  by 

Simpson's 

rule. 

10 

10 

2475 

2475 

20 

20 

27-06 

10 

20 

23-50 

22-11 

20 

50 

1929 

JO 

30 

21-47 

19-84 

30 

30 

3021 

30 

40 

1907 

1710 

30 

QO 

1819 

10 

50 

16-21 

1404 

40 

40 

32-87 

10 

60 

12-93 

10-65 

40 

60 

22-78 

10 

70 

9*15 

7-07 

40 

70 

157s 

Value  by 

correct 

rule. 

27-96 
18-65 
30-21 
17-51 
32-87 
21  92 
15-3S 


Interest  4  per  cent,  Sweden  Observations 

.Age  of 

Age  of 
B 

Value  by 
Simpson's 

Value  by 
correct 

Age  of 
A 

Age  of 

"Value  by 
Simpson's 

rule. 

rule. 

^TL 

rule. 

14 

20 

17-82 

]5-42 

40 

40 

26-99 

16 

40 

16'23 

13-71 

40 

7Q 

9-81 

20 

20 

19-84 

19-84 

42 

60 

19-58 

24 

60 

13-01 

939 

52 

7Q 

1400 

28 

40 

20-44 

17-60 

60 

60 

36-34 

36 

60 

16-81 

12-29 

64 

7Q 

22-81 

Value  by 

correct 

rule. 

2699 
9-21 
1611 
12-5S 
36-34 
23-81 


It  will  be  seen  by  this  comparison  that,  when  the 
ages  of  the  two  lives  are  equals  the  exact  values  are 
found  by  either  rule  *  :  but  when  there  is  any  consi- 
derable inequality  between  the  ages  of  the  two  lives, 
the  values  by  Mr.  Simpson's  rule  are  in  many  cases 


*  Owing  to  some  strange  error  in  his  calculation,  Mr.  Morgan 
has  made  the  values  deduced  from  Mr.  Simpson's  formula  (ac- 
cording to  the  Sweden  observations  and  u'hen  the  lives  are  equal) 
different  from  those  obtained  by  the  correct  rule :  -whereas  it  must 
be  evident,  from  an  inspection  of  the  formula  in  the  note  in  page 
446,  that  they  ought  in  such  case  to  be  precisely  the  same.  The 
correction  of  tliis  error  is  the  only  alteration  I  have  made  in  the 
Tabic. 
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SO  wide  from  the  truth,  as  to  show  the  impropriety  of 
their  being  used  by  any  office,  professing  to  be  guided 
by  mathematical  principles. 

Rates  of  Life  Ammities. 

§  446.  The  observations  which  I  have  made  in  page 
361  will  apply  with  equal  force  to  the  terms  on  which 
the  Provident  Institution  grants  deferred  Life  annui- 
ties. For  instance  :  the  sum  of  £,\\(j'.  8  :  0  is  de- 
manded for  an  annuity  of  £,20  on  the  life  of  a  person, 
now  aged  20,  to  commence  when  he  is  40  years  of 
age.  Now  the  value  of  the  same  annuity,  on  the  life 
of  a  person  aged  40,  is  (at  the  same  Office)  estimated 
at  .£296.  But  £l\C):  8  :  O  put  out  to  interest  at  5 
per  cent  for  20  years  would  amount  to  c£308  :  1 6 :  IO5 
or  to  near  £\S  more  than  the  sum  for  which  he  might 
then  obtain  the  same  annuity,  without  the  risk  of  losing 
his  money  m  the  mean  time  !!! 

With  respect  to  the  value  of  Life  Annuities  in  gene- 
ral, at  this  Office,  (and  which  is  the  only  one,  except  the 
Royai  Exchange,  that  has  hitherto  published  its  rates), 
I  would  observe  that,  like  the  values  adopted  by  that 
Corporation,  they  are  too  loiu  in  the  younger,  and  too 
high  in  the  older  periods  of  life.  The  cause  of  which 
anomriy  is  too  apparent :  since  life  annuities  are  ge- 
nerally purchased  by  those  of  more  advanced  ages,  and 
are  seldom  resorted  to  by  the  yezmg.  I  would  how- 
ever remark  that  those  persons  who  are  desirous  of 
purchasing   annuities  on  their  own  lives,  or  on  any 

21.2 
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Other  person's  life,  or  on  two  li\''es  with  benefit  of  siir- 
vivorship,  have  now  *  an  opportunity  of  doing  it  with 
much  greater  security  and  advantage,  than  at  araj  of 
the  Offices  above  alluded  to.  For,  by  the  act  48  Geo.  Ill, 
c.  142,  any  person  may  exchange  Reduced  or  Co7i- 
solidated  3  per  cent  stock  for  an  annuity  on  the  life  of 
a  nominee  not  younger  than  S5  and  not  older  than  75 
years  of  age.  And  as  the  terms,  on  which  this  ex- 
change can  be  niade,  are  always  more  advantageous  to 
the  party  than  by  a  direct  purchase  of  such  annuities 
at  any  of  the  Offices ;  it  is  probable  that  this  plan  will, 
for  the  future,  be  the  only  one  resorted  to,  in  such 
cases,  as  long  as  it  remains  in  effect  f.     This  observa- 

*  In  my  Doctrine  of  Interest  and  Annuities,  page  106,  I  sug- 
gested the  propriety  and  advantage  to  Government  in  exchanging 
some  of  the  Public  Stocks  for  Life  Annuities  :  and  I  proposed  to 
enter  more  at  large  on  this  subject  at  some  future  opportunity. 
But,  as  that  plan  has  since  been  adopted  on  so  fliir  and  liberal  a 
scale,  I  can  only  add  my  best  wishes  for  its  success. 

-}-  The  rate  at  which  the  exchange  can  be  made  depends  on  the 
■price  of  the  stock  on  the  day  preceding  the  day  of  transfer  :  and 
.the  eK.cbange  may  be  effected  at  any  time  when  the  price  of  the  3 
per  cents  is  between  60  and  81  ;  the  terms  varying  according  to 
every  one  per  cent  difference  in  the  market  price  of  the  stock. 
The  limits  of  this  work  will  not  enable  me  to  insert  the  whole  of 
the  Table  given  in  the  act :  I  shall  therefore  subjoin  only  a  few  of 
the  values  of  annuities  on  Single  lives  according  to  three  different 
prices  of  stock  ;  to  which  I  shall  add  the  terms  of  the  Royal  Ex- 
change Assurance  Anraiity  Company  and  of  the  Provident  Institu- 
tion (the  only  ones  that  have  hitherto  published  their  rates), 
whereby  an  estimate  may  be  formed  of  their  comparative  advan- 
tages. I  would  previously,  however,  observe  that  the  annuities 
granted  by  Goernraent  and  by  tlie  Provident  Institution  are  pay- 
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tion,  however,  applies  only  to  such  persons  as  wish  to 
purchase  ^nnull:QS.  But  there  are  many  others  who 
are  obliged,  from  various  causes,  to  sell  or  grant  an- 
nuities on  their  own,  or  on  other  persons',  lives :  and 
several  of  the  Offices  are  in  the  habit  of  purchasing  the 
same  ;  or,  of  advancing  money  on  such  contingencies. 
I  am  unacquainted  with  the  ter?ns  on  which  this  part  of 
their  business  is  conducted  :  neither  do  I  suppose  that 
they  are  nicely  weighed  by  that  class  of  persons  who 
are  driven  to  such  an  unfortunate  and  ruinous  measure, 

Coiichision. 

§  44-7.  Before  I  conclude  this  subject  I  ought  to 
mention  that,  in  consequence  of  the  pernicious  prac- 
tice of  raising  money  by  the  sale  of  Life  Annuities, 

able  half-yearly :  wherens  those  granted  by  the  Royal  Exchange 
are  payable  quarterly.  But  this  does  not  make  any  material  dif- 
ference in  the  true  value. 


Royal 

Provident 

1                Odvernment  R< 

Ue?. 

Age. 

Excliaiige 

histitiuion 

I  per  ceiU. 

1 2  percent. 

5  per  cent. 

Pvates. 

Rates. 

or 

(ir 

or 

S.Dck  at  75. 

Stock  6GK 

Stock  at  60. 

35 

15-380 

15-000 

14-563 

13  8/8 

13-043 

40 

14/00 

14-800 

13-761 

130/2 

12-371 

45 

J3700 

13  700 

12-821 

12-232 

II-60O 

50 

12-820 

12-000 

11-719 

11-299 

10714 

55 

12050 

ir4y5 

10-638 

10-256' 

9836 

60 

10  870 

10-250 

9-494 

'  9009 

8-889 

65 

9800 

9  000 

8-242 

8081 

7  79'^ 

70 

•8  7/0 

7/50 

0-849 

6734 

6-522 

75 

7-750 

6  500 

5395 

5-333 

5-195 

518  ON    THE    LONDON  CA.  14. 

which  was  much  promoted  by  the  secrecy  with  which 
such  transactions  were  conducted,  it  was  enacted  by 
17  Geo.  Ill,  c,  26  (commonly  called  the  Annuity  Act) 
that  a  memorial  of  all  deeds,  bonds,  kc.  for  granting 
Life  Annuities  shall,  within  20  days  of  the  execution 
thereof,  be  enrolled  in  the  Court  of  Chancery  ;  which 
memorial  shall  not  only  contain  the  date,  names  of  all 
the  parties  (and  for  whom,  any  of  them  are  trustees), 
and  of  all  the  witnesses,  but  shall  likewise  set  forth 
the  amount  of  the  annuity,  the  consideration  (which 
shall  be  in  money  only  *),  and  the  name  of  the  an- 
iiuitant :  otherwise  such  deed,  he.  sliall  be  null  and 
void  f. 

This  being  the  case,  it  would  be  almost  impossible 
for  any  of  those,  societies,  of  the  nature  of  Joint-Stock 
Companies,  to  deal  in  this  kind  of  securides  ;  since  the 
names  of  all  the  proprietors  (amounting  to  some  hun- 
dreds, or  perhaps  to  some  thousands|)  must  be  inserted 
in  the  deed  :  and  it  would  in  fact  be  difficult,  if  not 
impossible,  to  collect  all  those  names,  at  the  time  of 
making  any  one  contract,  owing  to  the  fluctuating  state 
of  the  proprietary.  To  obviate  this  inconvenience, 
some  of  those  Societies  have  obtained  Acts  of  Parlia- 

*  Bank  notes,  a  cheque  on  a  banker,  a  promissory  note,  or  a 
bill  of  exchange  are  held  to  be  a  good  consideration  provided  they 
are  paid  when  due,  and  also  provided  that  they  are  fully  set  forth 
in  the  deeds, 

\  Tiiere  are  some  exceptions  to  this  act ;  amongst  which  are  an- 
nuities granted  hy  any  Corporate  Body,  or  under  any  authority  or 
trust  created  by  Act  of  Parliament. 

:J:  See  the  note  in  page  499, 


Ch.  14.  ASSURANCE  COMPANIES.  519 

ment  with  a  view  to  enable  them  to  enrol  such  memO' 
rials  in  the  names  of  the  parties  to  such  deeds,  &c ; 
and  with  an  intention  that  such  enrolment  might  (all 
other  requisites  of  the  Annuity  Act  being  duly  complied 
with)  be  as  good  and  effectual,  to  all  intents  and  pur- 
poses, as  if  the  names  of  a//  the  parties  interested  were 
inserted  therein. 

The  Societies,  that  have  obtained  these  illusive  * 
Acts,  are  the  Globe,  the  Albion,  the  London  Life 
ji'^sociation.,  the  Pelican,  and  the  Provident  Institu- 
tion :  and  there  is  a  clause  in  those  acts  whereby  these 
Companies  are  enabled  to  prosecute  and  to  sue  in  the 
name  of  one  of  their  officers  ;  but  they  have  not  the 
privilege  of  being  sued  in  the  same  manner.     And  it  is 

*  See  die  Acts  4/  Geo.  Ill,  Sess.  l,c.  xxx,  xxxi,  xxxli,  xxxiii 
and  xxxiv.  Owing  to  a  strange  oversight,  these  Acts  became  of 
no  effect,  almost  as  soon  as  formed ;  and,  in  order  to  render  them 
of  any  real  service  to  the  parties,  it  was  found  necessar}' to  have 
them  amended.  The  Globe,  the  Albion  and  the  Pelican  there- 
fore obtained  new  Acts  for  that  purpose,  in  the  very  same  year  ; 
being  4/  Go.  Ill,  Sess.  2,  c.  Ixxxvi,  Ixxxvii  and  Ixxxviii :  but 
the  Londoji  Life  Association  and  the  Prouident  Institution  remain 
in  th;ir  original  doubtful  state.  These  new  Acts,  however,  being 
still  open  to  some  objections,  were  further  amended  and  explain- 
ed (at  least,  the  titles  so  express  it)  by  49  Geo.  Ill,  c.  cxxiii,  cxxiv 
and  cxxv. 

Under  shelter  of  these  statutes,  the  Albion  boldly  claims  the 
ambiguous  quality  of  being  "  Empowered  by  Act  of  Parliament :" 
but  the  Provident  Institution,  with  less  right  and  more  efFronter}', 
falsely  asserts  that  it  is  "  specially  empowered  by  Act  of  Parliament 
"  for  the  Insurance  of  Lives,  and  the  grant  aiid  purchase  of  Annui- 
"  ties."  Surely  this  artifice  is  unworthy  the  respectable  names  at 
the  head  of  those  Societies. 
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moreover  expressly  provided  by  each  Act  "that  nothing 
*•  therein  contained  shall  extend,  or  be  deemed,  con- 
"  strued,  or  taken  to  extend  to  incorporate  the  said 
*'  society  or  partnership  j  or  to  relieve  or  discharge  the 
*'  said  society  or  partnership  (or  any  of  the  members 
"  thereof,  or  subscribers  thereto  respectively)  from  any 
"  responsibility,  contracts,  duties  or  obligations  what- 
*'  soever ;  which,  by  lavi^,  they  may  (now,  or  at  any 
"  time  hereafter)  be  subject  or  liable  to,  either  as  be- 
*'  tween  such  society  or  partnership  and  others ;  or 
*'  between  the  (or  any  of  the)  individual  members  of 
*'  such  society  or  partnership  and  others  ;  or  among 
**  themselves  ;  or  in  any  other  manner  whatsoever." 

I  cannot  close  this  chapter  v;ithout  observing  that,  by 
statute  14  Geo.  Ill,  c.  48,  it  is  enacted  that  no  Assu- 
rance shall  be  made  on  lives,  wherein  the  party  assured 
hath  no  interest ;  that  in  all  policies  the  name  of  such 
interested  party  shall  be  inserted  ;  and  nothing  more 
shall  be  recovered  thereon  than  the  amount  of  the  in- 
terest of  the  assured^  And  it  has  lately  been  decided 
that^  although  an  interest  existed  up  to  the  very  time 
that  the  claim  became  due,  yet,  if  such  interest  be 
afterwards  destroyed,  the  money  could  not  be  recover- 
ed. See  (in  East's  Reports,  Vol.  9,  page  72)  the  case 
of  Godsall  and  others  versus  Boldero  and  others,  three 
of  the  directors  of  the  Pelican  Life  Assurance  Com- 
pany, who  refused  to  pay  the  sum  of  £500,  insured  on 
the  life  of  the  late  Mr.  Pitt,  under  the  plea  that  his 
debts  had  been  paid  by  Parliament: 
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TABLE    I. 

Showing   the  Number  of  Persons  living,  at  the 


Stock. 

lolm 

Chester   ! 

Age? 

Lond. 

Vienna 

Beilin 
1000 

Nor- 
wich 

North- 
ampt. 

Males 

Fern. 

Males 

Feir.. 

0 

1000 

1000 

1000 

1000 

ICOO 

1000 

1000 

1000 

1 

680 

577 

611 

542 

633 

730 

743 

773 

828 

2 

548 

497 

521 

471 

528 

5Q3 

625 

678 

739 

3 

4(J2 

443 

468 

430 

485 

544 

582 

624 

683 

4 

452 

405 

433 

400 

434 

5i7 

553 

588 

64S 

5 

420 

381 

413 

377 

403 

498 

536 

571 

623 

6 

410 

366 

308 

357 

387 

481 

521 

556 

6OQ 

7 

397 

355 

386 

344 

376 

467 

509 

543 

601 

8 

388 

346 

377 

60/ 

36-/ 

457 

499 

537 

596 

9 

380 

338 

370 

331 

361 

447 

492 

528 

591 

10 

373 

330 

364 

327 

356 

440 

487 

524 

588 

11 

367 

325 

359 

322 

353 

434 

483 

521 

585 

12 

361 

321 

356 

318 

350 

429 

478 

519 

583 

13 

356 

317 

354 

314 

347 

424 

474 

516 

579 

14 

351 

314 

351 

310 

344 

419 

470 

513 

576 

15 

347 

310 

348 

306 

341 

415 

465 

511 

572 

16 
17 

343 

306 

345 

302 

33S 

^111 

461 

506 

568 

338 

301 

342 

20Q 

335 

407 

457 

501 

563 

18 

334 

296 

339 

295 

332 

403 

452 

496 

558 

JP 

329 

291 

335 

291 

328 

398 

446 

490 

553 

20 

325 

285 

331 

288 

324 

394 

441 

485 

547 

21 

321 

279 

327 

284 

320 

389 

434 

479 

543 

22 

316 

273 

323 

280 

315 

384 

428 

473 

538 

23 

310 

267 

319 

276 

310 

'^79 

421 

467 

533 

24 

305 

261 

315 

273 

305 

374 

415 

461 

528 

25 

299 

254 

311 

269 

297 

369 

409 

454 

523 

26 

294 

247 

306 

265 

293 

364 

402 

448 

515 

27 

288 

240 

302 

261 

2S7 

358 

396 

441 

508 

28 

283 

233 

297 

256 

281 

352 

389 

434 

500 

29 

2/8 

226 

291 

251 

275 

346 

383 

428 

493 

30 

272 

219 

285 

247 

269 

341 

376 

422 

485 

31 

266 

212 

279 

243 

264 

336 

370 

417 

479 

32 

260 

205 

273 

239 

259 

331 

364 

412 

473 

33 

254 

198 

267 

235 

254 

326 

357 

407 

467 

34 

248 

192 

261 

231 

249 

321 

351 

402 

461 

35 

242 

185 

254 

226 

243 

316 

344 

397 

455 

^ss 


TABLE    I. 

several  Ages,  and  Places  therein  mentioned. 


Sweden 

Parish 

Annts 

i  '.i;' '. 

Ages 

Bre5- 

Holy 

Vaiio 

law 

Males 

Feni. 

Both 

in 
Brand. 

Cross 
1000 

iii 

Ill 
Fiaiic: 

tOOO 

0 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1 

760 

770 

791 

780 

775 

817 

811 

8C4 

745 

2 

658 

720 

739 

730 

718 

754 

765 

768 

709 

3 

614 

686 

704 

695 

687 

708 

735 

736 

662 

4 

585 

662 

679 

671 

664 

677 

7\o 

70c 

062 

5 

563 

647 

666 

656 

642 

651 

701 

689 

647 

6 

546 

635 

654 

644 

622 

630 

688 

676 

6.J4 

>7 
/ 

532 

624 

643 

634 

607 

614 

^77 

664 

624 

8 

523 

615 

635 

625 

5y5 

601 

667 

652 

615 

9 

515 

608 

62R 

618 

585 

5iH 

659 

646 

607 

)0 

5C8 

601 

622 

611 

^77 

589 

653 

639 

600 

11 

502 

59Q 

6]6 

606 

570 

585 

648 

633 

595 

12 

'H)7 

591 

612 

60-: 

504 

582 

643 

627 

590 

13 

4(j2 

587 

608 

59" 

559 

579 

639 

621 

585 

14 

488 

5S3 

604 

504 

554 

576 

635 

616 

5S1 

15 

•183 

579 

001 

590 

549 

573 

631 

Oil 

578 

16 

470 

5^5 

597 

586 

544 

569 

626 

606 

574 

j; 

474 

571 

503 

582 

539 

565 

622 

60i 

570 

18 

470 

567 

58Q 

578 

535 

561 

6I8 

596 

505 

J9 

465 

563 

585 

574 

531 

557 

014 

500 

561 

20 

461 

558 

581 

570 

527 

553 

610 

584 

556 

21 

456 

553 

577 

565 

522 

548 

606 

577 

551 

22 

451 

548 

572 

560 

517 

542 

602 

571 

545 

23 

446 

543 

508 

555 

512 

5o7 

^97 

566 

540 

24 

441 

538 

564 

551 

507 

531 

592 

559 

534 

25 

436 

532 

55y 

546 

502 

525 

58/ 

551 

529 

26 

431 

527 

555 

541 

49s 

519 

582 

543 

523 

27 

426 

521 

550 

535 

495 

512 

577 

535 

517 

28 

421 

516 

544 

530 

492 

506 

571 

526 

5!2 

29 

415 

5J0 

539 

525 

489 

500 

567 

517 

506 

30 

40C) 

505 

533 

519 

486 

494 

563 

508 

50C 

31 

403 

499 

527 

513 

482 

489 

558 

499 

405 

32 

097 

4q3 

521 

507 

477 

483 

553 

490 

4lKi 

33 

3i)l 

487 

515 

501 

472 

478 

548 

482 

4S4 

■  34 

384 

-ISl 

508 

495 

467 

472 

544 

474 

47i^ 

35 

377 

475 

502 

488 

462 

466 

539 

467 

474 

1 

o2i 


TABLE  I     Continued. 


Ages 

L.nJ. 

Stockholm 

Vienn.i 

Berlin 

Nor- 
wich 

North- 
ampt. 

Chester 

Males 

Fjm. 

Males 

Fem. 

36 

236 

2-18 

221 

237 

311 

338 

391 

448 

37 

230 

172 

242 

216 

230 

306 

331 

385 

442 

38 

224 

166 

236 

211 

223 

3CX) 

325 

379 

435 

39 

218 

160 

230 

20J 

2!6 

295 

318 

373 

429 

40 

212 

154 

223 

^99 

209 

290 

312 

366 

422 

41 

207 

148 

217 

J  94 

203 

284 

305 

360 

415 

42 

201 

142 

210 

189 

197 

279 

299 

352 

408 

43 

194 

136 

20-1 

185 

1(}2 

27^ 

292 

345 

401 

44 

187 

130 

197 

181 

187 

268 

285 

337 

394 

45 

180 

124 

190 

176 

182 

263 

279 

329 

387 

46 

l/i 

'^W 

184 

171 

177 

257 

272 

322 

380 

47 

167 

113 

L77 

165 

172 

251 

265 

314 

373 

48 

log 

108 

^71 

159 

167 

245 

259 

306 

366 

49 

153 

102 

164 

153 

162 

239 

252 

298 

359 

50 

147 

97 

158 

l'i7 

157 

233 

245 

290 

352 

51 

141 

91 

152 

142 

152 

227 

238 

281 

345 

52 

135 

86 

146 

137 

147 

221 

2,5 1 

273 

338 

53 

130 

81 

141 

1  0  <-. 

142 

215 

224 

264 

331 

54 

125 

76 

135 

128 

137 

208 

217 

256 

325 

55 

120 

71 

130 

123 

132 

202 

210 

249 

318 

56 

116 

67 

125 

117 

127 

195 

203 

241 

312 

57 

III 

62 

120 

111 

121 

188 

196 

234 

306 

58 

lOQ 

58 

1  15 

106 

115 

181 

189 

226 

300 

59 

lUl 

54 

110 

101 

109 

175 

182 

219 

293 

do 

96 

50 

105 

96" 

103 

168 

175 

211 

286 

61 

92 

46 

100 

91 

97 

161 

168 

201 

277 

62 

87 

42 

94 

s; 

92 

154 

161 

190 

265 

63 

83 

38 

88 

82 

88 

147 

154 

178 

253 

64 

73 

35 

82 

77 

84 

139 

147 

167 

242 

65 

74 

31 

77 

72 

80 

132 

140 

156 

232 

66 

70 

28 

72 

67 

75 

124 

133 

148 

224 

67 

65 

26 

67 

62 

70 

1j6 

126 

141 

217 

68 

61 

23 

62 

57 

65 

109 

119 

136 

210 

69 

56 

21 

57 

52 

60 

io"i 

113 

130 

202 

70 

52 

20 

52 

48 

55 

94 

106 

123 

193 

71 

47 

17 

47 

44 

51 

86 

99 

115 

181 

72 

43 

}5 

42 

40 

47 

79 

92 

103 

167 

73 

39 

13 

38 

36 

43 

73 

85 

92 

153 

74 

35 

11 

33 

33 

39 

66 

78 

81 

139 

75 

32 

10 

28 

30 

35 

59 

71 

72 

127 

S25 


TABLE  I     Continued. 


Sweden 

Parish 

\imts. 

runts 

Ages 
36 

Bres- 

Holy 

Vaud 

in 

• 

law 

Males 

Fern . 

Both  J 

111 

Brand. 

Cross 

460 

"ranee 

3-0 

469 

496 

482 

456 

460 

533 

460 

37 

;<d3 

463 

490 

477 

450 

453 

527 

453 

464 

38 

356 

457 

485 

471 

444 

447 

520 

446 

459 

39 

349 

451 

479 

465 

438 

441 

513 

439 

454 

40 

342 

445 

473 

459 

432 

435 

506 

432 

449 

41 

335 

438 

467 

453 

427 

428 

500 

425 

444 

42 

328 

431 

459 

445 

422 

422 

494 

419 

439 

43 

321 

423 

452 

437 

417 

416 

488 

413 

434 

44 

314 

415 

444 

430 

412 

409 

482 

407 

429 

45 

307 

407 

437 

422 

407 

402 

476 

400 

424 

46 

299 

399 

429 

414 

400 

394 

469 

393 

41Q 

47 

201 

391 

423 

407 

394 

387 

461 

386 

413 

48 

283 

383 

416 

400 

388 

380 

451 

:17s 

408 

49 

275 

375 

410 

392 

381 

373 

441 

370 

402 

50 

267 

367 

403 

385 

374 

365 

431 

362 

396 

51 

259 

357 

3Q5 

376 

367 

358 

422 

354 

390 

52 

2£b 

348 

387 

367 

359 

-351 

414 

345 

384 

53 

241 

338 

379 

358 

351 

344 

406 

336 

378 

54 

232 

329 

370 

34?,i 

343 

335 

397 

327 

371 

55 

224 

3i9 

362 

340 

334 

327 

388 

318 

363 

56 

216 

310 

353 

331 

324 

319 

377 

309 

355 

57 

209 

300 

345 

322 

314 

310 

364 

300 

346 

58 

201 

200 

336 

312 

304 

301 

348 

291 

338 

59 

193 

280 

327 

303 

293 

292 

331 

282 

329 

60 

186 

270 

317 

203 

282 

283 

314 

273 

319 

6i 

i7fi 

260 

306 

282 

271 

273 

299 

264 

309 

62 

170 

249 

294 

271 

260 

264 

286 

255 

299 

63 

^63 

237 

282 

259 

248 

255 

274 

245 

288 

64 

155 

226 

270 

247 

236 

245 

262 

235 

2/8 

65 

147 

214 

258 

235 

224 

236 

250 

225 

267 

66 

140 

203 

246 

224 

213 

226 

236 

215 

256 

67 

132 

191 

234 

212 

202 

216 

220 

205 

245 

68 

124 

170 

222 

200 

iqO 

206 

202 

195 

234 

09 

117 

167 

210 

187 

178 

195 

184 

185 

222 

70 

109 

154 

198 

175 

166 

185 

168 

175 

211 

71 

101 

■  142 

185 

162 

153 

175 

153 

165 

190 

72 

93 

120 

171 

149 

138 

164 

140 

155 

1*87 

73 

85 

117 

156 

135 

122 

155 

129 

145 

175 

74 

77 

105 

140 

121 

107 

144 

119 

135 

162 

75 

69 

94 

125 

108 

93 

134 

109 

125 

148 

^ . 

526 
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Stockholm 

Chesffr       i 

Ages 

Lond. 

Vienna 

Berlin 

Nor- 
wich 

52 

North, 
ampt. 

Males 

Fern. 

Males 

Fwn. 

76 

28 

8 

23 

27 

32 

65 

64 

116 

n 

25 

6 

19 

24 

29 

46 

53 

58 

106 

78 

22 

5 

16 

21 

26 

40 

52 

52 

96 

7.9 

19 

4 

13 

18 

23 

35 

46 

47 

86 

SO 

1/ 

3 

10 

16 

20 

31 

40 

41 

76 

81 

14 

2 

8 

14 

18 

27 

35 

36 

66 

82 

12 

3 

6 

12 

16 

24 

30 

31 

57 

83 

10 

1 

4 

10 

J4 

20 

25 

26 

47 

64 

8 

1 

3 

8 

12 

17 

20 

22 

37 

85 

7 

1 

2 

7 

10 

14 

16 

19 

29 

80 

6 

O 

1 

6 

8 

12 

12 

15 

23 

87 

5 

0 

1 

5 

7 

9 

9 

13 

19 

88 

4 

0 

0 

4 

6 

8 

7 

11 

16 

89 

3 

0 

0 

3 

5 

6 

5 

9 

14 

90 

2 

0 

0 

2 

4 

4 

4 

7 

13 

91 

1 

0 

0 

1 

3 

2 

3 

6 

11 

92 

0 

0 

o 

0 

2 

1 

3 

4 

9 

^-i 

o 

0 

0 

0 

1 

0 

1 

2 

7 

94 

0 

0 

0 

0 

0 

0 

1 

1 

5 

^^ 

0 

0 

0 

0 

0 

0 

0 

0 

96 

0 

0 

0 

0 

0 

0 

0 

0 

2 

97 

0 

0 

0 

0 

0 

0 

0 

0 

1 

527 
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;\veden 

Parish 

Anats. 

Tonts. 

Ages 

Rres 

in 

Kolv 

Vaud 

in 

in 

law 

Males 

Feni. 

Both 

Brand 

Crosi 

Hollaa.! 

France 

7Q 

6\ 

84 

Ill 

9S 

80 

124 

98 

114 

134 

77 

5i 

74 

98 

84 

6S 

115 

85 

103 

120 

78 

45 

65 

86 

7j 

59 

106 

71 

92 

106 

79 

38 

56 

/■"j 

65 

51 

06 

58 

82 

94 

80 

32 

48 

65 

56 

44 

87 

46 

72 

81 

81 

26 

41 

55 

47 

38 

78 

36 

62 

70 

82 

22 

34 

46 

3S 

32 

69 

29 

53 

59 

S3 

18 

27 

38 

31 

25 

61 

24 

45 

49 

84 

15 

21 

30 

24 

21 

53 

20 

38 

40 

85 

12 

16 

22 

19 

15 

44 

17 

31 

33 

86 

9 

12 

17 

14 

11 

36 

14 

25 

26 

87 

6 

9 

13 

11 

8 

29 

11 

19 

21 

88 

4 

7 

10 

8 

6 

23 

9 

14 

16 

89 

2 

5 

8 

6 

4 

18 

7 

10 

12 

90 

1 

4 

6 

5 

3 

13 

5 

7 

8 

Pl 

0 

3 

4 

3 

2 

10 

4 

5 

5 

92 

0 

2 

3 

2 

1 

8 

3 

4 

3 

93 

0 

1 

2 

1 

0 

6 

2 

2 

1 

94 

0 

0 

1 

0 

0 

4 

1 

1 

1 

Q5 

0 

0 

1 

0 

0 

2 

0 

0 

0 

96 

0 

0 

0 

0 

0 

1 

0 

0 

0 

97 

0 

0 

0 

0 

0 

0 

0 

0 

0 

528 


TABLE  II. 


Showing  the  Expectation  of  Life,  at  the 


Ages 

Lond. 

Stockholm 

Vienna 

Berlin 

Nor- 
wich 

North- 
ampt. 

Chester 

Males 

Fein. 

Males 

Fern. 

Birth. 

1790 

14-25 

18-10 

16-37 

17-85 

23^16 

25-18 

28  13 

33-27 

5 

35  28 

3105 

37-12 

36-54 

28-67 

40  22 

40-84 

43  20 

47-44 

10 

3491 

3000 

36-89 

37-02 

37-15 

40-26 

3978 

4192 

4517 

15 

32-32 

26-74 

33-43 

3411 

33-65 

3750 

36-51 

38  05 

41-36 

20 

29-37 

23  85 

3001 

31-39 

30-34 

34-37 

33  43 

34-86 

38  10 

25 

2666 

21-40 

26  80 

2832 

27-47 

31-56 

3035 

3200 

34-78 

30 

24- 11 

19-42 

•23-98 

25-62 

25-25 

28-93 

28-27 

29-25 

3227 

35 

21-76 

1758 

21-62 

22-66 

22-76 

2606 

25-68 

25-97 

2926 

40 

19-50 

1561 

19-25 

2049 

20-91 

23-18 

■23  08 

22-92 

2637 

45 

1763 

13-78 

17-17 

17-82 

18-85 

2030 

20-.52 

20  20 

23-50 

50 

15-84 

1195 

15-12 

15-88 

16-40 

1755 

1 799 

17-64 

20-62 

55 

13-91 

10-30 

12-8Q 

13-50 

14-14 

14-88 

15-58 

15  14 

17-52. 

60 

11-69 

8-69 

10-45 

11-65 

12-49 

12-36 

13-21 

12-36 

14-20 

65 

Q'Sg 

739 

8-30 

9  51 

10  48 

1006 

10-88 

10-79 

11-94 

70 

800 

5-81 

616 

8  30 

8-69 

8- 12 

8-60 

8  05 

881 

75 

6-27 

4-09 

4-39 

637 

7-08 

6-44 

6-54 

700 

7-14 

80 

4-86 

3  20 

309 

5-50 

6-07 

515 

4-75 

5-43 

5-20 

85 

3-04 

1-78 

2  02 

3-33 

4-50 

3-50 

3-37 

4-25 

4-81 

90 

•00 

•00 

•00 

1-50 

2-83 

1-50 

241 

2-50 

3-46 

95 

•00 

•00 

00 

-00 

•00 

•00       '75 

00 

1-21 

529 
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several  Ages,  and  Places  therein  mentioned. 


Sweden 

Parish 

Annts. 

Tonts. 

\re'i 

Bres- 

Holy 

Vaud 

• 

s^ 

inw 

Males 

Fem. 

Botli 
34-42 

Ul 

Brand. 

iJross 
33-93 

Ill 

MollamI 

111 

France 

Birth. 

26-60 

33-20 

35-70 

32-51 

37'50 

34-47 

34-79 

5 

i  1  -47 

45  62 

A8  00 

46-7.. 

•^5  08 

40-30 

4711 

44-45 

48-19 

10 

40-40 

43-94 

4'j  25 

45  07 

44-93 

4600 

45  66 

42-71 

40-76 

15 

3740 

40  50 

42-76 

41  64 

i2  10 

42-25 

42-17 

3955 

43-46 

20 

34  15 

3695 

3915 

38  02 

38-76 

38  66 

38-53 

36  31 

40-08 

25 

30-89 

33  63 

35-58 

34-58 

35-56 

35-58 

34-84 

33-27 

37-01 

30 

2781 

3034 

3217 

)  1  -2 1 

3166 

32-66 

31  33 

30-92 

33-96 

35 

2492 

27-09 

2903 

2803 

2817 

2943 

27-61 

28-36 

30-73 

40 

22- 1() 

2375 

25  21 

24-66 

24-95 

26  40 

24  24 

25-49 

27-30 

45 

1 9  50" 

20-71 

2257 

21  61 

21-33 

23-35 

2062 

22-34 

2377 

50 

17-07 

1772 

19-26 

18-46 

1798 

2040 

17-49 

19-41 

20-24 

53 

1477 

1498 

1615 

15  53 

I4S3 

1747 

14-14 

16-72 

1688 

60 

12-31 

12  24 

13  08 

12-63 

1209 

14  86 

11-84 

1410 

13-86 

65 

986 

9/8 

10-49 

10-10 

9-57 

12  30 

9-26 

11-56 

11  07 

70 

7-45 

760 

791 

772 

701 

1000 

7-52 

9-u 

8-34 

75 

5-51 

589 

6  03 

591 

553 

7-87 

5-36 

6-81 

579 

so 

40/ 

427 

4-47 

4-28 

4-27 

575 

4-24 

5  05 

4-73 

85 

2-37 

3  16 

3  40 

3  23 

283 

390 

3-21 

3-38 

3-45 

90 

-00 

2  02 

2-55 

2-05 

1-50 

2-89 

■00 

2-47 

179 

95 

00 

-00 

1-07 

I  00 

-00 

100 

-00       -00       -83 

. , 

2  M 


530 


TABLE    III. 


Showing  the  Number  of  Persons  living  and  dying  at 
every  age,  according  to  the  observations  of  M.  De 
Parcieux. 


.11 

Age 
3 

Living  Dying  1 

Age 

Living  ! 

Dying 
8 

Age 

Living 

Dying 

1000 

30 

34 

702 

65 

395 

15 

4 

9/0 

22 

35 

6q4 

8 

66 

380 

16 

5 

948 

18 

36 

686 

8 

67 

364 

17 

6 

930 

15 

37 

678 

7 

68 

347 

18 

7 

915 

13 

38 

671 

7 

09 

329 

19 

b 

002 

12 

39 

664 

7 

70 

310 

19 

9 

800 

10 

40 

657 

7 

71 

291 

20 

lb 

880 

8 

41 

650 

7 

72 

271 

20 

11 

872 

6 

42 

643 

7 

73 

251 

20 

12 

Sort 

6 

43 

636 

7 

74 

231 

20 

13 

800 

6 

44 

629 

7 

75 

211 

19 

14 

854 

6 

45 

622 

7 

76 

192 

19 

15 

8-18 

6 

4Q 

615 

8 

77 

173 

19 

16 

842 

7 

47 

607 

8 

78 

154 

18 

17 

835 

7 

48 

■599 

9 

79 

136 

18 

18 

828 

7 

49 

590 

9 

80 

118 

17 

19 

821 

7 

50 

581 

10 

81 

101 

16 

20 

814 

8 

51 

571 

11 

82 

85 

14 

21 

806 

8 

52 

500 

11 

83 

71 

12 

22 

79H 

8 

53 

549 

11 

84 

59 

11 

23 

7&0 

8 

54 

538 

12 

85 

48 

10 

24 

782 

'  8 

5o 

526 

12 

86 

38 

9 

25 

774 

8 

56 

514 

12 

87 

29 

7 

2(5 

7m 

8 

57 

502 

13 

88 

22 

6 

27 

758 

8 

58 

489 

13 

89 

16 

5 

28 

750 

8 

59 

476 

13 

90 

11 

4 

'^9 

742 

8 

60 

463 

13 

91 

3 

30 

734 

8 

61 

450 

13 

92 

4 

2 

31 

726 

8 

62 

437 

14 

93 

2 

1 

32 

7I8 

8 

63 

423 

14 

94 

1 

1 

33 

710 

1  ^ 

64 

409 

14 

95 

0 

0 

TABLE     IV. 

Showing  the   Expectation  of  Life,  according  to  the 
observations  of  M.  I)e  ParcieiLV. 


Age 

Expectation 

Age 

Expectation 

Age 

Expectation 

3 

4771 

34 

31-52 

65 

11-26 

4 

48-17 

35 

3088 

-66 

1069 

5 

48-27 

36 

30-23 

07 

10-14 

6 

48-20 

37 

29-58 

'    68 

961 

7 

47-98 

38 

28-89 

69 

9-11 

8 

47-66 

39 

28-18 

70 

8-64 

9 

47:30 

40 

27-48 

71 

S-I7 

10 

46-83 

41 

26-77 

72 

7-73 

11 

46-26 

42 

2606 

73 

731 

12 

45-58 

43 

25-34 

74 

6-90 

13 

44-8.0 

44 

24-62 

75 

6-50 

14 

44-20 

45 

23  89 

76 

6-10 

15 

43-51 

46 

23-15 

77 

571 

16 

42-82 

47 

22-45 

78 

5-36 

17 

42-17 

48 

21-74 

79 

5  00 

18 

41-52 

49 

2107 

80 

4-69 

19 

40-87 

50 

2038 

81 

439 

20 

40-22 

51 

1973 

82 

401 

21 

39-62 

52 

1911 

83 

3-84 

22 

3900 

53 

18-48 

84 

3-52 

23 

3840 

•■54 

17-85 

85 

3-21 

24 

37-78 

55 

1725 

86 

2-92 

25 

37-17 

56 

16-64 

87 

267 

26 

36-55 

57 

1602 

88 

2'36 

27 

35-93 

58 

1544 

89 

2  06 

28 

3530 

59 

14-84 

90 

1-77 

29 

34-69 

60 

14-25 

91 

1-50 

30 

34-06 

61 

13-65 

92 

1-25 

31 

33-29 

62 

13  04 

93 

1-00 

32 

32-80 

63 

12-43 

94 

-00 

33 

32- 16 

64 

11-86 

TABLE    V. 

Shouing  the  value  of  an  annuity  on  a  Single  Life,  d« 
ducGci  from  the  observations  of  M.  De  Par ci nix. 


Ages            >^' 

Si 

4 

H 

5 

6 

per  Cent 

per  C'en' 

per  Cent 

per  Cent 

per  Cent 

).er  Cent 

3 

22  028 

19  9SO 

18-24'i 

16-756     1    15-475 

13-391 

4 

22390 

20-319 

18  559 

17052         15-752 

13  bJ3 

5 

22-597 

20-518 

18-7^9 

17-233        15-923 

13  7b7 

6 

22726 

20647 

18-877 

17-357 

16043 

13  897 

7 

22-79i 

20-720 

18-Q53 

17-435 

16  121 

13-972 

8 

22-613 

20-754 

]  8-996 

17482 

i6  171 

14  024 

9 

22  815 

20-770 

19-022 

]  /a  '  5 

16  209 

14066 

10 

22-;  66 

20-7-12 

19  008 

17-512 

16-213 

14  079 

11 

22-664 

20  665 

iy-949 

17-468 

10-179 

14  061 

12 

22-506 

20'5o6 

18  844 

17  380 

16- 106 

I4-CO7 

13 

22-343 

20-403 

18  7^^4 

17-269 

16029 

13-051 

14 

22- 175 

20  266 

18-620 

17-194 

15  949 

13-892 

15 

22  002 

20  123 

18-502 

17095 

15  805 

13-830 

16 

21-823 

10  P76 

16-3.'-0 

16991 

]  5-777 

13  765 

17 

21-666 

19  big 

I8-275 

16905 

15  705 

13  713 

18 

21-505 

59717 

1 8- 167 

16S15 

15  629 

13  658 

19 

21-339 

19-581 

15-C54 

16-721 

15-551 

13  601 

20 

2l-ioS 

19-441 

17-9---B 

16624 

15469 

13  541 

21 

2 1  -020 

19321 

17  841 

16-544 

15  403 

13496 

22 

2OS67 

'9  19." 

17740 

16-462 

15  336 

13450 

23 

20-71] 

1 907 1 

17  637 

16-377 

15-265 

13-401 

24 

20-550 

18  940 

17530 

10-289 

15193 

13-350 

25 

■20-386 

1  8  805 

17420 

16-198 

15  117 

13-298 

26 

20-2?  7 

13-667 

17  306 

16404 

15  039 

13  243 

27 

20  043 

18-5-24 

17I8S 

16-006 

14-957 

13185 

28 

1C;-S64 

18-377 

17-066 

15-905 

14873 

13  126 

29 

ig68i 

18-225 

16-940 

15-800 

14  785 

13  063 

30 

19492 

1  8069 

16810 

15-691 

14093 

12  998 

31 

19-21)8 

i7-y.07 

IGG75 

15-578 

14-598 

12-930 

32 

10099 

i7  7^i^ 

iiy5'o5 

15-460 

14-499 

12  858 

33 

18  593 

17568 

lO.iQO 

15-338 

14395 

12-783 

34 

1S-6S2 

J  7-390 

16  240 

15  211 

14-287, 

12-704 

35 

18-464 

17-207  ^ 

16084 

15-078 

14-175 

12622 

533 


TABLE  V     Continuc(^ 

• 

Agto 
36 

3 

per  Cent 

3.i 

por  Cent 

4 

per  Cc'-it 

P'jr  Cent 

[)cr  Ceiii 

6 

per  Cent 

18-240 

17017 

15-922 

14-()4  1 

14  057 

12535 

3/ 

1800U 

16-S20 

15/55 

14-797 

13934 

12  444 

38 

1/7-42 

16  500 

15-556 

14-624 

13783 

12-329 

3y 

]  7-467 

16-352 

15  349 

14  444 

13  625 

12  206 

40 

17183 

16-105 

15-133 

M  254 

13-459 

12076 

41 

l6  8Sp 

15-848 

14-907 

14056 

13-284 

1 1  -939 

42 

16  585 

15-581 

14-673 

13-849 

13100 

11793 

43 

16271 

15-304 

14-427 

Ij'CSi 

12-906 

11-638 

44 

15  p4(j 

15-016 

14-171 

13  403 

12702 

11-473 

45 

15-609 

14-716 

13-904 

13164 

12-487 

11-299 

46 

15-260 

14-405 

13-625 

12913 

12  261 

11  113 

^7 

14-y25 

14  105 

13-357 

12-672 

1  2044 

10935 

48 

14-578 

13-704 

13076 

12-419 

11-815 

10746 

40 

14  244 

13-494 

12  607 

12- 176 

11-595 

10564 

5J 

13-&0(> 

13- 1.-3 

12-526 

11-921 

11-363 

10372 

rA 

13-567 

12-8F3 

12-255 

11-675 

lll-JO 

10  137 

52 

13-2.18 

12-506 

^n-95 

11-440 

10027 

JOOIO 

53 

12919 

12-2^3 

11-725 

11195 

10703 

9  823 

54 

12-57y 

1 1  -089 

11-443 

10-038 

10  468 

9-625 

55 

12-252 

1 1  -bo2 

li-173 

io'691 

10  242 

9-436 

56 

11-914 

11 -3  S3 

10-891 

10-433 

10006 

9235 

5/ 

1 1  565 

1 1  060 

10-597 

10  163 

9-757 

9024 

58 

11-228 

10-755 

10314 

9-902 

9-517 

8-819 

5y 

10-881 

10  436 

10  020 

9631 

9-266 

8604 

.00 

10  522 

10-104 

9-713 

9-346 

9  003 

S376 

61 

10151 

9760 

9-393 

9-0-19 

8726 

8- 135 

62 

cr766 

0-402 

9060 

8-738 

8435 

7 '880 

63 

0  •J92 

9053 

8-734 

8-433 

8-150 

7629 

64 

8-604 

8-6;ii 

&-391 

8-114 

7  850 

7-363 

65 

8-2  14 

.    8  039 

7-7S1 

7  535 

7  082 

66 

8-21 2 

79-14 

7-691 

•     7-4.11 

7-224 

6803 

67 

7  831  > 

7-584 

7350 

7  129 

6-918 

6528 

6s 

"7 -4  Go 

7-234 

7019 

6-814 

6620 

6259 

^9 

7  104 

6896 

6609 

6-511 

6-331 

5997 

70 

0-706 

6575 

6394 

6-221 

6  055 

5747 

71 

6424 

6-250 

6  084 

5925 

5773 

5-489 

.72 

6  105 

5g46 

5-79-i 

5  6-18 

5-505 

5-2:8 

73 

5-789 

5-641 

5-506 

5-373 

5-246 

5  006 

74 

5-479 

5-348 

5-222 

5101 

4985 

4706 

75 

5-173 

5  060 

4945 

4-S06 

4-730 

4-53' 

_ 

534 


TABLE  V     Continued. 


Ages 

S 

2 

4 

4J- 
2 

5 

6 

76 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

4-862 

4755 

4652 

4-553 

4-458 

4-278 

V 

4-5,37 

4-462 

4370 

4-281 

4195 

4-033 

1^ 

4-273 

4- 188 

4- 105 

4025 

3-948 

3  802 

79 

3  •984 

3-9O8 

3-834 

3-763 

3-694 

3-563 

SO 

3-730 

3-662 

3596 

3-533 

3-471 

3-353 

81 

3-448 

3-428 

3-370 

3-313 

3-258 

3-153 

82 

3-269 

3-216 

3- 164 

3-114 

3065 

2-971 

83 

3-031 

2-9&4 

2-939 

2-895 

2-853 

2770 

84 

2-/57 

2717 

2079 

2-641 

'  2-604 

2-534 

85 

2-490 

2-457 

2-424 

2-392 

2-361 

2-301 

85 

2-240 

2-212 

2-185 

2158 

2- 132 

2081 

87 

2023 

2  000 

1977 

1-955 

1933 

1-891 

88 

1-747 

1-728 

1-711 

1-693 

1-675 

1-642 

89 

1-474 

1-460 

1-446 

1-433 

1-418 

1-394 

90 

1-208 

1-198 

1-187 

1-178 

1-166 

1-149 

91 

•055 

•948 

•Q41 

•034 

•924 

•913 

9^ 

•721 

•716 

-712 

•707 

-703 

-694 

93 

•485 

•483 

-481 

•478 

•476 

-472 

9^ 

•000 

•000 

•000 

•000 

•000 

000 

535 


TABLE    Vr. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 

deduced  from  the  observations  of  M.  De  Parcieux. 

DilTerence  of  age  O  years. 


v^ 

'u;i:  ■ 
11011 

^'j 

44 

Jom- 
mon 

"^2 

44 

Com- 
mon 

?.\ 

H 

A're  ! 

ler  Cen'  | 

)er  C<!u 

Age 
36 

)erCen! 
I3-S39 

)er  Cent 
12-408 

Age 
71 

ler  Ceiit 

)er  Cent 

306s 

3-817 

37 

13-603 

12274 

72 

3735 

3599 

3 

15785 

13-571 

38 

13-438 

12  005 

73 

3-507 

3-384 

'I 

i6-:i0"4 

14072 

39 

13  203 

11907 

74 

3-285 

3-176 

5 

10732 

14396 

40 

12  958 

11710 

75 

3075 

•^■977 

6 

iOQy4 

14  632 

41 

12  702 

11  502 

70 

2844 

2-753 

7 

17171 

14796 

42 

12434 

1 1  282 

1 1 

2625 

2549 

8 

I7-2S7 

14-910 

43 

12  154 

1 1  05  1 

7^ 

2-429 

2-362 

9 

17-3/8 

15  004 

44 

11  861 

IO-8O7 

79 

2  224 

2-165 

10 

17-3(j8 

15  038 

45 

11-554 

10-549 

80 

2057 

2-005 

11 

17358 

15  004 

46 

11  232 

10276 

81 

1-906 

1  860 

12 

17- 105 

14-80/      47 

10934 

10023 

82 

1  786 

1745 

13 

l7-(;40 

14-786      48 

10-621 

9  756 

83 

1-649 

1-614 

14 

ib'-Hyi 

14-669      49 

10331 

9-508 

84 

1  472 

1-442 

15 

16731 

14-547 

50 

10026 

9-246 

85 

1-301 

1-276 

16 

16564 

14-419 

51 

9-743 

9001 

86 

1-149 

1-128 

17 

16432 

M-321 

52 

9485 

8-782 

87 

1  042 

1024 

lb 

16-296 

14-220 

53 

()-214 

8-54(j 

88 

-873 

-860 

19 

16-155 

14  1  !4 

54 

8  930 

8-303 

89 

'1^^9 

-(i99 

20 

!6010 

14  004 

55 

8-669 

8O77 

90 

•552 

•545 

21 

15  pOl 

13-926 

56 

8-397 

7-839 

9' 

•410 

•405 

22 

15-789 

13  846 

57 

8111 

7  588 

92 

•300 

•296 

23 

15-674 

13  764 

58 

7  847 

735.7 

9-i 

•242 

-239 

24 

15556 

13-679 

5() 

7572 

7114 

9-4 

•000 

000 

25 

15 -4:;  5 

13-591 

60 

7  283 

6-357 

2(i 

15-311 

13-501 

61 

0979 

6-585 

V 

\5  183 

13-408 

62 

6660 

6297 

28 

1 5  05  1 

13-312 

63 

6357 

6024 

'•^y 

14-916 

13-213 

64 

6  037 

5-733 

30 

14-776 

13-110 

65 

5700 

5-423 

31 

14-632 

13  004 

66 

5-374 

5-123 

32 

14-484 

12-S93 

67 

5  062 

4-835 

33 

14331 

12-779 

6s 

4765 

4560 

34 

14-172 

12-660 

!   6g 

4-486 

4-300 

35 

14-008 

12-536 

70 

4-230 

4-062 

536 


TABLE    VII. 


Showing  the  va.Ije  of  an  annuity  on  Two  Joint  Lives, 

deduced  froin  the  observations  of  M.  Dd  Parcieux. 

Difference  of  ?,ge  5  years. 


Ajcs 

"2 

H 

Ages 

H 

H 

Ages 

0  1 

"  2 

4i 

per  Cent 

per  Cent 

per  Cent 

per  Ceni 
12-680 

61-66 

per  Ct 
6065 

per  Ct. 
5-757 

31-36 

14109 

32-37 

14  035 

12  556 

>n-()7 

5-749 

5-467 

3-  8 

16510 

.'4-219 

33—38 

1 3  843 

12  408 

){-68 

5  448 

5191 

4-  9 

I6-S54 

14  525 

34-39 

13  644 

12-252  ' 

64-695-151 

4917 

5-10 

17052 

14-7O8 

35-40 

13-436 

I2O89 

J5-70 

4-853 

4-647 

6-11 

17'155 

14-811 

36-41 

13-220 

II9I8 

66-71 

4-56& 

4377 

7-12 

17-172 

14  840 

37-42 

12-995 

11-739 

67-72 

4-.00 

4128 

8-13 

17-154 

14-84! 

38-43  12-740 

1 1531 

68-73 

4  040 

3  885 

9-14 

17  121 

14S28 

39-44 

12  4-0 

11-313 

69-74 

3792 

3-653 

10-15 

17-048 

14-783 

40-45 

12-194 

11082 

70-75 

3-561 

3  436 

11-16 

16-934 

14-701 

41-46 

1 1  902 

10839 

71-76 

3  314 

3  203 

12-17 

\Q79G 

14-598 

142-47 

]r6"i7 

1 0601 

72-77 

3-088 

2-989 

13-18 

1 6- 65  3 

14-491 

143-48 

11-318 

10-349 

73-78 

2  877 

2-788 

14-10 

16-505 

14-380 

44-49 

11025 

10- 1 02 

7^-79 

2663 

2-585 

15-20 

16-351 

14-264 

45-50 

IO-7I8 

9-841 

75-8O 

2-478 

2-409 

16-2] 

16-213 

14161 

46-51 

10416 

9-583 

76-8 1 

2293 

2  232 

1 7-22 

I6C91 

14-071 

47-52 

10137 

9-345 

77-82 

2- 130 

2076 

18-23 

15-965 

13-079 

;4S-53 

9-845 

9'005 

78-83 

1  -964 

1-9.7 

19-34 

15&35 

13  684 

49-54 

9557 

8846 

79-84 

1-770 

1730 

20-25 

15-701 

13-784 

50-55 

9274 

8  602 

80-85 

1-596 

1-562 

21-26 

15-583 

l3-6nq 

|51-56 

8-994 

8-360 

81-86 

1  437 

1-408 

22-27 

15-462 

13-612 

52-57 

8719 

8-120J 

82-87 

1  -3 1 0 

1-292 

23-28 

15-338 

13  522 

53-58 

8-449 

7-886 

83-88 

1   150 

1-130 

24-29 

15-210 

13-429 

54-59 

8-168 

7-639 

84-89 

•969 

-954 

25-30 

15-079 

13  333 

55-tb 

7S89 

7-394 

85-90 

■79-i 

•782 

26-3  I 

14943 

13-233 

56-61 

7597 

7-136 

86-91 

-630 

■621 

27-32 

14-804 

13  131 

157-62 

7-291 

6  862 ! 

87-92 

-405 

•489 

28-33 

!4-66() 

13  024 

58-63 

7-003 

6-605 

88-93 

-351 

•348 

29-34 

14-511 

1  2-014 

159-64 

6701 

6-333 

89-94 

•000 

•000 

30-35 

4-358 

12-799 

|60-65 

6-383 

6  045 

537 


TABLE    Vm. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  of  M.  De  Parcieux. 
Difference  of  age  ]  O  years. 


Ages 

2 

H 

Ages 

'H 

*i 

Ages 

Si 

2 

^ 

per  Ceiu 

per  Ceni 

per  Cent 

per  Cent 

61-71 

per  Ct. 
5-054 

per  Ct. 

31-41 

13-500 

1 2- 133 

4-828 

32-42 

13  282 

11-900 

62-72 

4-784 

4-578 

3-13 

16-366 

13-535 

33-43 

13-055 

11-778 

63-73 

4-523 

4-337 

4-14 

16-586 

14-345 

34-44 

12-818 

11-587 

64-74 

4-261 

4-093 

5-15 

16689 

14-446 

35-45 

12-571 

11-385 

65-75 

3-999 

3-848 

6-16 

16733 

14-498 

36-46 

12-312 

11-174 

66-76 

3-728 

3-594 

7-1/ 

16  750 

14-528 

37-47 

12-063 

10970 

67-77 

3-471 

3-351 

8-18 

16734 

14-531 

38-48 

11-784 

10738 

68-78 

3-233 

3-126 

9-19 

16703 

14-521 

■^9-49 

11-513 

10-512 

69-79 

2-996 

2-Q02 

1O-20 

16  635 

14479 

40-50 

11-230 

10-274 

70-80 

2-793 

2-709 

ll-2i 

16-547 

14421 

41-51 

10954 

10042 

71-81 

2-598 

2-524 

12-22 

16-418 

14-326 

42-52 

10-686 

9-817 

72-82 

2-431 

2-365 

13-23 

16-285 

14-228 

43-53 

10-406 

9579 

73-83 

2-253 

2-195 

14-24 

16147 

14-126 

44-54 

10112 

9-329 

74-84 

2-049 

1-999 

15-25 

16004 

14020 

45-55 

9-825 

9-O83 

75-85 

1-853 

1-811 

16-26 

15  856 

13-909 

46-56 

9-525 

8-824 

76-86 

1-663 

1-627 

17-27 

15724 

13-811 

47-57 

9-227 

8-566 

77-87 

1-503 

1-473 

18-28 

15 -586 

13-710 

48-58 

8-935 

8-312 

78  -88 

1-303 

1-279 

19-29 

15-445   13-605 

49-59 

8-645 

8-060 

79-89 

1-100 

1-082 

20-30 

15-299 

13-496 

50-60 

8-342 

7793 

SO-90 

•909 

•895 

21-3: 

15-168 

13-400 

51-6] 

8O39 

7-526 

8 1-9] 

•727 

717 

22-32 

15032 

13-301 

52-62 

7736 

7-257 

82-92 

■566 

•559 

23-33 

14-893 

13-199 

53-63 

7-437 

6992 

83-93 

•401 

•398 

24-34 

14-750 

13-092 

54-64 

7124 

6-711 

84-g4 

•000 

-000 

25-35 

14-601 

12-982 

55-65 

6-809 

6-428 

26-36 

14-448 

12-868 

56-66 

6-496 

6-145 

27-37 

14-290 

12-749 

57-67 

6-1S7 

5-864 

28-38 

14  104 

12006 

58-68 

5-895 

5-598 

29-39 

13-911 

12-455 

59-69 

5-61  ] 

5-339 

I 

30-40 

13-710 

12-298 

60-70 

5-337 

5088 

2  N 


538 


TABLE    IX. 


Showing  the  value  oi"  an  annuity  on  Two  Joint  Lives, 

deduced  from  the  observations  of  M.  Be  Farcieux. 

Diflerence  of  age  20  years. 


Ages 


2 

ier  Cen. 


per  Ceni 


3-23 
4-24 
5-25 

6-20 

7-27 
8-28 

9-^9 

10-30 

11-31 
12-32 
13-33 
14-34 
15-35 

16-36 
17-3 
18-38 
19-39 


15-560 

15773 

15S76 

15  925 
15 '029 
15 -903 
15 -861 
15784 

15  668 
ij-511 
15-348 
15-179 
15  004 

14-822 
14-652 
14452 
14-245 


20-40  14  028 


21-41 
22-42 
23-43 
24-44 
25-45 

26-46 
27-47 
28-48 
29-4( 
30-50 


13  821 
13-606 
13-381 
13-147 
12-902 

12647 
12-402 
12-146 

u-goi 

11-645 


13-566 

13-765 

13-870 

13-929 
13-951 
13 '946 

13929 

13  882 

13-801 
13-684 
13-562 
13-434 
13-301 

13-162 
13033 
12-878 
12-716 
12545 

12-382 
12211 
12  032 
11-843 

I  1-645 

U-436 
11-236 

I I  -025 
10823 
10-611 


Ages 


per  Cent 


31-51 
32-52 
33-53 
34-54 
35-55 

36-56 

37-57 
38-58 
39-59 
40-60 

41-61 
42-62 
[43 -63 
44-64 

45-65 

46-66 

47-67 
48-68 
49-60 
50-70 


per  Cent 


11-398 
11-163 
10-918 
10663 
10-418 

10  163 

9-897 
9-625 
9-342 
9046 

8-737 
8-413 
8-095 
7-762 
7-412 

7065 

6-734 

6-409 

6-103 
5  8O7 


51-71 

52-72 
53-73 
54-74 

55—75 

56-76 

^7-77 

58-7  S 

59-79 
60-80 


5-515 
5-250 
4-984 
4-720 
4-470 

4203 
3-943 
3-706 
3*463 
3-246 


10-407 

10212 

10008 

9794 

9-589 

9-374 
9148 
8-916 
8-673 
8-417 

8147 
7-862 
7-582 
7-285 
6-972 

6-65g 
6-360 
6-065 
5-787 
5  517 

5-250 
5007 
4-762 
4-518 
4-286 

4037 
3794 
3  573 
3-343 
3-140 


Ages 

61-81 
62-82 
63-83 
64-84 
65-85 

66-86 

67-87 
68-88 
69-89 
70-90 

71-91 

72-92 

73-93 
74-94 


2 

uer  Ct 


3-039 
2-849 
2-647 
2-409 
2-173 

1-954 
1766 
1-528 
1-293 
1-066 

•846 
-646 
•445 
•000 


2 
ier  Ot. 


2^944 
2-764 
2-573 
2-3  46 
2-120 

1-909 
1-729 
1-498 
1-270 
1-049 

•834 
•638 
•440 
•000 


539 


TABLE    X. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 

.deduced  from  the  observations  of  M.  De  Parcieucc. 

Difference  of  age  30  years. 


Ages 

Si 

4i 

2 

Ages 

3i 

^ 

per  Cent 

per  Cent 

per  Cent. 

per  Cent 

3-33 

14-605 

12-893 

3&-66. 

7-357 

6-920 

4-34 

14761 

13  048 

37-67 

7  043 

Q-mg 

5-35 

14-813 

13-112 

38-63 

6-726 

6-353 

6-3Q 

14-810 

13-130 

39-69 

6  420 

6076 

7-^7 

14764 

13-111 

40-70 

6  127 

5-811 

8-38 

14-662 

13  043 

41-71 

5*828 

5-538 

9-39 

14-542 

12-960 

42-72 

5  548 

5*282 

ia-40 

14-384 

12-843 

43-73 

5-268 

5-025 

11-41 

14  186 

12-690 

44-74 

4990 

4-770 

12-42 

13  946 

12-498 

45-75 

4*718 

4-518 

13-43 

13  694 

12-296 

46-76 

4-427 

4-248 

14-44 

13-432 

12084 

47-77 

4-152 

3-991 

15-45 

13-158 

11-860 

48-78 

3-892 

3-748 

16-46 

12-872 

11-624 

49-79 

3-632 

3-503 

17-47 

12-611 

11-410 

5O-80 

3-399 

3-284 

18-48 

12-339 

11-185 

51-81 

3-1S2 

3-080 

l9-i9 

12-076 

10968 

52-82 

2991 

2-899 

20-50 

11-801 

10-739 

53-83 

2-780 

2-700 

21-51 

11-551 

10-532 

54-84 

2-533 

2-4^4 

22-52 

11-313 

10-335 

55-85 

2-296 

2-238 

23-53 

11-004 

10  123 

56-86 

2072 

2  023 

24-54 

10805 

9-911 

57-87 

1-877 

1-836 

25-55 

10557 

9-702 

58-88 

1-629 

i-59ri 

26-56 
27-57 

10-298 
10029 

9-484 
9-255 

59-89 
60-90 

1-381 
1-138 

1-356 
1-119 

28-58 

97Q9 

9-034 

Gl-91 

•904 

-891 

29-59 

9-499 

8-803 

62-92 

•686 

'Q77 

30-60 

9-2I8 

8-561 

63-93 

•467 

•463 

''  31-61 

8-924 

8-306 

64>-94 

-000 

•000 

32-62 

8-617 

8-038 

33-63 

8-318 

7775 

34-64 

8-005 

7-499 

35-65 

7-678 

7-207 

.-i 

540 


TABLE    XL 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 

deduced  from  the  observations  of  M.  De  Parcieux. 

Difference  of  age  40  3'^ears. 


Ag&s 

H 

Ages 

Si 
2 

H 

per  Cent 

per  Cent 

per  Cent 

per  Cent    . 

3-43 

12-996 

1 1  -665 

31-71 

5-874 

5-578 

4-44 

13021 

1 1  -706 

32-72 

5-601 

5-329 

5-45 

12-9-14 

11-658 

33-73 

5-329 

5081 

6-46 

7-47 

12-812 
12-656 

11-560 
11-440 

34-74 
35-75 

5-062 
4-602 

4-835 
4595 

8-48 

12-465 

11-289 

30-7  Q 

4-525 

4-338 

9-4y 

12275 

11-J38 

37-77 

4-259 

4-091 

lQ-50 

12-048 

10954 

38-78 

4004 

3-852 

11-51 

11-804 

10754 

39-79 

3  742 

3-607 

12-52 

11-543 

10-538 

40-80 

3-511 

3-390 

13-53 

11-272 

10311 

41-81 

3-292 

3-184 

14-54 

IO9S9 

10-073 

42-82 

3092 

2996 

^5-55 

10-715 

9843 

43-83 

2-874 

2790 

16-50 
^7-57 

10-430 
10  145 

9601 

9-359 

44-84 
45-85 

2-619 
2-370 

2-547 
2-309 

18-58 

9-871 

9125 

46-86 

2133 

2-082 

^9-59 

9-585 

8  879 

47-87 

1-931 

1-888 

20-60 

9-287 

8-621 

48-88 

1670 

1  636 

21-61 
22-62 

8-987 

8-675 

8-362 
8088 

49-89 
50-90 

1-413 
1-160 

1-387 
1-141 

23-63 

8-369 

7-820 

51-91 

•919 

•906 

24-64 

8050 

7-538 

52-92 

•6q8 

■Q8g 

25-65 

7717 

7-241 

53-Q3 

•473 

•469 

26-66 

7-389 

6-948 

54-94 

•000 

•000 

27-67 

7-068 

6-Q5g 

28-68 

Q-7^5 

6-378 

29-69 

6-454 

6-105 

30-70 

6-166 

5 -845 

541 


TABLE    XJI. 


il      Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  of  M.  De  Parcieux. 
Difference  of  age  50  years. 


Ages 

0  1 

^ 

Ages 

3^ 

H 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

3-53 

10-680 

9770 

26-76 

4-529 

4-342 

4-54 

10629 

9741 

27-77 

4-258 

4089 

5-55 

10-513 

9653 

28-78 

4  003 

3-851 

6-5Q 

10351 

9522 
0-356 

29-79 

3742 

3-607 

7-57 

IOH9 

30-80 

3-513 

3-391 

8-58 

P'939 

9-181 

31-81 

3-294 

3-186 

9-59 

9710 

8  OSO 

32-82 

3-097 

3  000 

10-60 

9449 

8-767 

33-83 

2880 

2-796 

34-84 

2-628 

2-556 

11-61 

9155 

8  513 

35-85 

2-382 

2320 

12-62 

8-825 

8-224 

13-63 

8  502 

79-ii 

36-86 

2  150 

2099 

14-64 

8-164 

7643 

37-87 

1-951 

1-908 

15-65 

7*812 

7-328 

38-88 

1-689 

1-655 

16-66 
17-67 

7'164 

7-132 

7-017 
6-719 

39-89 
40-90 

1-430 
1175 

1-403 
1-156 

18-68 

6-809 

6-428 

41-91 

•932 

•91s 

19-69 

6406 

6- 145 

42-92 

•706 

■697 

20-70 

619; 

5-873 

43-93 

■478 

•473 

21-71 

5-901 

5  603 

44-94 

•000 

•000 

22-72 

5-624 

5-351 

23-/3 

5-348 

5-098 

24-74 

5076 

4-848 

25-75 

4-811 

4-604 

542 


TABLE    XIII. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 

deduced  from  the  observations  of  M.  De  Parcieux. 

Difference  of  age  60  years. 


Ages 

Si 

4J 

per  Cent 

per  Cent 

3-63 

8  049 

7-520 

4-64 

7 '883 

7o79 

5-Q5 

7-644 

7169 

6-66 

7-383 

6-938 

7-67 

7-108 

6-693 

8-68 

6-828 

6-443 

9-69 

6-554 

6-197 

10-70 

6-2S1 

5-951 

u-71 

5-989 

5-685 

12-72 

5702 

5-4-24 

13-73 

5-417 

5-162 

14-74 

5134 

4903 

15-75 

4-859 

4649 

16-76 

4-566 

4-377 

\7-77 

4-289 

4-119 

18-78 

4-029 

3-8/6 

19-79 

3-762 

3-625 

2O-80 

3-526 

3  404 

21-81 

3-306 

3-197 

22-82 

3-107 

3010 

23-83 

2-889 

2  804 

24-84 

2635 

2-562 

25-85 

2-386 

2-325 

26-86 

2-152 

2-100 

27-87 

1-950 

roo7 

28-88 

I-6S9 

1-654 

29-89 

1-429 

1-403 

30-90 

1-175 

1-155 

31-91 

•931 

•9I8 

32-92 

•706 

■6c)7 

33-93 

•478 

'473 

34-94 

•000 

•000 

^43 


TABLE    XIV. 


Showing  the  Number  of  Persons  living  and  dying  at 
every  age,  according  to  the  observations  made  in 
Siveden. 


Age; 

Ma 

es 

Females    | 

Lives  in 

general 

Living 

Dying 

Living 

Dying 

Living 

Dying 

0 

10000 

2300 

10000 

2090 

10000 

2195 

1 

7/00 

500 

7910 

518 

7805 

509 

2 

7200 

337 

7392 

350 

7296 

344 

3 

6'S.'i3 

240 

7042 

250 

6952 

245 

4 

0023 

150 

6792 

135 

6707 

143 

5 

6473 

125 

6657 

120 

6564 

122 

6 

6348 

105 

6537 

105 

6442 

105 

7 

6243 

90 

6432 

85 

6337 

87 

8 

&[5i 

75 

6347 

70 

6250 

73 

9 

6078 

65 

6277 

60 

6177 

62 

10 

6013 

55 

6217 

52 

6115 

54 

11 

5958 

45 

6 165 

46 

6061 

45 

12 

5913 

45 

6119 

40 

6016 

42 

13 

5868 

40 

6079 

35 

5974 

38 

14 

5S28 

40 

6044 

35 

5936 

37 

15 

5/88 

39 

6009 

35 

5899 

37 

16 

5749 

39 

5974 

40 

5862 

40 

17 

5710 

39 

5Q34 

40 

5822 

40 

]8 

5671 

44 

5894 

42 

5782 

42 

19 

5627 

44 

5852 

43 

5740 

43 

20 

55b^ 

50 

5809 

43 

5697 

'17 

21 

5533 

50 

5766 

43 

5650 

47 

22 

5483 

50 

5723 

43 

5  03 

48 

23 

5433 

55 

5680 

44 

5555 

48 

24 

5378 

55 

5636 

45 

5507 

50 

25 

5323 

55 

5591 

45 

5457 

50 

26 

5268 

55 

5546 

50 

5407 

52 

27 

5213 

55 

5496 

52 

5355 

54 

28 

5J58 

55 

5444 

55 

5301 

55 

29 

5103 

56 

5389 

55 

5246 

55 

30 

5049 

59 

5334 

60 

519J 

59 

544 


TABLE  XIV     Contmued. 


Ages 

ATalcs 

Fem; 

ties 

Lives  in 

general 

31 

Living 

Dying 

Living 

Dying 

Living 

Dying 

4088 

60 

5274 

60 

5132 

60 

32 

4928 

60 

5214 

65 

5072 

62 

33 

4868 

60 

5149 

65 

5010 

63 

34 

4S08 

60 

5084 

65 

4947 

63 

35 

4743 

60 

5019 

60 

4884 

59 

36 

4688 

60 

4959 

58 

4825 

58 

37 

4628 

60 

4903 

56 

4767 

58 

38 

4568 

60 

4847 

56 

4709 

58 

3y 

4508 

60 

479^ 

58 

4651 

60 

40 

4448 

65 

4733 

65 

4591 

65 

41 

4383 

71 

4668 

75 

4526 

73 

42 

4311 

80 

4593 

76 

4453 

78 

43 

^231 

80 

4517 

76 

4375 

78 

44 

4151 

80 

4441 

75 

4297 

78 

45 

4071 

80 

4366 

72 

4219 

76 

46 

3991 

80 

4294 

67 

4143 

74 

47 

3911 

80 

4227 

65 

4069 

72 

48 

3831 

80 

4162 

65 

3997 

73 

49 

375 1 

85 

4097 

70 

3924 

78 

50 

3666 

'^5 

4027 

75 

38^16 

85 

51 

3571 

95 

3952 

80 

3761 

87 

52 

3476 

95 

3872 

85 

3674 

90 

53 

3381 

95 

3787 

85 

3584 

90 

54 

3286 

95 

3702 

85 

3494 

91 

55 

3191 

95 

3617 

85 

3403 

91 

56 

3096 

95 

3532 

85 

3312 

92 

57 

3001 

100 

3447 

90 

3220 

95 

58 

2901 

100 

3357 

90 

3125 

95 

59 

2801 

100 

3267 

100 

3030 

100 

60 

2701 

105 

3167 

110 

2930 

108 

61 

2596 

110 

3057 

118 

2S22 

114 

62 

2486 

115 

2939 

120 

27O8 

118 

63 

2371 

115 

2819 

120 

2590 

118 

64 

2256 

115 

'^6gg 

120 

2472 

118 

65 

2141 

115 

2579 

120 

2354 

118 

66 

2026 

115 

2459 

120 

2236 

118 

67 

1911 

120 

2339 

120 

2118 

121 

68 

1791 

125 

2219 

120 

J  997 

124 

0.9 

1666 

125 

2099 

120 

1873 

124 

70 

1541 

125 

1979 

130 

1749 

127 

545 


TABLE  XIV     Continued. 


Ages 

M- 

.ips 

Fem 

;ile? 

Lives  in 

general 

Living 

Dying 

Living 

Dying 

Living 

Dying 

71 

1416 

125 

1849 

140 

1622 

133 

n 

1291 

120 

J  709 

150 

1489 

135 

73 

1171 

120 

1559 

160 

1354 

140 

74 

lor.i 

110 

^'-^99 

150 

1214 

130 

To 

941 

105 

1249 

140 

1084 

121 

76 

836 

100 

1109 

130 

963 

115 

77 

73() 

90 

979 

UO 

848 

105 

78 

646 

85 

859 

110 

743 

95 

79 

561 

80 

749 

100 

648 

90 

80 

481 

75 

649 

95 

558 

90 

81 

406 

70 

554 

90 

468 

84 

82 

336 

63 

464 

85 

384 

75, 

83 

271 

60 

379 

80 

309 

65 

84 

211 

50 

299 

75 

244 

55 

85 

161 

40 

224 

55 

189 

45 

86 

121 

30 

169 

40 

144 

35 

87 

91 

22 

129 

30 

109 

27 

88 

t>9 

17 

99 

23 

82 

20 

89 

52 

14 

76 

18 

62 

15 

90 

38 

12 

58 

15 

47 

14 

91 

26 

9 

43 

12 

33 

12 

92 

J7 

7 

31 

10 

21 

10 

93 

10 

6 

21 

8 

11 

6 

94 

4 

3 

13 

6 

5 

3 

95 

I 

1 

7 

4 

2 

1 

96 

0 

0 

3 

2 

1 

1 

97 

0 

0 

1 

1 

0 

0 

29 


546 


TABLE    XV. 


Showing  the  Expectation  of  Life,  deduced  from  the 
observations  made  in  Sweden. 


Ages     Males     I 

'emales    ' 

^ivef  in 

Ages 

Males     ] 

females 

Lives  i» 

a^entral  j 

general 

1 

.       -- 
42-45 

4400 

4295 

31 

2969 

31-54 

30-57 

2 

43-83 

4605 

4492 

32 

2904 

30-91 

2994 

3 

44-96 

473 1 

46  11 

33 

2839 

30-28 

2930 

4 

45-57 

46  04 

46-78 

34 

27-74 

2966 

28-67 

5 

4562 

48-00 

46-79 

35 

2709 

2903 

28  03 

6 

45-50 

47-87 

4666 

36 

26-43 

28-26 

27-31 

7 

45-26 

47-64 

46-43 

37 

2576 

27-50 

26-68 

8 

44 -Ql 

4728 

4607 

38 

25  09 

26-74 

2601 

9 

44-46 

46-80 

45-61 

•'^9 

24-42 

25-97 

25-33 

10 

4394 

46-25 

45  07 

40 

23  75 

25-21 

24-66 

11 

43-26 

45-55 

44-38 

41 

23-15 

24-68 

24  05 

12 

42-58 

44-85 

4370      42 

22-54 

24-75 

23-44 

13 

41-91 

44- 15 

4301 

43 

21-93 

23-62 

22  83 

14 

41-24 

43  46 

42-33 

44 

21-32 

23-10 

22-22 

15 

40-56 

4276 

41-64 

45 

20-71 

22-57 

21-61 

16 

3983 

4204 

40-Q2 

46 

20- 12 

21-91 

2098 

17 

39-11 

41-31 

4019 

47 

19-52 

21-24 

20-35 

IB 

38-39 

40-5Q 

3947 

48 

18-92 

20-58 

19-72 

19 

37-67 

39-37 

38-74 

49 

18-32 

59-92 

19-09 

20 

36-95 

39-15 

38-02 

50 

1772 

19-26 

18-46 

21 

36-28 

38  43 

37-33 

51 

17-17 

18-64 

ir87 

22 

35-62 

3772 

36-04 

52 

16-63 

18-01 

17-29 

23 

34-96 

3701 

3596 

53 

16-08 

17-3Q 

16-70 

24 

34-30 

36-29 

35-27 

54 

15-53 

16-77 

16-12 

25 

33-63 

35-58 

34-58 

55 

14-98 

1615 

15-53 

26 

32-98 

34-90 

33-91 

5Q 

14-43 

15-53 

14-95 

2/ 

32-32 

34-21 

33-23 

57 

13-87 

14-92 

14-37 

28 

31-66 

3353 

3256 

58 

13-33 

14-31 

1379 

29 

3100 

32-85 

31-88 

59 

12-79 

13-69 

13-21 

30 

30-34 

32  17 



31-21 

60 

12-24 

13  08 

12-63 

547 


TABLE  XV     Continued. 


> 

Ages 

Males 

Femaic 

Lives  in 

Ages 

Males 

Female^ 

L/ves  in 

o;eneral 
1212 

general 

61 

1172 

12-56 

81 

3  g6 

413 

401 

62 

11-21 

:2  04 

1  1  62 

82 

369 

3-84 

380 

63 

1073 

\l5.i 

nil 

83 

345 

359 

357 

64 

10  26 

1101 

1001 

84 

3-30 

3-42 

339 

65 

978 

1049 

10  10 

85 

316 

3-40 

3-23 

66 

9-30 

997 

962 

86 

3  04 

3-34 

309 

67 

8-84 

946 

9  15 

87 

2-88 

322 

292 

68 

8-40 

804 

8-67 

88 

2-64 

3  05 

271 

69 

7  99 

8-42 

8-20 

S9 

2-34 

2  82 

2-43 

70 

760 

7-91 

772 

90 

202 

2-55 

205 

71 

722 

7-5:i 

7'32 

91 

173 

2-27 

171 

72 

6-87 

7-16 

6  80 

92 

1-38 

195 

1-40 

73 

6-53 

678 

6-53 

93 

1  00 

1-64 

1-23 

74 

6-22 

6-40 

6  23 

94 

75 

1-35 

110 

75 

5-89 

603 

591 

95 

•00 

107 

100 

76 

5-50 

573 

5-59 

96 

•00 

•83 

•00 

77 

525 

5-43 

5-2S 

97 

•00 

00 

•00 

7S 

492 

5-11 

496 

79 

4-59 

479 

4-61 

80 

1 

4-17 

4-47 

4-28 

548 


TABLE    XVI. 


Showing  the  value  of  an  annuity  on  a  Single  Life,  at 

every  age  (Male  or  Female),  deduced  from  the  ob- 
servations made  in  Siveden. 


Ages 

Males 

Fen 

i^:Ies 

4 

5 

4 

5 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

1(3  503 

14051 

16820 

14-271 

2 

17355 

14  7/8 

17719 

15  034 

3 

17935 

15  279 

18-344 

15-571 

4 

J8  J28 

1.V624 

187&0 

15-951 

5 

18-503 

15-780 

18  927 

16088 

6 

ISS22 

15-901 

19045 

16203 

7 

IS  693 

i'5  977 

19131 

16-291 

8 

1 8  725 

16021 

19  162 

16-335 

9 

I8715 

16-0-50 

IQ  151 

16  343 

10 

I8C74 

16014 

19-109 

16-325 

11 

18-600 

15-970 

10  041 

16-286 

12 

18-491 

15-896 

18-952 

16-229 

13 

18-3/8 

15  819 

18-840 

16-153 

14 

18246 

15-724 

18  707 

I6-C59 

15 

IS'J  05 

15-624 

1  8-568 

15-960 

\6 

17958 

1 5-5 17 

18-424 

15^56 

17 

17  803 

15  404 

I829O 

15-761 

18 

17 -643 

15-285 

IS' 151 

\5G62 

19 

17-492 

15-3  75 

18013 

15  563 

20 

17-335 

\5  05g 

17872 

15-462 

21 

i7'i92 

14-955 

17725 

15-356 

22 

17  042 

\4S-iQ 

17-5/3 

15-245 

23 

16-8S7 

14-732 

17414 

15-129 

24 

16742 

14  627 

17 -252 

L^Oip 

25 

1 6-592 

14-517 

17087 

14-886 

26 

16-436 

14  •402 

16915 

14-757 

27 

le-274 

:-^-282 

l'>751 

14-636 

28 

16  IGJ 

u  i;6 

16  588 

14-5  J  5 

29 

15 -030 

1  4024 

16427 

14-396 

30 

:v75i 

i.^-tB-:; 

I6  3;i 

14-272 

549 


TABLE  XVI 

Continu 

ed. 

Ages 

Mile 

Females 

4 

1 

4 

!» 

;>er  Cent 

per  Cfiit   1 

1 

per  Cent 

per  Cent 

31 

15-575 

13  756 

16104 

14  156 

S2 

15  395 

136:9 

15-041 

14  035 

33 

15  208 

13-477 

15  7S7 

I0923 

34 

15014 

13-327 

15-629 

13-806 

35 

14-812 

131/0 

15-465 

13-684 

36 

14-601 

13  006 

15-2/8 

13-542 

37 

14-382 

12  833 

15-070 

13-382 

38 

14  154 

12652 

14-854 

13-2  3 

39 

13-916 

12-402 

14-629 

13  036 

40 

13-668 

12-261 

14-401 

12  856 

41 

13-426 

12  065 

14-185 

12687 

42 

13-K)6 

11  880 

13-904 

12538 

43 

12-9S4 

11  710 

13-798 

12-o87 

44 

12/63 

11  532 

13596 

12-229 

45 

12-535 

11-347 

13  383 

12061 

46 

12-297 

11153 

13151 

11-876 

47 

J  2051 

10951 

12  b:, '4 

11-668 

48 

11795 

10-738 

1-^0  iO 

11-443 

49 

11-528 

10  516 

12333 

1 1  205 

50 

11-267 

10-2^^8 

12049 

10.g70 

51 

11  030 

10- 100 

11769 

10-737 

52 

107^5 

9&  15 

11-492 

10507 

53 

10-531 

9-682 

11  220 

10  280 

54 

10-26q 

9-400 

109:^7 

10  042 

55 

9"998 

9-229 

10  LJ42 

9792 

56 

9717 

8-988 

10334 

9'^ '9 

57 

9-425 

8-736 

10  012 

c,  253 

58 

9- MO 

8489 

9-692 

8976 

59 

8-8-J5 

8-232 

9-3.'Sd 

8  ,84 

60 

8  540 

7963 

1     9-OJ9 

8-406 

6i 

8-241 

7- 700 

'      8-739 

8  144 

62 

7  950 

7-442 

'      8-453 

7-:-o5 

63 

7oCg 

/•193 

8-166 

7  643 

64 

7382 

6938 

7-870 

7- J  82 

65 

7090 

0676 

/■5J6 

7-111 

350 


TABLE    XVI     Continued. 


Ages 

Males 

Fern 

ales 

4 

5 

4 

5 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66 

6-792 

6-408 

7-252 

6-831 

67 

C'48C) 

6-134 

6930 

6-541 

6s 

6  201 

5-872 

6-596 

6239 

69 

5g33 

5-628 

6-253 

5926 

70 

5-670 

5-389 

5-897 

5-599 

71 

5-418 

5158 

5564 

5-293 

72 

5- 180 

4-940 

5-261 

5013 

73 

4-g40 

4-719 

4-Q98 

4-770 

74 

4-724 

4-521 

4-792 

•^i'581 

75 

4-487 

4-302 

4-582 

4-388 

76 

4-253 

4084 

4-367 

4-189 

77 

4  024 

3-871 

4-145 

3^983 

7S 

3/68 

3631 

3913 

3-767 

79 

3-512 

3390 

3  668 

3-536 

80 

3  260 

3-152 

3-402 

3-285 

81 

3017 

2921 

3145 

3-041 

82 

2-792 

,    2706 

2-905 

2-812 

83 

2-600 

2-523 

2699   • 

2615 

84 

2-473 

2-403 

2-559 

2-480 

85 

2371 

2-306 

2-552 

2-476 

86 

2-281 

2-222 

2-518 

2446 

87 

2-154 

2- 103 

2-431 

2365 

88 

1-055 

1-912 

2- 294 

2-236 

8.9 

1  -698 

1-664 

2-108 

2-059 

90 

1-417 

1-392 

1-873 

1-833 

91 

1154 

1-136 

1-628 

1-596 

92 

•835 

•824 

1-349 

1-325 

93 

-477 

•471 

1-071 

1054 

94 

•240 

•238 

'799 

•788 

95 

•GOO 

-000 

•544 

•537 

96 

•000 

•000 

•320 

•317 

551 


TABLE    XVII. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  0  years. 


Cl)!!)- 

Com- 

Com- 

'..\)m- 

nion 

4 

mon 

4 

.non 

4 

mon 

4 

Age 

per  Cent 

A'rc 

per  Cent 

Aj^'e 

per  Cent 

A;^e 

per  Cent 

1 

12  2.32 

26 

13-671 

51 

8-469 

76 

2-490 

2 

13-583 

•17 

13-495 

52 

8-230 

77 

2-340 

3 

14558 

28 

13-323 

53 

7-994 

78 

2-170 

4 

15  267 

29 

13148 

54 

7-748 

79 

1-967 

5 

15-577 

30 

12-965 

55 

7-495 

80 

1-758 

6 

15-820 

31 

12-795 

5Q 

7229 

81 

1-600 

7 

16  003 

32 

12-624 

57 

6-g54 

82 

1-472 

8 

16109 

33 

12-456 

58 

6-678 

83 

1-364 

9 

16-]  52 

34 

12-286 

59 

6-388 

84 

1-276 

10 

16141 

35 

12-109 

60 

6-104 

65 

1-212 

11 

I6O87 

36 

1 1  -904 

61 

5-844 

86 

1172 

12 

15-982 

37 

1 1  -683 

62 

5-600 

87 

1-127 

13 

15855 

38 

11-452 

63 

5-367 

88 

1-071 

14 

15701 

39 

1 1-209 

64 

5128 

89 

■9i9 

15 

15-535 

40 

10-964 

Q5 

4-881 

90 

718 

16 

15-361 

41 

10-732 

6Q 

4-626 

91 

•516 

17 

15-1(}6 

42 

10-531 

67 

4-362 

92 

•326 

18 

15-023 

43 

10-346 

68 

4- 103 

93 

•236 

H) 

14-854 

44 

10- 154 

69 

3-851 

i  94 

'I90 

20 

14-682 

45 

9-954 

70 

3-593 

95 

•024 

21 

14525 

46 

9-736 

71 

3-345 

1  9^ 

•000 

22 

14  300 

47 

9497 

72 

3-128 

i 

23 

14-194 

48 

9-236 

73 

2-q35 

1 

24 

14-020 

-^9 

8-966 

74 

2-797 

25 

13-849 

50 

8-707 

75 

2-648 

'       ! 

S52 


TABLE    XVIII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  6  years. 


Ages 

4 

Ages 

4       1 

Ages 

4 

per  Cent 

per  Cent 

per  Cent 

1-  7 

J  3  989 

31-37 

12-192 

61-67 

4-984 

2-  8 

14;  80 

32-38 

1 1  988 

62-68 

4-729 

;    3-  p 

15323 

33-39 

11779 

6'^-6q 

4-482 

;    4-1  b 

15-665 

34-40 

1 1  -568 

64-70 

4-231 

'      5-11 

15  81/ 

35-41 

11-361 

65-71 

3-932 

'      6-12 

15  887 

36-42 

11-156 

66-72 

3-750 

7-13 

15  014 

37-43 

10-953 

67-73 

3527 

8-14 

15  888 

38-44 

10741 

68-74 

3-340 

9-15 

15-824 

39-45 

10519 

69-75 

3-147 

10-16 

15729 

40-46 

10-286 

70-76 

2-946 

11-17 

15  617 

41-47 

10049 

71-77 

2-752 

12-18 

15477 

42-48 

9-813 

72-78 

2558 

13- '9 

15-327 

43-49 

9581 

73-79 

2-355 

14-20 

15164 

44-50 

9351 

74-80 

2172 

15-21 

15001 

45-51 

9-129 

75-8 1 

2017   ■ 

16-22 

14-832 

46-52 

8-897 

76-82 

1-8-7  ■ 

1/-23 

14-665 

^7-53 

8-65S 

77-83 

1756 

18-21- 

14491 

48-54 

6  402 

78-84 

1-639 

19-25 

14  320 

49-55 

8-139 

79-85 

1-524 

20-26 

14144 

50-56 

7-874 

80-86 

1-416 

21-27 

13-976 

51-57 

7-613 

81-87 

1-320 

22-28 

13  SO7 

52-58 

7-351 

82-88 

1-225 

23-29 

13  035 

53-59 

7-OS3 

83-89 

1-094 

24-30 

13  455 

54-60 

6-814 

84-0,0 

•902 

25-31 

13  284 

55  61 

6-555 

85-91 

•725 

26-32 

13108 

56-62 

6-299 

86-92 

•556 

27-33 

12-935 

57-63 

6  045 

87-93 

•459 

28-34 

12763 

58-64 

5-;88 

88-94 

•396 

29-35 

12-586 

5Q-65 

5519 

89-95 

•364 

30-36 

12390 

60^6G 

5-249 

1  9(H)6 

-COO 

153 


TABLE    XIX. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  1 2  years. 


Ages 

4 

Ages 

4 

Ages 

4 

per  Cent 

per  Cent 

per  Cent 

1-13 

13-894 

31-43 

11-359 

61-73 

3-927 

2-14 

14-557 

32-44 

11170 

62-74 

3-747 

3-15 

14-988 

33-45 

10-978 

63-75 

3-563 

4-16 

\5-i5g 

34-46 

10-775 

64-76 

3  370 

5-17 

15-326 

35-47 

10-557 

65-77 

3  180 

6-18 

15-354: 

36-48 

10-314 

66-78 

2-Q74 

7-19 

15-351 

37-49 

10059 

67-79 

2/43 

8-20 

15-310 

38-50 

9-805 

68-80 

2514 

9-21 

15-244 

'M)-5i 

9-558 

69-8 1 

2  324 

10-22 

15149 

4Q-52 

9-3O8 

70-82 

2-  J  55 

11-23 

15-033 

41-53 

9 -066 

71-83 

2-ooi 

12-24 

14-889 

42-54 

8830 

72-84 

1-875 

13-25 

14-736 

43-55 

8-5p7 

73-85 

1-768 

l4-2t> 

14-566 

44-56 

8-354 

74-86 

1-692 

15-27 

14392 

45-57 

8101 

75-87 

1-605 

16-28 

14-210 

46-58 

7-841 

76-88 

1-407     '' 

17-29 

14042 

47-59 

7563 

77-89 

1-339 

18-30 

J3-8J0 

48-00 

7-281 

78-90 

1-097 

19-31 

13  687 

49-61 

7 -008 

79-9  ^ 

■603 

20-32 

13-512 

50-62 

6-749 

80-92 

-638 

21-^3 

13-345 

5l~(}3 

6-505 

81-93 

•511 

22-34 

13-173 

52-64 

6-256 

82-04 

•427 

23-35 

12-907 

53-65 

6-004 

83-Q5 

•379 

24-36 

12-801 

54-66 

5-743 

84-96 

-000 

25-37 

12-599 

55-()7 

5-474 

26-38 

12-387 

56-68 

5-204 

27-39 

12  170 

57-6C)  • 

4-936 

28-40 

1 1  -953 

58-/0 

4-664 

29-41 

11-742 

59-71 

4-395 

30-42 

11-543 

60-72 

4-149 

2p 


.554 


TABLE    XX. 


Showing  the  value  of  an  annuity  on  1  wo  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively )  made  in  SwecLn. 
Difference  of  age  i  8  years. 


Ages 

4       1 

Ajes 

4 

Age^ 

4 

per  Cent  1 

31-49 

per  Cc-u. 
10  3.;5 

61-79 

per  Cent 

1-ip 

13  389 
J  4  008 

2-974 

2-2d 

32-50 

10  128 

62-80 

2-744 

3-21 

14--.J^7 

33-.j1 

9'905 

63-81 

2-557 

4-22 

14071 

34-.'32 

P'6;9 

64-82 

2-396 

5-23 

14725 

35-53 

9-452 

65-83 

2-252 

6-24 

14740 

36-54 

9-207 

66-84 

2-123 

7-25 

1-I7'i7 

'^7-55 

8951 

67-85 

2010 

8-2tf 

146/3 

38-50 

6  683 

68-86 

1-910 

9-^7 

1 4590 

39-57 

8  404 

Q9-^7 

1-798 

10-28 

l4-4b4 

J  0-5  3 

8-124 

70-83 

1-661 

11-29 

14-357 

4 !  -59 

7-839 

71-89 

1-464 

12-30 

14-202 

42-00 

7-569 

72-90 

1-189 

13-31 

14-0'i5 

43-61 

7-318 

73-91 

-937 

14-32 

13-874 

44-62 

7-075 

74-92 

-70B 

15-33 

13-700 

45-63 

6  830 

75-93 

•575 

16-34 

13  520 

46-64 

6  586 

76-94 

-431 

17-35 

13340 

47-65 

6-323 

77-9^ 

•421 

18-36 

13-141 

4b-C-6 

6048 

78-90 

•(XX) 

19-3; 

12-934 

49-67 

5-764 

20-38 

12-720 

50-68 

5-4B7 

21-39 

12505 

51-69 

5  221 

22-40 

1 2  236 

52-70 

4053 

23-tl 

12-073 

53-71 

4-694 

24-42 

1  1  -873 

54-72 

4-455 

25-43 

l\-6-o3 

5!J-7-6 

4-231 

20-44 

11-485 

56-74 

4-043 

27-45 

i  1-284 

57-75 

3-844 

28-46 

11072 

58-76 

3  637 

29-47 

1054; 

59-77 

3-430 

30-4S 

10-606 

60-78 

3-210 

555 


TABLE     XXI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from   the  observations  (among  Males  and 
Females  collectively)  made  in  Saedcn. 
DiiFerence  of  age  24  years. 


•^S^s 

4 

Ages 

4 

1 

1       >^Sei 

4 

per  Cent 

per  Cent 

1 

1 

per  Cent 

1-25 

12-832 

26-50 

io-:>64 

51-75 

4008 

2-26 

13-4{)Q 

27-5 1 

10  130 

52-76 

3  803 

3-27 

13  77^^ 

28^2 

9  S94 

o-^~-77 

3-605 

4-28 

14003 

29-53 

.9059 

54-78 

3-389 

5-29 

M0o7 

30-54 

9  413 

55-79 

3-150 

0-30 

J  4033 

31-55 

9  1^7 

56-80 

2-909 

7-oi 

14-006 

32-56 

8912 

5  7-81 

2-710 

8-32 

13-944 

33-57 

8-651 

58-82 

2-539 

9-33 

13-855 

34-53 

8-389 

5g~ii3 

2-385 

10-34 

13741 

o5~5g 

8-114 

60-84 

2-248 

1 1-3.5 

13  604 

36-60 

7833 

61-85 

2-135 

12-30 

13  •428 

37-61 

7-561 

62-86 

2-037 

13-37 

13-234 

38-62 

7-296 

63-87 

1-926 

14-38 

13  023 

39-63 

7  033 

64-83 

1-790 

lo-^U 

12798 

40-64 

6763 

05-89 

1-585 

16-40 

12-570 

4\-Q5 

6492 

66-90 

1-290 

17-41 

12-351 

42-66 

6-225 

67-91 

1-017 

18-42 

12-146 

^3-6; 

5Q57 

68-92 

•764 

1 9-43 

11-951 

44-68 

5-639 

69-93 

-617 

20-44 

1 1  ''75 1 

45-69 

5  426 

70-94 

-514 

21-45 

1 1-550 

46-70 

5153 

71-05 

-441 

22-46 

11-335 

47-71 

4-884 

72-96 

000 

23-i7 

11-107 

48-72 

4-633 

24-48 

10862 

49-73 

4-308 

25-49 

10-612 

50-74 

4-205 

I 

2p2 


556 


TABLE    XXII. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from   the  observations  (among  Males  anc 
Females  collectively)  made  in  Sweden. 
Difference  of  age  30  years. 


Ages 

4 

Ages 

4 

Ages 

4 

1-31 

per  Cent 

per  Cent 

per  Cent 

12- 1(>6 

26-56 

9O8O 

51-81 

2792 

2-32 

12';'30 

27-57 

88O7 

52-82 

2-623 

3-33 

13 -060 

23-58 

8-534 

53-83 

2475 

4-34 

13  ■264 

29-59 

8-250 

54-84 

2-344 

5-33 

i3-2;7 

30-60 

7-Q67 

55-85 

2-232 

6-36 

13-242 

31-61 

7-702 

56-86 

2-130 

7-37 

13170 

32-62 

7-446 

57-87 

2010 

8-38 

13  059 

33-63 

7-196 

58-88 

1-864 

9-39 

12-913 

34-64 

6-942 

59-89 

1-644 

10-40 

12743 

35-65 

6-679 

60-90 

1-333 

11-41 

12-563 

36-66 

6-402 

61-91 

1050 

12-42 

12-379 

37-67 

6115 

62-92 

•789 

13-43 

1-2- 196 

38-68 

5-828 

63-93 

-639 

14-44 

11997 

39-69 

5-543 

64-94 

•533 

15-45 

11-787 

40-70 

5-254 

65-95 

•456 

16-46 

1 1  -562 

41-71 

4-977 

66-g6 

•000 

17-47 

11-328 

42-72 

4-730 

18-48 

11076 

43-73 

4-507 

ig-Ag 

IO-8I9 

44-74 

4-322 

20-50 

10-507 

45-75 

4  128 

21-51 

10-332 

46-76 

3-921 

22-52 

10092 

47-77 

3-715 

23-53 

9-852 

48-78 

3-489 

24-54 

9-602 

49-79- 

3-238 

25-55 

9-347 

50-80 

2990 

5.57 


T  A  B  L  E    XXIIL 

Sliowingj  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
DiiFerence  of  age  36  years. 


Ages 

4 

Sgcs 

4 

per  Cent 

per  (Jent 

1-37 

1 1  -465 

o\-67 

6-3  97 

2-38 

11-913 

32-68 

5-917 

3-39 

12164 

33-&9 

5-642 

4-40 

12-284 

34-70 

5-364 

5-41 

12-242 

35-71 

5-093 

6-42 

12-185 

36-72 

4840 

■    7-43 

12  112 

37-73 

4-603 

8-4^ 

12  004 

38-74 

4-405 

9-45 

11-365 

39-75 

4195 

10-4(3 

11-694 

40-76 

3975 

11-47 

11-493 

41-77 

3762 

12-48 

11-259 

42-78 

3539 

13-49 

iron 

43-79 

3-295 

14-50 

10-759 

44-80 

3-052 

15-51 

10-514 

45-81 

2-854 

16-52 

10-264 

46-82 

2684 

\7-53 

10018 

47-83 

2-533 

1  8-54 

9-761 

48-84 

2-396 

19-55 

9500 

49-85 

2-277 

20-56 

9-228 

50-86 

2171 

21-57 

8-953 

51-87 

2050 

22-58 

S-675 

52-38 

1-901 

23-5-9 

8-385 

53-89 

1-681 

.  24-60 

8  097 

54-90 

1-366 

25-61 

7-S23 

55-01 

1-078 

26-62 

7-557 

56-92 

•810 

27-63 

7-297 

57-93 

•(}55 

28-64 

•7  032 

58-94 

•546 

29-65 

6-761 

!^9-95 

•464 

30-66 

6-481 

60-96 

-000 

553 


TABLE    XXIV. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  42  years. 


Ages 

4 

A^cs 

1 

4 

per  Cent 

per  Cent 

1-43 

10546 

31-73 

4-646 

2-44 

10946 

32-74 

4-453 

3-45 

1116s 

33-75 

4-251 

4-46 

11  260 

34-76 

4-040 

5-47 

iri63 

35-77 

3833 

6-48 

11  064 

36-78 

3-605 

7-^9 

10915 

37-79 

3-352 

8-50 

10743 

38-80 

3 -Ops 

9-5 1 

10  560 

39-8 1 

2-889 

10-52 

10357 

40-82 

2-710 

U-53 

10140 

41-83 

2-553 

1 2-54 

9-8Q8 

42-84 

2-418 

13-55 

964  i 

43-85 

2-305 

14-56 

0-371 

44-86 

2-203 

15-57 

9OS7 

45-87 

2-083 

16-58 

8799 

46-88 

1-933 

i;-59 

8-ii03 

47-S9 

1-708 

18-60 

8-208 

48-90 

1-385 

19-61 

;928 

49-.QI 

1-090 

20-62 

7658 

50-92 

•818 

21-63 

7-396 

51-93 

•662 

22-64 

7127 

52-94 

•551 

23-65 

6-851 

53-g5 

•468 

24-66 

6-566 

54-96 

•0(X) 

25-67 

G'275 

26-€8 

5986 

27-69 

5  702 

,  28-70 

5-415 

29-71 

5-136 

30-72 

4-881 

559 


TABLE    XXV. 

Showing  the  number  of  persons  irving  and  dfjing  at 
every  age,  according  to  the  observations  made  at 
Northampton. 


Age 
0 

Li\'in<>: 

Dyin.  j 

Age 

LiMii'4; 

Dying 

A,^es 

i,i--;iig 

Dying 

11050 

1340  j 

" 

1 

8650 

1367  1 

36 

39-^5 

75 

71 

1152 

80 

2 

7283 

502 

37 

3  8  60 

75 

72 

1072 

80 

3 

6781 

335 

38 

37S5 

75 

73 

99'-^ 

80 

4 

6446 

197 

39 

3710 

75 

74 

912 

80 

5 

6249 

184 

40 

3635 

76 

75 

832 

80 

6 

6065 

140 

41 

3559 

77 

76 

752 

77 

7 

5925 

110  ' 

42 

34S2 

78 

77 

675 

73 

8 

5815 

80 

43 

3404 

78 

78 

■   602 

6s 

9 

5735 

60  i 

44 

3326 

78 

79 

534 

65 

10 

5675 

52  ] 

45 

3248 

78 

80 

469 

63 

11 

5623 

50 

46 

3370 

78 

81 

406 

60 

12 

5573 

50 

47 

3092 

78 

82 

346 

57 

13 

50 

48 

30]  4 

78 

83 

289 

55 

14 

5473 

50 

49 

2936 

79 

84 

234 

48 

15 

5423 

50 

50 

2857 

81 

85 

186 

41 

16 

5373 

53. 

51 

2/76 

82 

86 

145 

34 

17 

5320 

58 

52 

2604 

82 

87 

111 

28 

18 

5262 

Q.i 

53 

2612 

82 

88 

S3 

21 

19 

5]  go 

G7 

54 

2530 

82 

89 

62 

16 

20 

5132 

72 

55 

2448 

82 

90 

46 

12 

21 

5060 

75 

50 

2366 

82 

91 

34 

10 

22 

4985 

7^ 

57 

2384 

82 

02 

24 

8 

23 

4910 

75 

58 

221.2 

82 

93 

16 

T 
/ 

24 

4835 

75 

59 

2120 

82 

04 

9 

5 

25 

4700 

75 

60 

2038 

82 

95 

4 

0 

26 

4685 

75 

61 

J  056 

62 

90 

1 

1 

27 

4610 

75 

62 

!874 

81 

97 

0 

0 

28 

4535 

75 

63 

1793 

81 

29 

4460 

75 

64 

1712 

80 

30 

4385 

75 

65 

1632 

80 

31 

4310 

75 

1  66 

1552 

80 

32 

4235 

75 

\67 

1472 

80 

33 

4160 

75 

68 

1392 

SO 

34 

4085 

75 

69 

1312 

80 

35 

4010 

75 

!  70 

1232 

80 

560 


TABLE 


Showing  the  Expectations  of  Life  at  every  age,  de- 
duced from  the  observations  niade  at  NonhambtGn. 


Ages 

t 
iixpectat. 

1 

hr-SS 

Expec'jat. 

Ag-es 

Expectat. 

A.-es 

fixiiectai. 

1 

3274 

26 

30-33 

51 

17  50 

76 

6-18 

2 

3779 

27 

2982 

52 

1702 

77 

583 

3 

39-55 

28 

25/30 

53 

16-54 

78 

5-48 

4 

40-58 

39 

28-79 

54  ^ 

i0'-06 

79 

5-il 

5 

40  84 

30 

28-27 

55 

15  58 

80 

4-75 

6 

41-07 

31 

2y-7Q 

56 

1510 

81 

4-41 

7 

41-03 

32 

27-24 

57 

14-63 

82 

4  09 

8 

40-79 

33 

26-72 

58 

14-15 

33 

3  80 

9 

40-36 

34 

26-20 

59 

13-68 

84 

3-58 

10 

3978 

35 

25-68" 

60 

13  21 

85 

3-37 

11 

39-14 

36 

25-16 

61 

12-75 

66 

3-19 

12 

38-49 

37 

24-64 

62 

12-28 

87 

301 

13 

37-83 

38 

24-12 

63 

11-81 

88 

2-86 

14 

37-17 

39 

23-60 

64 

3  1-35 

89 

2-66 

13 

36-51 

40 

23  08 

65 

10-88 

90 

2-41 

16 

35  85 

41 

22-56 

66 

1042 

91 

209 

17 

35-20 

42 

22-04 

67 

99G 

9'-!' 

1-75 

18 

34  58 

43 

21-54 

68 

9-50 

93 

1-37 

19 

33-99    1 

44 

21-03 

69 

905 

94 

1-05 

20 

33-43 

45 

20-52 

70 

8 -00 

95 

■75 

21 

33-90 

46 

20  02 

i  71 

817 

96 

-50 

22 

32-39 

47 

19-51 

i  ^'^ 

774 

97 

•00 

23 

31-88 

48 

1900 

73 

733 

24 

31-36 

49 

18-49 

74 

6-92 

25 

30-85 

50 

17-99 

75 

654 

£61 


T  A  B  L  E    XXVII. 


Showing  the  value  of  an  annuity  on  a  Single  Life,  at 
every  age,  deduced  from  the  observations  made  at 
Northampton. 


Ages 

3 

"-1. 

5 

6 

7 

■ 
8 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

16021 

13-465 

1 1  ■";63 

10*107 

8963 

8  046 

2 

18-599 

15  033 

13  420 

11-724 

10-391 

9-321 

3 

i  9-5/5 

16-462 

l4-i35 

12-348 

10-941 

9-812 

4 

20  210 

17010 

14-613 

12769 

11-315 

10147 

5 

20-473 

17-248 

14  827 

12962 

11-4&9 

10-304 

6 

20727 

17-482 

15-041 

13-156 

11-666 

10-466 

7 

20853 

17-011 

15-1J6 

13-275 

11  777 

10-570 

6 

20885 

17-662 

15  226 

13-337 

1  1-840 

10-631 

9 

20-812 

17-625 

15-210 

13-335 

11-846 

10  641 

10 

20  663 

17-523 

15  139 

13-285 

11-809 

10  614 

11 

20-480 

17-393 

15-043 

13-212 

11-752 

10-56(t 

12 

20-283 

17-251 

14-937 

13  130 

11-687 

10-517 

13 

20  081 

17- 103 

14826 

13  044 

11-018 

10-461 

14 

19-872 

1  6950 

14-710 

12-953 

11-545 

10-401 

15 

19^57 

16791 

14588 

12857 

1 1  -467 

10337 

16 

19-435 

16625 

14-400 

12-755 

11-384 

10-26S 

ir 

192 18 

16-462 

1-1334 

12-655 

1 1  -302 

10-200 

18 

19'0I3 

16309 

14-217 

12  562 

11  226 

10-137 

19 

18820 

16107 

14  108 

12477 

11  157 

10081 

20 

18-638 

16033 

14007 

12-398 

1 1  -094 

10030 

21 

18-470 

15-012 

13-917 

12-329 

1  1  -042 

0-986 

22 

18-311 

15-797 

13  833 

12-265 

10-993 

9-947 

23 

18-148 

15-680 

13-746 

12-200 

10-942 

9907 

24 

17-933 

15-560 

13  658 

12  132 

10-890 

9-865 

25 

17-814 

15-438 

]3-5G7 

12-063 

10-836 

9-823 

26 

17-642 

15-312 

13-473 

1 1  -9()2 

IO-78O 

9778 

V 

17-467 

15-184 

13-377 

11917 

10-723 

9-732 

28 

17-289 

15053 

13-278 

iI-841 

10-663 

9'68.} 

29 

J  7- 107 

14-918 

13-177 

11  763 

1 0-602 

9-635 

30 

16-922 

'14781 

13-072 

11-682 

10539 

9  584 

2  & 


562 


TABLE  XXVII     Continued. 


Ages 

3 

4 

5 

6 

7 

8 

per  Cent 

per  Cent 

per  Cent 

per  Cenf 

per  Cent 

p.r  Cent 

31 

16732 

14-639 

12-965 

11-598 

iO-473 

9-531 

32 

16-540 

14-495 

12-854 

11  5!2 

10-404 

9-476 

33 

16-343 

14347 

12  740 

1  ]  -423 

10-333 

94!8 

34 

16-142 

14195 

12-623 

11  331 

10-260 

''  '■-''^9 

35 

15  938 

14-039 

12-502 

11-236 

10183 

9'4}f> 

^ 

15729 

13-880 

12-377 

11-137 

10-104 

9-23  3 

37 

15515 

13-716 

12-249 

11035 

10021 

9-164 

38 

15  2y8 

(3-548 

12-li6 

10-929 

9-935 

9093 

39 

15075 

13-375 

1 1  9/9 

IO-8I9 

9-845 

9  OlG 

40 

14848 

13197 

11-837 

10705 

9752 

8941 

41 

14-620 

13-018 

1 1  -695 

10589 

9-657 

8863 

42 

l4-3yl 

12-838 

11-551 

10-473 

9-562 

8/83 

43 

14- 162 

12-657 

11-407 

10-356 

9-466 

8-703 

44 

13929 

124/2 

11-258 

10  235 

9-366 

8  620 

45 

13  692 

12-283 

11-105 

10110 

9262 

8-533 

46 

13-450 

I2OS9 

10-947 

9-080 

9  154 

8-443 

4/ 

13  203 

11-890 

10784 

9-846 

9042 

8-348 

48 

12-951 

11-685 

10616 

9707 

8-925 

8-249 

49 

12-693 

1 1-475 

10  443 

9563 

8-804 

8  146 

50 

12-436 

11-264 

10269 

9-417 

8-681 

8  041 

51 

12-183 

11057 

10097 

9-273 

8-559 

7-937 

53 

11-930 

10-849 

9925 

9129 

8-437 

7-833 

53 

11  •674 

1 0-037 

97^8 

8-980 

8-311 

7725 

54 

11  414 

10421 

9-067 

8-827 

8-181 

7-614 

55 

11150 

10-201 

9382 

8-670 

8047 

7-499 

56 

10-882 

9-977 

9193 

8509 

7909 

7379 

57 

10611 

9749 

8-999 

8-343 

7766 

7-256 

58 

10337 

9'5l6 

8  801 

8-173 

7-619 

7- 128 

59 

10058 

0280 

S'599 

7-999 

7-468 

6996 

60 

9777 

9039 

8-392 

7  820 

7312 

6-860 

6l 

9493 

8-795 

8181 

7-637 

7152 

6-7W 

62 

9205 

8-547 

7966 

7449 

6-988 

6574 

63 

8-910 

8-291 

7742 

7253 

6-815 

6  421 

64 

8-611 

8030 

7-514 

7-052 

6-637 

6262 

65 

8  304 

7761 

7276 

6-841 

6-449 

6-095 

563 


TABLE    XXVII     Continued. 


Ages 

3 

4 

.5 

6 

7 

8 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

6Q 

7  994 

7-488 

7034 

6-625 

6256 

5-922 

67 

7-632 

7-211 

6-787 

6405 

6058 

5  743 

68 

7-367 

6-930 

6536 

6179 

5-855 

5-55Q 

69 

7051 

6-647 

6-281 

5-040 

5-646 

5-370 

70 

6734 

6361 

6023 

5716 

5  434 

5-176 

71 

6-418 

6075 

5764 

5 -470 

5-218 

4^978 

72 

6-103 

5790 

5-504 

5-241 

5  000 

4-778 

73 

5-704 

5-567 

5  245 

5  004 

4781 

4-576 

74 

5-491 

5-230 

4-900 

4- 769 

456i 

4-375 

75 

5199 

4-962 

4-744 

4-542 

4354 

4- 180 

76 

4925 

4-710 

4-511 

4-326 

4- 154 

3-994 

77 

4-652 

4-457 

4-277 

4-109 

3-952 

3-806 

78 

4-372 

4-197 

4035 

3-884 

3  742 

3-609 

79 

4  077 

3-921 

3-776 

3-641 

3-514 

3-394 

80 

3-781 

3-643 

3-515 

3394 

3-281 

3-174 

81 

3499 

3-377 

3-263 

3-156 

3  055 

2-960 

82 

3-229 

3-122 

3-020 

2-926 

2-836 

2-751 

83 

2-Q82 

2-887 

2-797 

2713 

2-632 

2-557 

84 

2-793 

2- 708 

2-627 

2551 

2-479 

2-410 

85 

2-620 

2-543 

2-471 

2  402 

2-337 

2-275 

86 

2-462 

2-393 

2-328 

2-266 

2-207 

2-151 

87 

2-312 

2-251 

2193 

2  138 

2085 

2  035 

88 

2-185 

2-131 

2-080 

2  031 

1-984 

1"939 

89 

2013 

1-967 

1924 

1-882 

1-842 

1-803 

90 

1794 

I-75S 

1723 

1-689 

1-656 

1  6'25 

91 

1  501 

1-474 

1-447 

1-422 

1-398 

1374 

02 

1-190 

1-171 

1  153 

1136 

Ills 

1102 

93 

•839 

•827 

-816 

-806 

795 

•785 

1  94 

•536 

•530 

-524 

-518 

512 

•507 

95 

•242 

•2-10 

•233 

•236 

•234 

•232 

96 

•000 

•000 

•000 

-oco 

•000 

•000 

k___ 



2a2 


;64 


txVBLE    XXVIII. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  0  years. 


[Com- 
mon 
Age 


3 

pef  Cent 


1 

2 
3 
4 
5 

6 

7 

8 

9 

10 

11 

12 
13 
14 
15 

16 

1/ 
18 

19 

20 

21 
22 
23 
24 
25 

26 
27 
28 

29 
30 


9-491 
12789 
14- 196 

is-Tbi 

15638 

16099 
16-375 
16-510 
16-483 
16339 

16-142 
15-926 
15/02 
15-470 
15-229 

14-979 

14737 

14-516 
14-316 
14133 

13  074 
]  3-830 
13-083 
13-534 

13-383 

13-230 
13074 
12915 
12-754 
12-589 


4 

per  Cent 


8'252 
11107 
12-325 
13185 
13-591 

14005 

14-224 
14-399 
14-396 
14-277 

14- 133 

13-966 

13-789 
13-6o'4 
13-411 

13-212 
13  019 
12841 

12-679 
12-535 

1 2409 
12293 

12-179 
12062 
1 1  -944 

11*822 
11699 
11-573 
11-445 
11-313 


5 

per  Cent 


7-287 

9793 

10  862 

11621 

11-984 

12-358 
12-596 
12-731 
12744 
12-665 

12-546 
12-411 
12-268 
12-118 
11-960 

11793 
11-630 
11-483 
11-351 
11-232 

11-131 

1 1  042 
10-951 
10-858 
10-764 

10-667 
10-567 
10-466 
10-362 
10-255 


6 

per  Cent 


6-515 

8-741 

9-689 

10-365 

10-691 

11-031 
11-251 
11-382 
11-404 
11-345 

11-249 
11139 
11  023 
10-899 
10-767 

10-626 
10-489 
10365 
10-255 
10156 

10-074 
10002 

9-928 

9-853 
9-776 

9-697 
9-616 
9-533 
9-448 
9360 


S65 


TABLE    XXVIII     Continued. 


•^ 


Com- 
mon 

3 

4 

5 

6 

Age 

per  Cent. 

per  Cent 

per  Cent 

per  Cent 

31 

12-422 

11-179 

10146 

9270 

32 

12-252 

1 1  042 

10034 

9-178 

33 

12  079 

10-902 

9-919 

9082 

34 

1 1  902 

10759 

9801 

8-984 

35 

11-722 

10612 

9 -680 

8-883 

36- 

f  1-539 

10-462 

9-555 

8-778 

37 

11-35^1 

10-307 

9-427 

8-670 

38 

JllOO 

10-119 

9-294 

8-558 

39 

10964 

9-9^6 

9158 

8-442 

40 

10764 

9-820 

9016 

8-322 

41 

10-565 

9654 

8-876 

8-202 

42 

10369 

9-491 

8-737 

8-083 

43 

10175 

9-326 

S'5L)Q 

7965 

44 

9-978 

9-160 

8-457 

7  843 

45 

9776 

8-990 

8-312 

7-7  J  8 

46 

9571 

8-815 

8-162 

7-589 

47 

9-362 

8-637 

8-008 

7455 
7316 

48 

9-149 

8-453 

7-849  ■ 

49 

8-931 

8-266 

7-686 

7-173 

50 

8-714 

8-081 

7-522 

7OJO 

51 

8-507 

7-QOO 

7*366 

6893 

52 

8-304 

7-724 

7-213 

6-758 

53 

8-099 

7544 

7056 

6-620 

54 

7-891 

7'36i 

6-8()7 

6  430 

55 

7-681 

7179 

67':i5 

6336 

56 

7-470 

6993 

6-571 

6190 

57 

7256 

6  805 

6-404 

6-041 

58 

7-041 

6-614 

6-234 

5-890 

50 

6-824 

6-421 

6062 

5-735 

60 

6-606 

6-226 

5-8S8 

5-579 

61 

6-387 

6-030 

5-712 

5-420 

62 

6-166 

5-831 

5-533 

5-259 

63 

5-938 

5-626 

5-347 

5  089 

64 

5-709    ■ 

5-417 

5-158 

4-917 

65 

5-471 

5-201 

4-960 

4-736 

S66 


TABLE    XXVIII     Continued. 


'Com 

1  mon 

3 

4 

5 

6 

Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66 

5231 

4*982 

4-759 

4-551 

&> 

4990 

4-760 

4-555 

4-363 

68 

4-747 

4-537 

4-348 

4-171 

69 

4-504 

4-312 

4- 140 

3977 

70 

4-26'l 

4  0^7 

3930 

3-781 

71 

4020 

3-862 

3-719 

3-584 

72 

3781 

3-639 

3-510 

3-387 

73 

3-54.8 

3-421 

3-304 

^ICfi 

74 

3-324 

3-211 

3-105 

3-005 

75 

3-114 

3015 

2917 

2-827 

76 

2-926 

2-833 

2-750 

2-668 

77 

2-741 

2656 

2-583 

2  511 

78 

2-550 

2-470 

2-410 

2-346 

79 

2-338 

2-271 

2-217 

2-161 

80 

2122 

2  008 

2018 

1969 

81 

1-917 

1-869 

1-827 

1-786 

82 

1-719 

1-6S1 

1-642 

i-606 

83 

1-538 

1-510 

1-472 

1-441 

84 

1-41(5 

1-387 

1-357 

1-330 

85 

1-309 

1-339 

1-256 

VIZI 

86 

1-218 

1-195 

1-171 

1-I4Q 

87 

1141 

1-124 

1-098 

1-078 

88 

1103 

1-030 

1-063 

1044 

89 

1036 

1  015 

1  001 

-954 

90 

•938 

•922 

■909 

-S95 

91 

•769 

■75Q 

•748 

■7^7 

92 

•591 

-583 

■57Q 

•56q 

9^ 

-369 

-365 

•361 

■357 

94 

•203 

•201 

•199 

•19; 

95 

•0^)0 

•060 

•059 

-058 

gd 

•0(X) 

•000 

-000 

•000 

567 


TABLE    XXIX. 

Showing  the  value  of  an  annuity  on  Two  Johit 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  5  years. 


Ages 

S 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-  6 

12-347 

10-741 

9"  4  79 

8-467 

2-  7 

14-461 

12-581 

H-lOO 

9'9ii 

3-  8 

15-300 

13-319 

11755 

10-498 

4-9 

15-609 

13-775 

12- 165 

10-869 

5-10 

15-974 

13-933 

12-315 

11-010 

6-11 

16-110 

14  068 

12-447 

11-136 

7-12 

16-137 

14-111 

12-498 

11-1Q2 

8-13 

16-089 

14-089 

12-492 

11-197 

9-14 

\5Q57 

13-992 

12-421 

11-144 

10-15 

15-762 

13-841 

12-302 

11-048 

11-16 

15-538 

13-664 

12-158 

10-929 

12-17 

15-308 

13-480 

12009 

10-805 

13-18 

15-086 

13-303 

11-864 

10-685 

14-19 

14-870 

13-130 

11-7-23 

10  568 

15-20 

14-660 

12-961 

11-585 

10453 

16-21 

14-457 

12799 

11-452 

10-342 

1 7-22 

14-265 

12-646 

11-327 

10-239 

18-23 

14082 

12-500 

1  I  -209 

10- 140 

19-24 

13-908 

12-361 

1 1  -096 

10-048 

20-25 

13-741 

12229 

10-989 

9-960 

21-26 

13-584 

12-105 

10-890 

9-9/9 

22-27 

13-433 

11-987 

10-796 

9-803 

23-28 

13-280 

11-866 

10-699 

9-724 

24-29 

13-124 

11-743 

1O-600 

9643 

25-30 

12-966 

11 -61 8 

10-499 

9561 

26-31 

12-805 

11-489 

10-396 

9476 

27-32 

12-641 

11-359 

102k) 

9-389 

28-33 

12-474 

11-225 

10'4  8"l 

9*299 

29-34 

12-304 

11  088 

10-069 

9-207 

30-35 

12- 131 

i  0-948 

9-954 

9-112 

568 


TABLE  XXIX     Continued.    - 


> 

Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-36 

11-955 

10-805 

9-837 

9-014 

32-37 

11775 

10  659 

9716 

8-913 

33-38 

11-592 

10-508 

9591 

8-808 

34-3.9 

11-404 

10354 

9-463 

8-701 

35-40 

11-213 

10-196 

9-331 

8-589 

36-41 

11  021 

10037 

9-198 

8-476 

37-42 

10-828 

9  877 

9  062 

8-362 

38-43 

10635 

9716" 

8-927 

8-246 

39-44 

10-437 

9550 

87H7 

8-  ]  27 

40-45 

10-236 

9-381 

8-643 

8003 

41-46 

10033 

9210 

8  497 

7-878 

42-47 

9-829 

9037 

8-350 

7-751 

43-48 

9-624 

8-8D2 

8-200 

7-021 

44-49 

9-414 

8  683 

8-046 

7488 

45-50 

.    9-204 

8-503 

7-891 

7-353 

46-51 

8-p97 

8-326 

7-737 

7-219 

47-52 

8-790 

8  147 

7582 

7  084 

48-53 

8-5/9 

7965 

7-424 

6-945" 

49-54 

8-366 

7-780 

7262 

6  802 

50-55 

8-152 

7593 

7-098 

6-658 

51-56 

7-9-ii 

7409 

6-936 

6-515     . 

52-57 

7730 

7-225 

6-774 

6-371 

53-58 

7-518 

7039 

6-600 

6-225 

54-59 

7-304 

6-850 

6-442 

6076 

55-60 

7-088 

6O59 

6-272 

5-924 

56-61 

6870 

6-465 

6-100 

5-770 

57-62 

6-651 

6270 

5-925 

5 -6  J  3 

58-63 

6-427 

6070 

5744 

5  450 

59-64 

6-201 

5-867 

5-561 

5-284 

60-65 

5-970 

5  658 

5372 

5-112 

61-66 

5737 

5-447 

5180 

4-938 

62-67 

5-503 

5  285 

4-986 

4-760 

63-68 

5-265 

5017 

4786 

4-576 

64-69 

5-025 

4-798 

4-585 

4-390 

65-70 

47b3 

4573 

4378 

4-^99   1 

1- 

569 


TABLE  XXIX     Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

63-71 

4540 

4-349 

4-169 

4 

005 

fi7-72 

4-298 

4  124 

3  •960 

3 

811 

fts-73 

405;) 

3001 

3  752 

3 

616 

09-/4 

3-825 

3-683 

3-547 

3 

4-23 

70-75 

3 -.599 

3-471 

3-347 

3 

236 

71-73 

3-386 

3270 

3-159 

3 

059 

72-77 

3- 170' 

3070 

2-971 

2 

882 

73-78 

2-963 

2tS9 

2-780 

2 

701 

7-^-70 

2  ■74:3 

2059 

2-580 

2 

511 

75-30 

2  520 

2448 

2-381 

2 

323 

7ti-si 

2-325 

2-258 

!i-l95 

2 

147 

7/-S2 

2-131 

2077 

2013 

975 

7  3 --83 

l(j47 

1  -899 

1-838 

810 

79-84 

1-793 

1-751 

1-750 

072 

80-85 

l-t)45 

1-008 

1-573 

539 

8J^S6 

1  511 

1-478 

1447 

4)7 

82-87 

1-385 

1-350 

1-329 

303 

83-88 

1-284 

1-250 

1-235 

2;  2 

84  -89 

riss 

1-16. 

1145 

124 

85-90 

1  -074 

1-0  j4 

1-038 

021 

86-91 

•921 

-pc^ 

•892 

879 

87-<)2 

•7^-G 

■.:3s 

'734 

'/'^5 

68-93 

•502 

•5  ;^ 

-547 

541 

89-91 

•377 

•373 

■3.39 

365 

90-95 

•179 

•1:7 

■175 

174 

91-pG 

•COO 

-000 

•000 

000 

2  R 


570 


TABLE    XXX. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
NortliavipLon. 

Difference  of  age  10  years. 


Ajjes 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-11 

12-3-46 

10-782 

9544 

8-547 

2-12 

14-23f) 

12-438 

11010 

9S57 

3-13 

i4-sy5 

]3  0)9 

11-528 

10324 

4-14 

15-28/ 

13-374 

11-850 

10-617 

5-15 

15'391 

13-479 

11-954 

10716 

6-16 

15-486 

13-578 

12052    . 

10-812 

7-17 

15490 

13-599 

120S3 

10-849 

8-18 

15-436 

13*569 

12070 

10-847 

9-^9 

15-316 

13-482 

12006 

10-799 

10-20 

15151 

13-355 

11-906 

10719 

11-21 

14974 

13  217 

11-797 

10-631 

12-22 

14795 

13-078 

11-686 

10-541 

13-23 

14-612 

12934 

11-570 

10-446 

14-24 

14-424 

12-784 

1 1  -450 

10-348 

15-25 

14230 

12-630 

11-324 

10-244 

.  16-26 

14030 

12-4/0 

11193 

10-135 

17-27 

13-832 

12-311 

1 1  063 

10027 

18-28 

13  642 

12-158 

10-939 

•9-924 

19-29 

13-461 

12-013 

10-820 

Q'826 

20-30 

13-286 

11  873 

10-707 

9732 

21-31 

13-121 

11-742 

IO6CO 

9-644 

22-32 

12-961 

11-615 

10-498 

9'56l 

23-33 

12-798 

11-485 

10393 

9474 

24-34 

12  632 

11-352 

10-285 

9-386 

25-35 

12-463 

11-217 

10-175 

9-2<^5 

26-36 

12-291 

iro78 

10-062 

9-201 

27-37 

12-116 

10936 

9-946 

9-105 

28-38 

11-937 

10-791 

9826 

9-005 

29-39 

U'7^5 

10-643r 

9703 

8-902 

30-40 

11-568 

10-490 

9'576' 

8-795 

571 


TABLE  XXX    Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-^1 

11  382 

10-336 

9*448 

8-688 

32-42 

11195 

10-182 

0-320 

8-580 

33-43 

11  067 

10-027 

9-190 

8-471 

34-14 

10-817 

9-869 

9058 

8-358 

3.5-45 

10  622 

9-706 

8-921 

8-242 

36-46 

10-424 

9-540 

8-781 

8-122 

37-47 

10-221 

9-370 

8-636 

7-99S 

38-48 

10014 

0-^95 

8-487 

7870 

39-49 

9  803 

9  015 

8-333 

7-737 

40-50 

9590 

8-834 

8-177 

7602 

41-51 

9"3  83 

8-658 

8  025 

7-479 

42-52 

9-179 

8-483 

7-875 

7  340 

43-53 

8-975 

8-308 

7-724 

7-208 

44-54 

8-767 

8-130 

7-569 

7073 

45-55 

8-557 

7  9^8 

7411 

6935 

46-56 

8344 

7-763 

7  249 

6793 

47-57 

8I27 

7-574 

7-084 

6-648 

48-58 

7907 

7-3S2 

6915 

6-498 

49-59 

7'684 

7-186 

6-742 

6-344 

50-60 

7-461 

6-9S9 

6-568 

61 89 

5  J -61 

7-240 

6795 

6-395 

6035 

52-62 

7021 

6-600 

6  222 

5  880 

53-63 

6-795 

6-399 

6-042 

5-719 

54-64 

6  568 

6']g6 

5-860 

5o55 

55-G5 

6-334 

5-986 

5-671 

5-384 

56-()6 

6-098 

5774 

5-479 

5-209 

57-07 

5-860 

5-55Q 

5-283 

5  031 

58-68 

5-621 

5-341 

5-084 

4-849 

59-69 

5 -3  SO 

5-121 

4  883 

4-665 

60-70 

5139 

4900 

4680 

4-478 

61-71 

4-898 

4-679 

4-476 

4-28Q 

62-72 

4-659 

4-458 

4-272 

4-099 

63-73 

4-420 

4-236 

4-066 

3-9O8 

64-74 

4-186 

4-019 

3-864 

3719 

65-75 

3-958 

3 -806 

3-665 

3-533 

2  R  2 


57^ 


TABLE  XXX    Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66-76 

3743 

3.606 

3-477 

3-357 

67-77 

3-529 

3-405 

3-289 

3-180 

68-;s 

3-310 

3- 109 

3-095 

2-996 

^9-79 

3-077 

2-979 

2-887 

'^799 

7  0-80 

2  843 

2757 

2-675 

2-598 

7 1-81 

2-618 

2-542 

2470 

2-402 

72-82 

2-401 

2-334 

2-271 

2-211 

73-83 

2-199 

2141 

2085 

2-032 

74-84 

2-043 

1-991 

1-941 

1-894 

75-85 

1-903 

1-856 

1-811 

1-769 

76-86 

l'78l 

1-739 

1  -690 

1-661 

77-87 

1-670 

1-633 

1-597 

1-562 

78-88 

1-580 

1-546 

1-514 

1-483 

79-89 

1-456 

1-427 

1-400 

1-373 

80-C)0 

1-302 

1-278 

1  255 

1-234 

81-91 

1006 

1-078 

ro6i 

1-044 

82-92 

■i^77 

•864 

-852 

•840 

83-93 

•622 

-614 

-606 

■599 

84-94 

•408 

•403 

•398 

•394 

85-95 

•IS9 

•187 

•185 

•183 

86-96 

-COO 

•COO 

-000 

•000 

I 


J73 


TABLE    XXXL 


Showing  the  value  of  an  annuity  on  Two  Join 
Lives,  deduced  from  the  observations  made  a 
Northampton. 

Difference  of  age  I.';  years. 


Ages 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

'per  Cent 

1-10 

ir864 

10--106 

9243 

S-301 

2-1/ 

13-659 

11-981 

10612 

g-555 

3-18 

14-277 

12-531 

11134 

99^8 

4-19 

14- 65  7 

12  876 

1 1  -447 

10-284 

5-20 

14-776 

12-993 

11  361 

:o-3oi 

6-21 

14-904 

13-121 

1 1  -es5 

10-510 

7-22 

M-950 

13-1/8 

11-748 

10-576 

8-23 

14-929 

13-178 

11-761 

10-597 

9-24 

14-834 

13112 

11/15 

i  0-566 

10-2  J 

14-683 

12-998 

11-627 

10-497 

11-26 

14-508 

12-'86l 

11-519 

10-410 

12-27 

14-323 

12-715 

11-402 

10-314 

13-28 

14-132 

12-564 

11-280 

10-215 

14-29 

13-936 

12-408 

11-153 

10110 

15-30 

13-734 

12-246 

11-021 

J  0001 

16-31 

13-527 

12-078 

10-883 

9SS6 

17-32 

13-320 

11-911 

10746 

9/71 

18-33 

13J21 

11-750 

10-613 

9-660 

19-34 

12930 

11-595 

10-486 

9554 

20-35 

12-744 

11-4^15 

10-363 

9"451 

21-36 

12-567 

11-302 

10-246 

9354 

22-37 

12-394 

11-163 

10- 132 

9260 

23-38 

12-218 

1 1  020 

10015 

9- 163 

24-39 

r2-038 

10-874 

9-S95 

9-063 

25-40 

11-S54 

10-725 

9771 

8-960 

26-41 

11-670 

10-574 

9G47 

8-855 

27-42 

11486 

10-423 

9-522 

8-751 

23-43 

li-,J02 

10272 

0-306 

8-645 

29-44 

11-114 

101i7 

9-267 

8-536    ! 

30-45 

10-923 

9'959 

9- 135 

8-424    j 

37-^ 


TABLE  XXXI     Continued. 


Ages 

S 

4 

.5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-46 

10-728 

9797 

8-998 

8-309 

32-47 

10-530 

9-631 

8-858 

8-1&9 

33-48 

10-327 

9461 

8-714 

8-066 

34-4.9 

10- 120 

9286 

8-565 

7-9.38 

35-50 

9V12 

9-110 

8-415 

7-8O9 

36-51 

9-707 

8-937 

8-267 

7-68 1 

37-52 

9-503 

8-763 

8-119 

7-553 

38-53 

9-296 

8-586 

7900 

7-421 

39-54 

9085 

8-406 

7-810 

7-286 

40-55 

8-870 

8-221 

7-651 

7- 146 

41-56 

8-655 

8035 

7-489 

7-005 

42-57 

8-439 

7*848 

7326 

6-862 

43-58 

8222 

7660 

7162 

6718 

44-59 

8003 

7-469 

6-994 

6-570 

45-60 

77S] 

7-274 

6-8-22 

6-418 

46-61 

7-'^56 

7076 

6-648 

6-263 

47-62 

7-328 

6-S75 

6469 

6-104 

48-63 

7093 

6-667 

6-283 

5937 

49-64 

6-854 

6-454 

6093 

5-707 

50-65 

6-61 1 

6-236 

5897 

5590 

51-66 

6-369 

6-019 

5-701 

5-412 

52-67 

6-127 

5-801 

5-504 

5-233 

53-68 

5-884 

5-580 

5-303 

5050 

54-6Q 

5-638 

5-357 

5100 

4-864 

55-70 

5391 

5-132 

4-893 

4-674 

56-71 

5145 

4-905 

4  685 

4-482 

57-72 

4-899 

4-679 

4-477 

4-289 

58-73 

4-656 

4-455 

4-269 

4-096 

59-74 

4-418 

4-234 

4-064 

3-906 

60-75 

4189 

4-021 

3-866 

3-721 

61-76 

3974 

3-821 

3-679 

3-546 

62-77 

3-760 

3-621 

3-492 

3-371 

63-78 

3-538 

3-414 

3-297 

3-188 

64-79 

3-303 

3-192 

3-088 

2-990 

65-80 

3-063 

2965 

2-873 

2-786 

57.> 


TABLE  XXXI     Continued. 


Ages 

i 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66-81 

2833 

2-746 

2-664 

2S87 

67-82 

2-610 

2-533 

2-461 

2-393 

68-83 

2-403 

2-336 

2272 

2-211 

69-84 

2-244 

2-183 

2- 126 

2071 

70-85 

2097 

2-042 

1-991 

1-9-11 

71-86 

1-963 

1-914 

1-867 

1-823 

72-87 

1-838 

1-794 

1-753 

1713 

73-88 

1-736 

1-697 

1-660 

1-625 

74-89 

1-603 

1-570 

1-538 

1-508 

75-90 

1-440 

1-413 

1-387 

1-361 

76-01 

1-221 

1-200 

1-180 

1-160 

77-92 

•985 

•070 

■955 

•942 

78-93 

-706 

•6i)7 

•688 

•679 

79-94: 

•458 

•453 

•448 

•443 

80-95 

•210 

•208 

•206 

•204 

8 1-96 

•000 

•000 

•000 

•000 

576 


TABLE    XXXII. 

Showing   tlie   value   of   p.ii    annuity   on   Two   Joint 
Lives,    deduced   from  the    observations    made   at 


rlhanipt 

J7Z. 

Differenc 

e  of  age 

20  years 

• 

3 

4 

.5 

6 

I 

per  Cent 

per  Cent 

per  Cei.t 

per  Cent 

1-21 

Il-]13 

10053 

8-961 

8  070 

2-22 

13- 172 

1I-6Q5 

10344 

9-313 

3-23 

i37fM 

12  161 

10-843 

9"764 

4-24 

I4-178 

12  511 

11163 

10057 

5-25 

14-301 

12-033 

11-281 

10170 

0-26 

14-420 

12754 

1  1  -400 

10-265 

l-v 

14-451 

12-798 

11-452 

1 0-34  J 

8-2S 

14-417 

12-786 

11-455 

10-354 

9-2p 

14-310 

12-710 

11-401 

10315 

10-30 

14-150 

12-586 

11-304 

10239 

11-31 

]3-.qG5 

12  441 

11-168 

10-144 

12-32 

13-7/0 

12-286 

1 1  062 

1 0  042 

13-33 

13-570 

12-125 

10932 

0\O34 

14-34 

13  303 

ii&^'JQ 

10-706 

9-^22   . 

1 5-35 

13151 

11737  • 

10655 

9/03 

1(3-36 

12- .03  2 

11-609 

10-507 

9579 

17-37 

12714 

11-430 

10358 

9-454 

18-38 

12-502 

11-257 

10-214 

9-333 

1()-3C) 

12297 

1 1  089 

100/4 

92 15 

20-40 

l2-e^(j 

10924 

99^7 

9-100 

21-41 

11  ftoG 

10768 

9-809 

8-0U2 

22-4:i 

il  723 

10-619 

9-685 

8-*8Sq 

23-43 

i:-540 

10-470 

9-562 

8785 

24-44 

11-354 

10-317 

9435 

8670 

25-45 

11164 

10-160 

9-304 

8-5&'9 

26-4(3 

10p7(' 

lOOOO 

9170 

8-455 

27-47 

10  7/3 

9-636 

9-032 

8-33S 

28-4^ 

J  0-572 

9-667 

8-890 

8-217 

29-t9 

10-360 

9-^95 

8-744 

8-092 

.  30-50 

10160 

9-321 

8596 

7-906 

31-51 

9-957 

9-151 

8-451 

7'S41 

32-52 

Q-756 

8-g60 

8  306 

7716 

33-53 

9550 

8-S06 

8'157 

7-586 

34-54 

9-342 

8 -629 

8005 

7-457 

,  35-55 

9-131 

8-448 

7-849 

7-322 

577 
TABLE    XXXII     Contlcued. 


Ages 

3 

4 

,  I 

6 

per  Cent 

per  Cent 

per  Cent 

•:er  Cent 

■ 

36-56 

89]  6 

8-264 

7-600 

7  183 

37-57 

8699 

SO76 

7  527 

7-041 

3S-58 

8-477 

7-684 

7300 

6  894 

-  -"iD-sg 

8-253 

7-6S9 

7-I89 

6744 

40~6o 

8025 

7-490 

7015 

6-590 

41-01 

7790 

7-290 

6-838 

6434 

42-62 

7-567 

/  088 

6-600 

6-276 

43-63 

7-332 

6-S81 

6-477 

6- 1 1 2 

44-04 

7-095 

6671 

6289 

5-941 

45-65 

6850 

6-453 

6094 

5-769 

46-66 

6602 

6-230 

5-S94 

5-588 

47-67 

6  351 

6(X)4 

5-6gu 

5-403 

48-68 

6096 

5774 

5-4S1 

5  213 

49-69 

5-839 

5  541 

5' 268 

5019 

50-70 

5-5S2 

5-306 

5-054 

4  822 

51-71 

5-328 

5074 

'    4  841 

4-626 

52-72 

5-077 

4-845 

4-6;}','j. . 

4-430 

53-73 

4-829 

4-614 

4-417 

4-.^i4 

54-74 

4-585 

4-389 

4 -20s 

4-040 

55-75 

4-350 

4-171 

4-006 

3852 

56-76 

4129 

3-96'; 

3S15 

3-674 

57-77 

3908 

3-761 

3-6'i3 

3-494 

53-^78 

3-682 

3-54Q 

3-424 

3-30S 

59-79 

3-440 

3-322 

3-210 

3  J  05 

60-60 

3-197 

3  0J2 

2-992 

2-a(:r, 

61-81 

2-964 

2-870 

2-782 

2-699 

63-82 

2739 

2-656 

2-578 

2-504 

63-83 

2-530 

2457 

2-367 

2-321 

64-84 

2-371 

2-305 

2-242 

2-182 

65-85 

2-223 

2-163 

2-107 

2053 

66-86 

2-039 

2-035 

1-984 

1-C36 

67-87 

1-963 

1'915 

1-870 

1  826 

68-88 

1-860 

1-817 

1-777 

1-737 

69-S9 

1-722 

1-685 

1-650 

1  616. 

70-90 

1-545 

1-515 

1-486 

1'159 

71-91 

1  -303 

1-280 

1-259 

1-238 

72-92 

1044 

1-028 

1-012 

■997 

73-93 

-743 

•733 

-723 

•714 

74-94 

•480 

•474 

-409 

•464 

75-95 

•219 

•217 

•215 

-213 

2i 


578 


TABLE    XXXIIT. 

Showing  the  value  of  an  ann.uity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Norihainpton. 

Difference  of  age  25  years. 


i 


Ages 

3 

4 

.5. 

c 

par  Cent 

per  Cent 

p?r  Cent 

ner  Cent 

1-26 

11037 

9770 

8  •742 

7-897 

2-27 

12-722 

11-264 

10-080 

9-104 

3-28 

13  307 

11-790 

10555 

9537 

4-29 

13-66 1 

12- n  6 

10b55 

9-813 

5-30 

13-762 

12220 

10959 

9913 

6-31 

13-859 

12-322 

11-062 

10015 

7-32 

13  87^1 

12-350 

11-100 

lOOuO 

8-33 

13  S2Q 

12-323 

11090 

10061 

9-34 

13  693 

12-234 

11-024 

10012 

10-35 

13-525 

12-098 

10916 

9 '925 

11-36 

13-328 

11-941 

10-788 

9  820 

12-37 

13  120 

]  1-773 

10-651 

9-707 

13-38 

12-906 

11-600 

10  509 

9-588 

14-39 

12-686 

11420 

10-360 

9-464 

15-40 

12459 

11234 

10205 

9-333 

16-41 

12-229 

11  044 

10-046 

9198 

17-42 

12-002 

10-856 

9-889 

9-065 

18-43 

11-785 

10-677 

9739 

8-938 

lp-44 

11-574 

10-502 

9-592 

8-'8l4 

20-45 

11-367 

10-330 

9-448 

8-692 

21-46 

11  167 

10-165 

9-310 

8-574 

22-47 

10-960 

10-001 

9173 

S-458 

23-4S 

10-768 

q-833 

9-031 

8-338 

24-49 

10-562 

9661 

8-886 

8-214 

25-50 

10  356 

9-488 

8-739 

8-O89 

26-51 

10154 

9-318 

8-595 

7-9^Q 

27-52 

9-952 

9148 

8'451 

7-842 

28-53 

9/48 

8-975 

8-304 

7716 

29-54 

9540 

^799 

,8- 153 

7-5SQ 

30-55 

9-329 

8-619 

7W9 

7453 

579 
TABLE  XXXIII    Continued. 


0 
u- 

4 

5 

(i 

Ages 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-56 

9-115 

8-436 

7-841 

.  ,  — j 

7-316 

32-57 

8-S97 

8-250 

7-080 

7175 

33-58 

8077 

8-060 

7-515 

7-031 

34-5.0 

8-454 

7-866 

7346 

6-884 

35-00 

8-227 

7-669 

7-174 

0-732 

30-61 

7997 

7-469 

6-998 

6577 

37-02 

7-765 

7265 

6-819 

6-418 

38-03 

7-525 

7053 

6-631 

.  6-252 

39-04 

7  281 

0-838 

6-440 

0-081 

40-05 

7  030 

6614 

0-240 

5-901 

41-06 

6-776 

6-388 

6037 

5-7J8 

42-67 

6-522 

6-159 

5  831 

5-532 

43-68 

6-200 

5-929 

5622 

5-343 

44-O9 

0-008 

5 -696 

5-411 

5  150 

45-70 

5-749 

5-460 

5-195 

4-953 

46-71 

5 -488 

5-222 

4-978 

4753 

47-72 

5-228 

4-983 

4-758 

4-551 

48-73 

4970 

4746 

4-539 

4-348 

49-74 

4-716 

4-511 

4-322 

4-146 

50-75 

4-472 

4-285 

4112 

3-951 

51-76 

4-245 

4-074 

3-916 

3-708 

52-77 

4019 

3-804 

3  720 

3-586 

53-78 

3-787 

3-648 

3-518 

3-396 

54-79 

3-540 

3  416 

3-299 

3-180 

55-80 

3-291 

3-180 

3-076 

2-978 

56-81 

3-051 

2-953 

2861 

2774 

57-82 

2-820 

2-733 

2-651 

2-574 

58-83 

2-608 

2-530 

2-457 

2-388 

59-84 

2-446 

2-376 

2310 

2-247 

00-85 

2-297 

2-234 

2-174 

2-118 

61-86 

2-162 

2-105 

2  051 

2-000 
1-891 

62-87 

2036 

1-985 

1-937 

63-88 

1-932 

1-686 

1-843 

1-802 

64-89 

1790 

1  751 

1-714 

1-678 

65-90 

1-606 

1  575 

1-544 

1-515 

66-91 

1-354 

1-330 

1-307 

1-2S5 

67-92 

r083 

1067 

1-050 

1-035 

6S-93 

770 

•760 

•750 

-740 

69-94 

•497 

-491 

•485 

-480 

j  70-95 

•227 

•224 

•222 

•220 

1  71-96 

•000 

•000 

-000 

•000 

2  s  2 


580 


TABLE    XXXIV. 


Shoving  ihc  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Norlhamploii. 

Difference  of  age  SO  years. 


Aje.^ 

3 

4. 

5 

6 

1-31 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

10-605 

9438 

8-483 

7-691 

2-32 

12  203 

10-865 

9767 

8-855 

3-33 

12743 

11-355 

10-213 

9-263 

4-34 

13061 

11  651 

10-488 

g518 

5-35 

13-136 

11-732 

10572 

9602 

G-36 

13  207 

U-812 

10-656 

9-687 

7-37 

13495 

II-8I9 

10676 

9715 

8-38, 

13122 

11-772 

10-648 

9-701 

9-39 

12-Q8] 

1 1-665 

10-565 

9-637 

10-40 

12791 

11-513 

10-442 

9-537 

11-41 

12-580 

11-342 

10-302 

9-420 

12—12 

1 2-363 

11-165 

10- 156 

9-298 

13-43 

12-144 

IO9S5 

10007 

9- J  73 

14-44 

II-9I8 

10-799 

9' 852 

9-042 

15-45 

11-687 

10-607 

9690 

8-905 

16-46 

1  1-448 

10-408 

9-522 

8-762 

17-1; 

11-210 

10-208 

9353 

8-617 

18-48 

10-975 

10  011 

9-186 

8-473 

^9-^9 

10746 

9-8 1  8 

9021 

8-332 

20-50 

]  0*523 

9-630 

8-861 

8-195 

21-61 

10-313 

9-454 

8-712 

8-067 

22-52 

10-]  11 

9-284 

8-568 

7-944 

23-53 

9905 

9-111 

8-421 

7-818 

2-^-54 

9696 

8-(»34 

8  270 

7-688 

25-55 

9  484 

8754 

8-116 

7-555 

26-5'J 

9-269 

8-570 

7*958 

7419 

27-57 

0051 

8-383 

7797 

7V9 

28-58 

8-830 

8- 193 

7-632 

7-135 

29-59 

8-605 

7-999 

7-464 

6-988 

,  30-60 

8-378 

7  802 

7-292 

6-837 

58.1 


TABLE  XXXIV    Continued. 


1     Ajjes 

3 

4 

5 

6 

1. 

1 

per  Cent 

per  Cciif 

per  Cent 

per  Cent 

1 

31-61 

6  147 

7-601 

7-116 

6  682 

32-^2 

7-914 

7397 

6-Q37 

6-524 

33-63 

7-673 

7'186 

6-750 

6-359 

34-64 

7-429 

6971 

6  559 

6  189 

35-65 

7  177 

0-747 

6-360 

6-010 

36-66 

6-922 

6-520 

6- 156 

5-827 

37-67 

6  663 

6-288 

5-918 

5-*:i39 

36-68 

6-401 

6  052 

5-735 

5-446 

•^9-^9 

6-137 

5-813 

5  518 

5-249 

40-70 

5  871 

5571 

5298 

5  047 

41-71 

5-605 

5-329 

5076 

4-844 

42-72 

5-341 

5-087 

4-854 

4-640 

43-73 

5-081 

4  848 

4634 

4-436 

44-74 

4-826 

4-613 

4-417 

4-235 

45-75 

4-5S0 

4-386 

4-206 

4-C40 

46-76 

4348 

4-171 

4C06 

3-853 

47-77 

4-115 

3-954 

3-805 

3-66() 
3-469 

48-78 

3-875 

3  73t 

3-596 

49-79 

3-619 

3-490 

3-369 

3-256 

50-8() 

3-362 

3-247 

3-140 

3039     ; 

51-81 

3-117 

3-015 

2-Q20 

2-62q 

52-82 

2-682 

2-792 

2707 

2  6-i7 

53-83 

2-665 

2-'iS5 

2-510 

2-4  3  a 

54-84 

2-501 

2-428 

2-360 

2-295 

55-85 

2-349 

2-234 

2222 

2- 164     ' 

56-86 

2-211 

2-153 

2-097 

2-044 

57-87 

!     2  082 

2-030 

1  980 

1-932 

58-88 

1  -975 

1-928 

1  "SSJ 

1-841 

59-89 

1-828 

I-78S 

1-750 

1-713 

eO-90 

1-641 

1-608 

1-577 

1-547 

61-91 

I -382 

I      1-358 

1-334 

1-311 

62-^^2 

J-105 

j      1-088 

1-071 

1-055 

63-93 

785 

■77i- 

•764 

•754 

6^1-94 

•506 

•500 

-404 

•489 

65-05 

•230 

'228 

■226 

-224 

66-96 

1        -000 

j        -000 

-000 

-000 

(                   I 

582 


TABLE    XXXV. 


Sliowing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  35  years. 


I 


■ 

Agti 

S 

4 

.5 

6 

■  cr  Cent 

per  (Jciit 

per  Cent 

per  Cent 

l-3() 

10- 104 

9  047 

8-173 

7442 

2-37 

11-600 

10392 

9390 

8-551 

3-38 

1208/ 

10-838 

98OO 

8-928 

4..39 

12362 

1 1  097 

10043 

9157 

5-JO 

12-405 

11-150 

10-102 

9-219 

6-41 

12-446 

1  ]  -203 

10163 

9-283 

7-42 

12-412 

11-190 

10165 

9-296 

8-43 

12-325 

11   loO 

10124 

9270 

9-44 

12-174 

11  01  2 

10031 

9197 

iO-A5 

11-976 

10-851 

9-900 

9088 

11-46 

11-756 

10:697 

9774 

8-962 

12-^; 

11-525 

10-431 

9-592 

8-827 

13^8 

11-268 

10-284 

9-425 

8-686 

14-49 

11-045 

10-080 

9-252 

8533 

15-50 

10-799 

98/2 

9076 

8386 

16-51 

10-554 

9665 

8-899 

8-234 

17-52 

10-313 

9-461 

S-724 

S-083 

18-53 

10  076 

9-260 

8-552 

7-934 

19-54 

9-845 

0063 

8-383 

7788 

20-55 

9-617 

8-869 

8-216 

7-643 

21-56 

9-304 

6-679 

8-053 

7-502 

22-57 

9174 

8-491 

7391 

7-362 

23-58 

8951 

8-209 

7-725 

7-218 

24-59 

6-725 

8104 

7556 

7070 

25-60 

8-495 

7-906 

7-383 

6919 

26-6 1 

8-263 

7-704 

7-207 

6-764 

27-62 

8-028 

7499 

7-027 

6  605 

28-63 

7-785 

7-286 

6-839 

6-439 

29-6-t 

7'53Q 

7069 

6-648 

6-268 

j   3*0-05 

7-286 

6-844 

6-447 

6089 

5S3 


TABLE  XXXV     Continued. 




Ages 

y 

4 

5 

() 

per  Cent 

per  Cent 

pel   Cf.nt 

per  Cent 

31 -(jo 

7  028 

6  615 

6  243 

5905 

32-G; 

6768 

6382 

6  033 

5-717 

33-68 

6-5(J4 

6^1 46 

5-820 

5  •5-24 

34-69 

6  239 

5906 

5  003 

5  326 

33-/0 

5-971 

5-663 

5382 

5-125 

36-71 

5703 

5  419 

5-159 

4920 

37-72 

5-435 

5-17^ 

4934 

4714 

38-/3 

5-169 

4930 

4-710 

4507 

30-74- 

4908 

4090 

4-488 

4301 

46-75 

4-056 

4457 

4-272 

4101 

41-76 

4-4:^ 

4-238 

4-069 

3-912 

42-77 

4  184 

4-019 

3- 865 

3-722 

43-/8 

3942 

3-794 

3  655 

3-525 

44-79 

3-';85 

3-552 

3-428 

3-313 

45-80 

3  426 

3-308 

3-197 

3-093 

46-81 

3-176 

3-072 

2-973 

2-881 

47-82 

2036 

2-843 

2756 

2673 

48-83 

2-714 

2-632 

2-554 

2-481 

49-84 

2-544 

2-470 

2-400 

2-3  s4 

50-b5 

2-388 

2-322 

2-258 

2-19e 

51-86 

2-248 

2-188 

2-131 

2-077 

52-87 

2117 

2  063 

2012 

1  -963 

53-88 

2-C08 

ro5o 

1-014 

1-870 

54-89 

1-858 

1-817 

1778 

17^0 

55-90 

1-666 

1-633 

i-coi 

1570 

1  56-91 

1-402 

1-377 

1-353 

1-330 

■  57-02 

1-120 

1-102 

1'0S5 

1-009 

58-ij3 

794 

-784 

•77-> 

•703 

59-<;4 

-511 

•505 

-490 

-494 

1  60-95 

•233 

•230 

•228 

•226 

61-96 

., _ — , — 

•000 

•000 

•oco 

•000    1 

584 


TABLE    XXXVI. 


Showing  the  value  of  an  annuity  on  Tv/o.  Joint 
Lives,  deduced  from  the  observations  made  at 
Norikampton. 

Difference  of  age  40  years. 


Ages 

3 

4 

5 

6 

"' 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-41 

9-523 

8-585 

7-800 

7-135 

2-42 

io-c,o7 

9' ^39 

8942 

8-182 

3—13 

1 1  -343 

10-242 

9-JI5 

8528 

4-44 

11  578 

10-408 

9-531 

b'733 

5-A5 

11-597 

10-500 

9-571 

8-773 

6-46 

ii'Sio 

10-528 

9-609 

8-823 

7-1/ 

11 -5.50 

10-491 

9-589 

8815 

8-48 

11-435 

10-404 

9-524 

8-767 

9-49 

ii-'im 

10- 263 

9409 

8073 

10-50 

11  014 

10-OS5 

9-200 

8-548 

i   11-51 

10-816 

9-S9'i 

9-100 

8-411 

:  12-52 

10-582 

g-oii8 

8-934 

&-270 

;  13-53 

10-344 

9-^'*97 

8-763 

8-123     j 

■  14-54 

lOJOO 

9"2go 

8-586 

/•97O 

1  15-55 

9'851 

9077 

8-403 

7-812 

16-56 

9-505 

8-858 

8-214 

7-648 

17-57 

p-340 

S-639 

8024 

7-481 

18-58 

9 -089 

8-^122 

7835 

7-3 1 6 

19-59 

8S41 

8-207 

7'648 

7-153 

20-60 

8-597 

7W5 

7463 

6990 

21-61 

8-357 

7787 

7-281 

6-830 

22-62 

B  IIQ 

7  580 

7'ioo 

6-670 

2,S-63 

7-874 

7-365 

6qio 

6-503 

24-64 

7-626 

7'147 

6-717 

6  331 

25-65 

7370 

6-920 

6515 

6151 

26-f)6 

7-110 

6-689 

6-309 

5-966 

27-67 

6  847 

6-454 

G-ogs 

5-776 

28-68 

6-581 

6  215 

5-883 

5-581 

2g~6Q 

6  313 

5973 

5-664 

5-383 

1   30-70 

6-043 

5-729 

5-442 

5180 

>ss 


TABLE   XXXVI     Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-71 

5772 

5-483 

5-218 

4-974 

32-72 

5-502 

5-236 

4-992 

4-707 

33-73 

5-235 

4991 

4  /o(j 

4-559 

34-74 

4-973 

4-749 

4-543 

4-353 

35-75 

4-720 

4  516 

4-327 

4  1 52 

36-76 

4-461 

4-295 

4- 123 

3  9(/i 

37-77 

4-242 

4-073 

3  9 16 

3770 

38-78 

3  996 

3-844 

3  702 

3  570 

'^9-79 

3-734 

3-598 

3-471 

3  352 

4O-80 

3-4Gg 

3-349 

3-236 

3-130 

41-81 

3-216 

3-109 

3-009 

2914 

.    42-82 

2-973 

2-878 

2-789 

2705 

43-83 

2750 

2-666 

2-587 

2-511 

44-84 

2-581 

2505 

2-433 

2  305 

45-85 

2-424 

2-356 

2-291 

2-230 

46-66" 

2-282 

2-221 

2- 162" 

2-107 

47-67 

2-148 

2-093 

2  041 

ic^i 

48-88 

2-036 

1-987 

1-941 

1  ■iH;5 

-^P-S9 

1-882 

1  S40 

r'800 

1  rh] 

50-90 

1-685 

J  651 

1-619 

1  ■5()0 

51-91 

r4]7 

1-391 

]  -367 

1 343 

52-92 

1-130 

1-1  13 

10(15 

1  -070 

5o-9J 

-801 

-790 

'780 

■7:0 

54-94 

■515 

-509 

-503 

•498 

55-95 

•234 

-232 

-230 

-228 

56-96 

-{X)0 

-000 

•000 

•000 

2t 


586 


TABLE    XXXVII. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
^ortJiampton. 

Difference  of  age  45  years. 


Ages 

3 

4 

5 

b 

per  Cent 

per  Cent 

pe""  Cent 

per  Cent 

1-46 

8-888 

8-071 

7-379 

6-787 

2-47 

10-147 

9-221 

8-435 

7-760 

3-48 

10-515 

9-506 

8-759 

8-063 

4-4(j 

10697 

9-744 

8-93i 

8-230 

5-50 

lodjg 

9/42 

8941 

8-248 

6-51 

10-664 

.0745 

8-956 

8-271 

7-52 

10-586 

9690 

8'919 

8-248 

8-53 

10  458 

9591 

8-841 

8188 

9-54 

10-276 

9'442 

8-718 

8085 

10-55 

10055 

9-256 

8-560 

7-951 

11-56 

9-814 

9-052 

8-386 

7-801 

12-57 

9-566 

8-889 

8-203 

7-643 

13-58 

9-.}12 

8-622 

8015 

7-479 

14-59 

9053 

8-399 

7-821 

7-3IO 

15-60 

8-790 

8-170 

7-622 

7-135 

16-61 

8-521 

7935 

7-416 

6953 

17-62 

8-252 

7700 

7*208 

6-770 

18-63 

7-9S1 

7-462 

699s 

6-583 

iy-64 

7714 

7-226 

6789 

6-396 

20-65 

7-444 

6-9S6 

657Q 

6-205 

21-66 

7177 

6-749 

6-364 

6-015 

22-67 

6-911 

6512 

6-151 

5  824 

23-68 

0-643 

6271 

5-934 

5-628 

24-69 

6-372 

6027 

5-713 

5-427 

25-70 

6-099 

5-78O 

5-489 

5-223 

26-71 

5826 

5-532 

5-263 

5-016 

27-72 

5-554 

5283 

5035 

4-807 

28-73 

5-284 

5  036 

4-808 

4-597 

29-74 

5019 

4-792 

4-583 

4-390 

30  -75 

4-764 

4-557 

4-365 

4-188 

5S7 


TABLE    XXXVII     Continued. 


Ages 

3 

4. 

5 

6 

per  Celt. 

per  Cent 

pet  Cent 

per  Cent 

31-/6 

4-523 

4 

335 

4 

160 

'■^■997 

32-77 

4-282 

4 

111 

3 

952 

3-804 

33-78 

4035 

3 

881 

3 

737 

3-602 

34-79 

3771 

3 

633 

3 

505 

3-384 

35-80 

3-506 

3 

383 

3 

268 

3-160 

36-81 

3-251 

3 

142 

3 

040 

2944 

37-82 

3  005 

2 

909 

2 

813 

2733 

38-83 

2-779 

2 

694 

2 

613 

2537 

39-84 

2-607 

2 

530 

2 

457 

2-388 

40-85 

2-448 

2 

379 

2 

313 

2-251 

41-86 

2-304 

2 

241 

2 

182 

2126 

42-87 

2-168 

2 

113 

2 

060 

2009 

43-88 

2055 

2 

006 

J 

959 

1-914 

44-89 

1-901 

1 

85{) 

1 

818 

i779 

45-90 

1  -702 

1 

666 

1 

635 

1  -604 

46-91 

1-431 

1 

405 

1 

380 

1-356 

47-92 

1140 

1 

122 

1 

105 

1-080 

48-93 

-808 

797 

786 

776 

49-94 

•519 

512 

507 

•501 

50-C5 

•235 

233 

2a  I 

-229 

51-96 

000 

000 

000 

000 

2t2 


;83 


TAB  L  E    XXXVIII. 


Showing  tlie  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampi.oU: 

Difference  of  age  50  years. 


Ages 

3 

4 

5 

6       1 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-51 

8I7I 

7-479 

6-885 

6370 

2-52 

9300 

8-520 

7-848 

7264 

3-53 

9-61 1 

8-815 

8-128 

7-529 

4-54 

9751 

8-957 

8-269 

7-668 

5-55 

9-707 

8-931 

8-256 

7665 

6-56 

9-659 

8-902 

8-241 

7-662 

7-57 

9549 

8-8I7 

8-176 

7-612 

8-58 

9395 

8-691 

8-073 

7-527 

9-5p 

9191 

8'51Q 

7-927 

7-403 

10-60 

8-952 

8-314 

7-750 

7-250 

11-61 

8-696 

8-092 

7-557 

7-081 

12-62 

3-433 

7- 803 

7-357 

6905 

13-63 

8-161 

7625 

7147 

6719 

14-64 

7-884 

7-381 

6-931 

6-527 

15-65 

7'597 

7-127 

6705 

6-325 

16-66 

7-304 

6-866 

6472 

61 15 

\7-67 

7'012 

6604 

6-236 

5-903 

18-68 

6721 

6-343 

6001 

5-689 

19-69 

6-434 

6-084 

5766 

5-476 

20-70 

6-149 

5-826 

5-532 

5-262 

21-71 

5-870 

5-572 

5-300 

5  050 

22-72 

5'5<^5 

5-321 

5070 

4840 

23-73 

5-323 

5072 

4-841 

4-628 

24-74 

5-056 

4-827 

4-615 

4-419 

25-75 

4-799 

4-589 

4-396 

4-216 

26-76 

4-556 

4  365 

4188 

4024 

V~77 

4  313 

4140 

3  979 

3-820 

28-78 

4064 

3-908 

3-762 

3-626 

29-/9 

3-79B 

3-659 

3-528 

5-406 

!   30-80 

3-^30 

3-406 

3  290 

3181 

J89 


TABLE  XXXVIII     Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

31-81 

3-274 

3-164 

3060 

2-963 

32-82 

3  027 

2-929 

2-838 

2-751 

33-83 

2-800 

2-713 

2-632 

2555 

34-84 

2-627 

2-549 

2-476 

2-406 

35-85 

2-468 

2-398 

2-331 

2-268 

36-86 

2-323 

2-260 

2-200 

2- 143 

37-87 

2-187 

2-130 

2077 

2026 

38-88 

2072 

2022 

1-974 

1-.029 

39-8.0 

1-9I5 

1-872 

1-832 

179-i 

40-90 

1-713 

1-679 

1-646 

1-614 

41-91 

1-430 

1-413 

1-388 

1-364 

42-52 

1-146 

1-128 

1-111 

1094 

43-53 

-811 

•800 

•790 

779 

44-94 

-521 

•515 

•509 

•5ai 

45-95 

-236 

•234 

•232 

•230 

4^96 

•000 

-000 

•000    » 

•000   1 

;9o 


TABLE    XXXIX. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Live3,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  55  years. 


. 

Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-56 

7-412 

6-843 

6-346 

5-911 

2-57 

8'392 

7-75Q 

7 -199 

6-709 

3-58 

8-630 

7086 

7-42 1 

6-922 

4-59 

8-712 

8O75 

7  514 

7017 

5-60 

8-629 

8  011 

7-466 

6982 

6-61 

8-542 

7944 

7415 

6945 

7-62 

8-400 

7-828 

7-319 

6  865 

8-63 

8-214 

7' 669 

7-134 

6750 

9-64 

7  984 

7-470 

7-010 

6-598 

10-65 

7718 

7-236 

6-803 

6-4J4 

11-66 

7-437 

6Q87 

6-581 

6-215 

12-67 

7-149 

6-730 

6-351 

6009 

13-68 

6-857 

6-463 

6116 

5796 

14-69 

6-562 

6-202 

5-876 

5-578 

15-70 

6-264 

5-933 

5-631 

5-335 

16-71 

5-Q64 

5-660 

5-382 

5-127 

17-72 

5-m7 

5 -3  89 

5-133 

4-899 

1 8-73 

5-37« 

5123 

4-889 

4-673 

19-74 

5  098 

4-866 

4-651 

4-453 

20-75 

4-831 

4-619 

4-424 

4-242 

21-76 

4-583 

4-391 

4-212 

4-046 

22-77 

4-339 

4-164 

4  001 

3-850 

23-78 

4087 

3930 

3-783 

3-646 

24-79 

3-820 

3-679 

3-548 

3-4'24 

25-80 

3-550 

3-425 

3308 

3-198 

26-81 

3-292 

3-181 

3-077 

20/9 

27-82 

3-043 

2-945 

2-853 

2-7*^5 

28-83 

2-8:5 

2-728 

2-646 

2-568 

29-84 

2-641 

2-563 

2-489 

2-418 

30-85 

1 

2--*31 

2-411 

2344 

2280 

591 


T. 

ABLE  1 

[XXIX 

Continued, 

Ages 

3 

4 

5 

6 

per  Ceni 

per  Cent 

per  Cent 

per  Cent 

31-86" 

2-336 

2-272 

22 '2 

2-154 

32-87 

2- .'08 

2!  42 

2-038 

2  036 

33 -S8 

2-083 

2-033 

1-9^5 

1  cjg 

34-81) 

1  -025 

1-SS2 

IS-il 

1-8J2 

35-90 

1-723 

1  -6'88 

1  -054 

1  622 

36-91 

1-446 

1420 

1-395 

1-371 

37-02 

1152 

1-134 

1116 

1  '0.v9 

38-1)3 

-615 

•804 

703 

783 

sg-iH 

•523 

•517 

■511 

•505 

40-g5 

•237 

•235 

•2i>3 

■231 

41 -gd 

•000 

•000 

•000 

•000 

I 

J 

5D2 


TABLE    XL. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Norlhampton, 

Difference  of  age  60  years. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-61 

6-571 

6-123 

5-725 

5-3/2 

2-62 

7391 

6-894 

6-452 

6-05Q 

3-63 

7-545 

7048 

6-605 

6-209 

4-64 

7-562 

7-076 

6-641 

6-251 

5-455 

7-429 

6-963 

6-546 

6-171 

6-66 

7-290 

6-846 

6-447 

6-087 

7-67 

7-104 

6-684 

6-306 

5-963 

8-68 

6884 

6-4^0 

6-134 

5-811 

9-69 

6628 

6-20"2 

5-929 

5-626 

10^70 

6347 

6008 

5-700 

5-418 

11-71 

6-056 

5-744 

5-460 

5- 199 

12-72 

5-763 

5-^/8 

5-216 

4-976 

13-73 

5-473 

5-212 

4-972 

4-751 

14-74 

5-188 

4-950 

4-731 

4-528 

15-75 

4-911 

4-695 

4-495 

4-310 

16-76 

4-649 

4-452 

4-270 

4-101 

17-77 

4-388 

4-210 

4045 

3-892 

18-78 

4- 123 

3-904 

3-8S5 

3-677 

19-7P 

3-846 

3-704 

3-571 

3-447 

20-80 

3-569 

3-443 

3-325 

3-214 

21-81 

3 -30; 

3-195 

3-091 

2-992 

22-82 

3  05/ 

2958 

2-665 

2-777 

23-83 

2-828 

2740 

2-657 

2-579 

24-8-1 

2-653 

2-574 

2-499 

2-429 

25-85 

2-492 

2-421 

2-354 

2-290 

26-86 

2-346 

2-282 

2-221 

2-163 

27-87 

2-208 

2-151 

2096 

2  044 

28-88 

2-091 

2-041 

i'992 

1-946 

29-89 

1-933 

1-889 

1-848 

1-808 

30-90 

1-729 

1-694 

1-660 

1-628 

31-91 

1-451 

1-425 

1-400 

1-376 

32-92 

1155 

1-137 

1-119 

1-102 

33-(^3 

-817 

•806 

•795 

-785 

34-94 

•524 

•518 

-512 

-506 

35-95 

•238 

•235 

-233 

•231 

593 


T  A  B  L  E    XLI. 

Sliowing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Aorthampiun. 

Difference  of  age  65  years. 


Ages 

3 

4. 

5 

6 

l-OCi 

per  Cent 

per  Cent 

per   Cent 

per  Cent 

5-633 

5-295 

4-096 

4  72s 

2-0-7 

6-266 

5-S96 

5  509 

5276 

3-68 

6  330 

5965 

5  041 

5-352 

4-09 

6277 

5-924 

5  Oil 

5  332 

5-fo 

6-102 

5  768 

5-472 

5  209 

6-7  \ 

5925 

5-610 

5-331 

5  084 

7-72 

5714 

5418 

5157 

4-929 

8-73 

5-480 

5-20i 

49OJ 

4-752 

y-74 

5-225 

4969 

4747 

4  550 

10-75 

4-962 

4725 

4-522 

4-350 

11-76 

4-707 

4-487 

4-301 

4-148 

12-77 

4449 

4-368 

4-195 

3-943 

13-7S 

4  1 85 

4-022 

3-871 

3-729 

14-7.9 

3-904 

3759 

3  024 

3497 

15-80 

3-621 

3-492 

3-372 

3-259 

16-81 

3-348 

3-235 

3128 

3  028 

17-82 

3  087 

2-987 

2-893 

2-804 

J  8-S3 

2-849 

2  700 

2-677 

2-598 

19-84 

2-668 

2-589 

2  513 

2-442 

20-85 

2  503 

2-431 

2-304 

2-299 

21-80 

2  354 

2290 

2-2'29 

2-171 

22-87 

2-216 

2- 158 

2  104 

2-05 1     ! 

23-88 

2-099 

2-048 

1  999 

1-953    1 

24-89 

i-9'^9 

1-895 

1  -854 

1-814 

25-90 

1-734 

1699 

1-C65 

ro'33 

26-91 

1-455 

1-429 

1-404 

1-379 

1-105    ■ 

27-92 

1-158 

1-140 

1122 

28-93 

-8I9 

•808 

■797 

■7i>0 

29-94 

•525 

•519 

•513 

•507 

30-95 

•238 

'li6 

•234 

•231 

31 -{.16 

-000 

•000 

•000 

•OCX) 

2u 


594? 


TABLE    XLII. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  70  years. 


Ages 

3 

4 

0 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-71 

4-eii 

4-380 

4  169 

3-976 

2-72 

5  061 

4-814 

4-588 

4-3  SO 

3-73 

5  05  I 

4-811 

4  59 1 

4-389 

4-74 

4'953 

4726 

4-516 

4-323 

5-75 

4768 

4-557 

4-362 

4- 181 

6-7Q 

4-599 

4-403 

4-221 

4053 

7-77 

4-402 

4-2-22 

4055 

3-899 

8-73 

4  ISO 

4-016 

3-804 

3-722 

9-79 

3921 

3-775 

3-63  8 

3-510 

10-80 

3-647 

3-517 

3-3g5 

3-281 

11-81 

3-380 

3- 26-1 

3-156 

3  054 

12-82 

3  122 

3  020 

2924 

2-833 

13-83 

2-884 

2-704 

2-70;) 

2-628 

14-84 

2703 

■J  0J.2 

2-545 

2472 

15-83 

2  535 

2-4;;2 

2-393 

2-327 

l(>-80 

2-380 

2-3  J  5 

2-253 

2-194 

17-87 

2  -si 5 

2-177 

2-)  21 

2069 

lfi-88 

2112 

2  05l 

2012 

1-963 

19-89 

rp48 

1-904 

1-802 

1-822 

20-90 

1-739 

1-704 

1-670 

1  638 

21-Ql 

1-459 

1-432 

1-407 

1-3S2 

22-92 

MOO 

1  ■  1  42 

11 24 

1-107 

23-Q3 

'820 

•8.-9 

7.08 

•788 

24-94 

•526 

■520 

■514 

-508 

25-95 

•238 

-230 

•234 

•232 

2O-9!) 

•000 

•000 

•000 

-000 

J95 


TABLE    XLIII. 

Showing  the  viilue  of  an  annuity  on  Three  equal  Joint 
Lives,  deductd  from  the  observations  made  at 
JVorlhampton. 


l-um- 

;_'>Nn- 

Com 

nioii 

4 

iri  ,>il 

4 

inon 

4 

Age 

per  Cent 

A„'L- 

per  Cent 

Age 

per  Cent 

1 

5-30() 

36 

8-448 

71 

2-810 

2 

8-2.'31 

-7 

8-309 

72 

2627 

3 

9632 

3o 

8  165 

73 

2-448 

4 

10-661 

^9 

6-017 

74 

2-277 

5 

11-i/O 

40 

7-865 

75 

2-119 

6 

11707 

41 

7-714 

76 

1-985 

7 

12058 

42 

7-567 

77 

1-855 

8 

12-266 

43 

7-423 

78 

1-720 

9 

12-298 

44 

7-275 

79 

1-563 

10 

12-200 

45 

7- 126 

80 

1-400 

ji 

12-043 

46 

6-972 

81 

1-245 

12 

n-863 

47 

6  813 

82 

1-092 

13 

11-678 

48 

6650 

83 

•949 

14 

11-481 

49 

6-482 

84 

-860 

15 

11-274 

50 

6-317 

85 

-782 

16 

11056 

51 

6-161 

86 

-716 

17 

10-845 

52 

6-011 

87 

-662 

18 

106^6 

53 

5 -859 

88 

•646 

19 

10-490 

54 

5-705 

89 

•614 

20 

10-342 

55 

5-550 

90 

•563 

21 

10  222 

56 

5-393 

91 

■452 

22 

10118 

57 

5-235 

92 

•337 

23 

10012 

58 

5-076 

93 

•185 

24 

9-905 

59 

4-916 

94 

•085 

25 

979^^ 

60 

4755 

95 

•015 

26 

9-665 

61 

4-593 

27 

9572 

62 

4-432 

28 

9-457 

63 

4-263 

29 

9  340 

64 

409;> 

30 

9-221 

65 

3-914 

31 

9099 

66 

3733 

32 

8-975 

67 

3-550 

33 

8-848 

6s 

3-366 

34 

8-718 

60 

3181 

35 

8-535 

70 

2995 

2U2 


696 
TABLE    XLIV. 

Showing  the  value  oi'an  annuity  on  Three  Joint  Lives, 
whose  diiTerences  of  age  are  10  and  20  years,  de- 
duced from  the  observations  made  at  Nnrtliaviploi. 


4 

4- 

Age. 

per  Cent 

-Ages 

per  Cent 

1-11-21 

8-627 

41-51-61 

5827 

2-12-22 

9PI4 

42-52-()2 

5-662 

3-K]-23 

l()-344 

43-53-63 

5-494 

4-14-24 

10-598 

44-54-64 

5-322 

5-15-25 

10055 

45-55-(jo 

5-145 

e- 16-20 

IO7O8 

4(]~5Q-Q6 

4-965 

7-17-27 

10-700 

47-57-67 

4-782 

8-18-2S 

10&54 

48-58-68 

4-597 

9-19-29 

10562 

49-59-69 

4--108 

10-20-30 

10-438 

50-60-70 

4-219 

11-21-31 

10  305 

51-61-71 

4-032 

12-22-32 

10- 170 

52-62-72 

3-847 

13-23-33 

10031 

53-63-73 

3  660     ^ 

14-24-34 

9-887 

54-6-1-74 

3-477 

15-25-35 

9-738 

55-'65—75 

3-298     , 

lt5-2f)-36 

9-584 

56-66-76 

3-128 

17-27-37 

9-4-29 

57-67-77 

2959 

18-28-38 

9- 27  s 

58-68-78 

2-785 

19-^9-39 

9-131 

59-69-79 

2-598 

20-30-40 

8-986 

60-70-bO 

2-408 

21-31-41 

8-850 

6I-7I-8I 

2224    i 

22-32-42 

&-7I8 

62-72-82 

2044 

23-33-43 

8-586 

63-73-S3 

1-875 

24-34-44 

8-451 

64-74-84 

1-7^3 

25-35-45 

8313 

65-/5-85 

r623 

20-36-46 

8-171 

66-76-S6 

1-519 

27-37-47 

8-027 

1  67-77-8/ 

1  -425 

2S-3S-48 

7-878 

1  68-78-88 

1-350 

29-39-49 

7725 

G9-79-S9 

1-248 

3O-40-50 

7-571 

70-80-90 

1-122 

31-*l-5] 

7-420 

71-S1-91 

-951 

32-42-52 

7-272 

72-82-92 

767 

33-43-53 

7-123 

73-83-93 

•548 

34-44-54 

6971 

74-84-94 

•362 

35--45-55 

6-816 

75-S5-Q5 

•i6y 

Z&-4G-5Q 

6-658 

■37-^7-^7 

6-497 

38-48-58 

6-332 

39-49-59 

6-164 

-J  0-50-60 

5-994 

597 


TABLE    XLV. 


Showing  the  number  of  persons  living  and  dyii^g  at 
every  age,  according  to  the  observations  made  in 
London. 


Age 

Living' 
1000 

Dying 
320 

A<jc 

L.ivinj 

.")ying 

Aroj 

IJvillo-j 

3ying  , 

1 

680 

133 

31 

204 

7 

61 

97 

5 

2 

547 

51 

32 

287 

7 

62 

92 

5 

3 

496 

27 

33 

2  HO 

7 

63 

87 

5 

4 

46q 

17 

34 

273 

7 

64 

82 

5 

5 

432 

12 

35 

266 

7 

65 

77 

5 

6 

440 

10 

36 

25p 

7 

60 

72 

5 

7 

430 

8 

37 

25li 

/ 

a? 

^7 

5 

»  8 

422 

7 

38 

245 

8 

.6s 

62 

4 

9 

415 

5 

39 

237 

8 

69 

58 

4 

10 

410 

5 

40 

229 

7 

70 

54 

4 

11 

405 

5 

41 

222 

8 

71 

50 

4 

12 

400 

5 

42 

214 

8 

72 

46 

4 

13 

395 

5 

43 

206 

7 

73 

42 

3 

14 

390 

5 

44 

199 

7 

74 

30 

3  - 

15 

385 

5 

1  45 

192 

7 

75 

36 

3 

1(3 

3  SO 

5 

'  46 

1S5 

7 

76 

33 

3 

17 

375 

5 

|47 

1/6 

7 

77 

30 

3 

18 

370 

5 

48 

171 

6 

78 

27 

2 

1.9 

365 

5 

49 

165 

6 

79 

25 

20 

300 

5 

'  50 

1 

ijy 

6 

21 

355 

5 

51 

i53 

6 

22 

350 

5 

52 

147 

6 

23 

345 

6 

53 

141 

6 

24 

330 

6 

54 

135 

6 

25 

333 

6 

55 

129 

6 

26 

327 

6 

56 

123 

6 

27 

321 

6 

57 

n; 

/^ 

23 

315 

7 

58 

112 

5 

29 

308 

7 

59 

107 

5 

30 

301 

7 

60 

102 

5 

S98 


TABLE    XLVI. 


Showing  the  Expectation  of  Life,  deduced  from  the 
observations  made  in  London. 


Age 
0 

Expectation 

Age 

Expectatios:! 

i  Age 

i 

iisuectatioii 

19-2 

1 

1 

1 

270 

31 

23  1 

61 

120 

2 

320 

32 

227 

62 

11-6 

3 

34  0 

33 

22-3 

63 

11-2 

4 

35-6 

34 

2 1  g 

64 

108 

5 

3  00 

35 

21-5 

65 

105 

6 

300 

36 

21-1 

66 

10-1 

7 

35-8 

3; 

207 

67 

g-8 

s 

35-6 

38 

203 

68 

fr4     i 

9 

35-2 

39 

19-9 

69 

9-1 

10 

34-8 

40 

19-13 

70 

88 

]] 

34-3 

41 

192 

71 

S-4 

12 

337 

42 

188 

72 

8  1 

13 

331 

43 

185 

73 

;-s 

14 

32-5 

44 

18  1 

74 

75 

15 

31-9 

45 

17-8 

75 

7-2 

16 

31-3 

46 

174 

76 

68 

17 

307 

47 

170 

77 

64 

18 

301 

48 

167 

78 

60 

19 

295 

49 

163 

79 

5-5 

20 

28-9 

50 

160 

80 

50 

21 

28-3 

51 

156 

. 

22 

277 

52 

15  2 

23 

27-2 

53 

14-9 

1A 

26  6 

54 

14-5 

25 

261 

55 

14-2 

26 

25-6 

56 

138 

27 

251 

57 

13-4 

28 

24  6 

58 

13- 1 

29 

241 

-^9 

127 

30 

23-6 

60 

124 

.t 

6d9 


TABLE    XLVII. 


Showing  the  value  of  an  annuity  on  a  Single  Life, 
at  every  age,  deduced  from  the  observations  made 
in  London, 


■ 

S 

4 

5 

'6 

4 

5 

3       4       5 

Age 

per 

per 
Cent 

per 

Cent 

14-1 

Age 
31 

per 
Cent 

per 
Gent 

per 
Cent 

Age 

per 
Cent 

per 
Cent 

per 

Cem 

8-4 

6 

18-8 

16-2 

14-8 

129 

11-4 

06 

10-1 

91 

7 

18-9 

16-3 

14-2 

32 

14-6 

127 

11-3 

57 

99 

89 

8-2 

8 

190 

16-4 

14-3 

33 

14-4 

12-6 

11-2 

58 

96 

87 

8-1 

p 

19.0 

16'4 

14-3 

34 

14-2 

12-4 

HO 

59 

9-4 

86 

80 

lb 

190 

16-4 

14-3 

35 

141 

12-3 

109 

60 

9-2 

8'4 

7-9 

11 

ip-o 

16-4 

14-3 

36 

13-9 

121 

10  8 

61 

8-9 

8-2 

77 

12 

Thq 

163 

14-2 

37 

13-7 

11-9  106 

62 

87 

8-1 

76 

13 

187 

162 

14  1 

38 

135 

11-8   105 

63 

85 

7V 

7-4 

14 

185 

16-0 

140 

39 

13-3 

11-6 

10-4 

64 

8-3 

7-7 

7-3 

15 

18-3 

15-8 

139 

40 

13-2 

11-5 

10  3 

65 

80 

7-5 

/•I 

16 

lS-1 

15-6 

13-7 

41 

13-0 

11-4 

10  2 

66 

7-8 

7-3 

6-g 

17 

'/•9 

15-4 

135 

42 

12-8 

11-2 

101 

67 

7-6 

71 

6-7 

18 

17'6 

15-2 

134 

^3 

12  6 

HI 

10  0 

68 

7-4 

6-9 

6-6 

19 

174 

150 

13-2 

-14 

12-5 

ll'O 

99 

69 

7-1 

67 

64 

20 

17'2 

14-8 

130 

45 

12-3 

108 

9-8 

170 

6-9 

65 

6-2 

21 

170 

14-7 

12-9 

46 

121 

107 

97 

71 

67 

6-3 

60 

22 

168 

14-5 

127 

47 

119 

10-5 

95 

72 

65 

6-1 

5-8 

23 

16  5 

14-3 

126 

48 

11-8 

10-4 

9-4 

73 

6-1 

5-9 

5-6 

24 

163 

14  1 

12-4 

49 

11-6 

10-2 

9-3 

74 

5-9 

5-6 

54 

25 

161 

140 

12-3 

50 

11-4 

10  1 

9-2 

75 

5-6 

5-4 

5-2 

26 

159 

13-8 

12- 1 

51 

11-2 

99 

90 

27 

15-6 

il3-6 

12-0 

52 

no 

9-8 

8-9 

28 

15  4 

13-4 

irs 

53 

107 

9-6 

8-8 

'^9 

15-2 

43-2 

117 

54 

10-5 

9-4 

8-6 

30 

15-0 

,131 

no 

j  55 

10-3 

93 

8-5 

600 


TABLE    XLVIII. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives. 
deduced  from  the  observations  made  in  London, 


ti 

4 

5 

iJ 

4 

5 

Ages 

per 

per 

per 

A'res 

per 

per 

per 

Cent 

Cent 

Cent 

11-6 

Cent 

10-9 

Cent 

9-8 

Cent 
8-8 

10 

14-7 

130 

1 
35 

15 

14-3 

127 

11-3 

40 

10-2 

9-2 

8'4 

20 

13-8 

12-2 

IDS 

~t5 

9-5 

8G 

79 

25 

13-1 

11-6 

10-2 

20 

50 

8-8 

80 

7.4 

30 

12-3 

lOf) 

97 

55 

8-1 

7-5 

6-9 

35 

]l-5 

102 

Ql 

60 

7-4 

0-y 

6-4 

10 

40 

10-7 

qG 

8G 

65 

G7 

G-3 

5-9 

45 

100 

go 

8-1 

70 

60 

57 

54 

50 

9-3 

8-4 

7-6 

75 

5  2 

50 

4-8 

■ 

55 

86 

7-8 

71 

60 

7-8 

72 

6-6 

25 

11-8 

10  5 

0-4 

65 

6-9 

6-5 

6\ 

30 

11-3 

1 0-1 

90 

70 

6-1 

5-8 

5-5 

35 

107 

96 

86 

75 

5'3 

5]     4{)l 

40 

100 

9-1 

8-2 

1 

45 

9-4 

87 

8  "5 

/•8 

7-3 

15 

13p 

12-3  no 

25 

50 

7-9 

20 

133 

11-8  10-5 

55 

80 

7-4 

6  8 

25 

\2-6 

ll-2|l0-l 

GO 

7-3 

G-8 

6-3 

30 

n-.o 

300 

9-5 

65 

Go 

62 

5-8  i 

35 

11-2 

100 

90 

70 

59 

5-6 

53 

15 

40 
45 
50 

10-4 
96 
8-0 

94 

8-8 
82 

8-5 
SO 
7 '5 

75 

51 

4-9 

47 

1 

30 

10-8 

96 

8-6  i 

55 

8-2 

7-6 

70 

35   llO-3 

92 

8  3! 

60 

7-5 

70 

d-5 

40      97 

8-8 

80 

65 

68 

6-4 

GO 

45 

91 

8-3 

7-6 

J 

70 
75 

60 

5-2 

5-7 

50 

4-b|| 

50 

1  55 

8-5 
79 

7-8 
7-3 

7-2 

07 

■ 

GO 

65 

'7  ') 

67 
Gl 

6-2 

57' 

20 

12-8 

11-3 

101 

G-5 

20 

25 

12-2 

10-S 

97 

70 

5-8 

5-5 

5-2 

' 

30 

li-6 

10-3 

92 

. 

75 

51 

4-9 

4-7J 

601 


TABLE  XLVIIl  Continued. 


Ages 

3 

per 
Cent 

4 

per 
Cent 

8-8 
8-5 
81 

7-6 

71 
0-5 
OO 
5-4 

4-8 

5 

per 
Cent 

SO 

77 
7-4 
70 
66 
6  1 
5-6 
51 
4-6 

7-3 
71 

6  8 
6-4 
60 

55 

5-1  \ 
4-6; 

Ages 

.3 

per 
Cent 

4.        ,5 
per      per 
Cent    Cent 

35 

35 
40 
45 
50 
55 
00 
05 
70 
75 

99 

8-g 
3-3 
71 
T\ 
6-4 
5-7 

50 

50 

50 
55 
60 

65 

70 

75 

7-6 
7-2 
67 
6-2 

5-5 

4-8 

6-8 
6-5 
61 

57 
5  2 
4-6 

6-2 
60 
57 
5-3 
4-9 
4-4 

55 

55 
60 
65 
70 

75 

6-9 
65 
6-0 
5-4 
47 

6-2 

59 
5-6 
5-1 
45 

57 
5-5 
5-2 
4-8 
4-3 

40 

40 
45 
50 
55 

o'o 

65 

70 

75 

91 

87 
8  2 

76 
70 

0-4 

57 
50 

8-3 

79 
74 
6-8 
63 
5-6 
4-9 

81 

7-8 
7-4 
6-9 

0  4 

5-9 
5-4 

4-8 

60 

60 
65 
70 
75 

61 
57 
5-2 
4-6 

5-6 
5-3 
4-9 
4-4 

5-2 
4-9 
4-6 
4-2 

65 

65 
70 
75 

5-4 
4-9 
4-4 

50 
A-6 
4-2 

47 
4-4 
40 

45 

45 
50 
55 
60 
65 
70 
75 

7-4 
7  1 
67 
6-3 

58 
5-3 
47 

6-5. 

6-2! 

5-8 
5-4 
5  0 
4-5 

70 

70 
75 

4-6 
4-2 

4-4 
40 

4-2 
3-9 

75 

75 

3-8 

37 

3-6 

3X 


603 


TABLE    XLIX, 

Showing  the  value  of  an  annuity  on  a  Single  Life, 
according  to  the  hypothesis  of  M,  De  Moivre. 


3 

<;  1 

4 

H 

5 

6 

Age 

[)er  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

8 

J  9736 

18-l60 

16791 

\55Q5 

14-544 

12790 

9 

iec86'8 

lS-269 

16882 

15-672 

14-607 

12-839 

10 

19868 

18-26^ 

16-882 

15-672 

14-607 

12-839 

11 

19736 

18- 160 

16-791 

\5-5Q5 

14544 

12-790 

12 

19604 

18  049 

16-098 

15-517 

14-480 

12-741 

13 

19469 

17-937 

16-604 

15-437 

14-412 

12-691   • 

14 

l9-33"l 

17-b23 

16508 

15-^56 

14-342 

12-639 

15 

19-192 

17707 

16-410 

15-273 

14-271 

12-586 

16 

19050 

17-588 

16-311 

I5-I89 

14-197 

12-532 

17 

18905 

17-467 

16-209 

15- 102 

14-123 

12-476 

18 

I8759 

17-344 

16  105 

15015 

14047 

12-419 

19 

IS  610 

17-220 

15-999 

14-923 

13-970 

12-361 

20 

18-458 

17093 

15-891 

14-831 

13-891 

12-301 

21 

18-305 

\QgCy3 

15  781 

14-737 

13-810 

12-239 

22 

18-148 

16-830 

15-669 

14-641 

13-727 

12-177 

23 

17  WO 

16696 

15-554 

14-543 

13-642 

121 12 

24 

17-827 

16  559 

15-437 

14-442 

13-555 

12-045 

25 

1/664 

16  419 

15-318 

14-340 

13-466 

11-978 

•  2(3 

'7-^97 

16  277 

15-197 

14-235 

13-375 

11-908 

2/ 

17327 

16- 133 

15-073 

14- 128 

13-282 

11-837  . 

28 

17' 154 

15-985 

14946 

14  01 8 

13-186 

11-763 

29 

16-979 

15  835 

14-816 

13-905 

13088 

11-688  ■ 

30 

16  aoo 

15-682 

14-684 

13-791 

12-988 

11-610 

31 

I6(i20 

15-526 

14-549 

13-673 

12-885 

11-530 

32 

16-436 

15  367 

14411 

13-553 

12-780 

11-449 

33 

16-248 

15  204 

14-270 

13-430 

12-673 

11-365 

34 

16057 

15  039 

14-126 

13-304 

12-562 

11278 

35 

15-864 

1-4-S71 

K^-979 

13175 

12-449 

11-189 

36 

15-666 

14  699 

13-829 

13-044 

12-333 

11098 

37 

15-465 

14  524 

13-676 

12-909 

12-214 

11003 

38 

15  •260 

14-345 

13-519 

12-771 

12091 

10-907 

3(> 

15  053 

14-163 

13-359 

12  63^0 

11-966 

IO-8O7 

40 

14-842 

13-978 

13-196 

12-485 

1 1-837 

10704 

41 

14-626 

13  789 

13-028 

12-337 

11-705 

10-599 

42 

14407 

13-596 

12-858 

12185 

11-570 

10-490 

43 

14185 

13  3Q9 

12-683 

12-029 

11-431 

10-378 

44 

13-958 

13  199 

12-504 

11-870 

11-288 

10-263 

45 

13728 

12-993 

12-322 

11-707 

11-142 

10144 

603 


TABLE  XLIX   Continued. 


■ ' 

3 

.    i 

4 

4i 

5 

6 

Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

46 

13493 

12-784 

12-135 

11-540 

10992 

10\)21 

47 

13-254 

12571 

11-944 

11-368 

10-837 

9'^)5 

48 

13012 

12-354 

11-748 

11-192 

10  67() 

9-705 

49 

12764 

12131 

11-548 

11  012 

10-515 

9630 

50 

12-511 

11-904 

11  344 

10-827 

10348 

9-492 

51 

12-255 

11-673 

11  135 

10-63S 

10-176 

9349 

52 

H-994 

11437 

10-921 

10-443 

9999 

9-201 

53 

11-729 

11-195 

10-702 

10  243 

9817 

9-049 

54 

11-457 

J  0-950 

10-478 

10039 

9630 

8891 

55 

11183 

10-698 

10-248 

9-829 

9437 

8-729 

56 

10902 

10-443 

10-014 

9-614 

9-239 

8-561 

57 

10616 

10181 

9-77'^ 

9-3g:i 

p-036 

8-387 

58 

10325 

9913 

9-527 

9-i6() 

8-826 

b  203 

59 

10-029 

9640 

9-275 

8933 

8-61 1 

8  023 

60 

9727 

9-361 

9017 

8-694 

8389 

7-831 

61 

9-419 

9076 

8-753 

8-449 

8-161 

7-633 

62 

9-107 

8-786 

6-482 

8- 197 

7-9'^6 

7-428 

63 

8-787 

6-488 

8-205 

7-938 

7-684 

7-216 

64 

8462 

8-185 

7921 

7672 

7*435 

6997 

65 

8-132 

7-875 

7-631 

7399 

7'^79 

6-770 

66 

7794 

7-558 

7-333 

7119 

6-915 

6-535 

67 

7450 

7-234 

7027 

6-831 

6-643 

6-292 

68 

7099 

6902 

6-714 

6-534 

6-362 

6-040 

69 

6-743 

6-565 

6394 

6  230 

6073 

5-779 

70 

6-378 

6-219 

6-065 

59I8 

5-775 

5-508 

71 

6008 

5-865 

5-728 

5- 596 

5  468 

5-228 

72 

5-631 

5-505 

5-383 

5-265 

5-152 

4-937 

73 

5-246 

5-136 

5  029 

4-926 

4826 

4-636 

74 

4-854 

4-759 

4-66'6 

4-576 

4-^89 

4-324 

75 

4-453 

4-373 

4-293 

4-217 

4143 

4000 

76 

4-046 

3-978 

3-912 

3-847 

3-784 

3-664 

77 

3632 

3-575 

3-520 

3-467 

3-415 

3-315 

78 

3-207 

3-163 

3-111 

3076 

3  034 

2-953 

79 

2-776 

2741 

2707 

•1-673 

2-641 

2-578 

80 

2-334 

2-309 

2-284 

2-259 

2-235 

2-188 

81 

1-886 

1-867 

1-850 

1-832 

1-816 

1-783 

62 

1-429 

1-411 

1-400 

1-394 

1-384 

1-362 

83 

-961 

'955 

-950 

-943 

•937 

'925 

84 

•484 

•483 

•481 

•479 

•476 

-472 

85 

•000 

•000 

-000 

-000 

-000 

•000 

2X2 


604. 


TABLE    L. 


Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
according  to  the  hypothesis  of  M.  De  Moivre, 


Ages 

S 

4 

5 

per  Cent 

per  Cent 

per  Cent 

10 

15-206 

13-342 

11-855 

15 

14-878 

13093 

11-661 

20 

14-503 

12'8b8 

11-430 

25 

14-074 

12-480 

11182 

30 

13-585 

12-102 

10-884 

35 

13025 

11-665 

10-537 

10 

40 

12-381 

iri56 

10-128 

45 

1 1  -644 

10-564 

9-646 

50 

10-796 

9871 

9-074 

55 

9-822 

9059 

8-391 

60 

8704 

8- 105 

7-572 

65 

7-417 

6980 

6-585 

70 

5'936 

5-652 

5-391 

15 

14-574 

12-860 

11-478 

20 

14-225 

12-593 

1 1  -266 

25 

13-822 

12-281 

11-022 

30 

13-359 

11-921 

10-736 

35 

12-824 

11-501 

10-402 

15 

40 

12-207 

11013 

10-008 

45 

11-496 

10-440 

9-541 

50 

10-075 

9767 

8-985 

55 

9727 

8-975 

8-318 

60 

8632 

8041 

7-515 

65 

7-377 

6934 

6-544 

70 

5932 

5-623 

5-364 

20 

13-904 

12*341 

11-067 

25 

13-531 

12051 

10-840 

30 

13  098 

11-711 

10-565 

20 

35 

12-594 

11-314 

10-278 

40 

12008 

10-847 

9-670 

45 

11-325 

10'297 

9-420 

50 

10-536 

9-648 

8-880 

55 

9617 

8-879 

8-233 

G05 


' 

CABLE    L 

Continued. 

1 

3 

4 

5 

Ages 

)er  Cent       J 

)er  Cent      I 

er  Cent 

"" 

1 

Go 

8-549 

7-9Q7 

7-448 

10  1 

65 

7-308 

6-882 

6-495 

70 

25 

5-868 

5-590 

5333 

■" 

13-192 

11 -7S6 

10621 

30 

12-794 

11-468 

10367 

35 

12333 

11 -093 

10067 

40 

11-776 

10655 

97O8 

45 

11-130 

10-131 

9278 

25 

50 

JO374 

0-5O9 

8-761 

55 

9-488 

8-766 

8-134 

fin 

8-452 

7-S80 

7-371 

65  1 

7-241 

6-826 

6-440 

70 

5826 

5-551 

5-294 

30 

1  •2-434 

11-182 

10-133 

35 

12010 

10-838 

9-854 

40 

11-502 

10-428 

9-514 

45 

10-898 

9-936 

9-112 

p.n 

50 

10183 

9345 

8-620 

r" 

55 

9-338 

8-634 

8018  - 

do 

8-338 

7779 

7-280 

65 

7-161 

6-748 

6-373 

70 

5777 

5-505 

5-254    , 

35 

11-632 

10-530 

9-600 

40 

11-175 

10  157 

9-291 

45 

10-622 

9702 

8-9»3 

50 

9-955 

9- ^^9 

8-450 

35 

55 

9-156 

8-476 

7-879 

60 

8-202 

7-658 

7-172 

65 

7066 

6-662 

6-294 



70 

5-71 8 

5-450 

5-203 

40 

10-777 

9826 

9014 

45 

10-283 

9-4 18 

8-671 

50 

Q-677 

8-911 

8-244 

40 

55 

8-936 

8-283 

7710 

60 

8038 

7-510 

7-039 

65 

6Q51 

6-556 

6198 

„. 

70 

5-646 

5-383 

5-141 

606 


TABLE  L    Continued. 


Ages 

3 

per  Cent 

4 
per  Cent 

5 

per  Cent 

45 

45 
50 
55 
60 
65 
70 

9'863 
9331 
8  662 
7-831 
6-807 
5556 

9063 
8619 
8-044 
7-332 
6-425 
5  300 

8-370 
7-987 
7-500 
6-875 
6O8O 
5-063 

50 

50 
55 
60 
65 

70 

8-892 
8312 

7-568 

6-623 
5-442 

8-235 

7-738 

7-091 
6-258 
5-193 

7-660 
7-230 
6-664 
5926 
4-964 

55 

55 
60 
65 

70 

7-849 
7-220 

6379 
5-201 

7-332 

6781 
6-036 
5-053 

6  873 
6-386 
5-724 
4-833 

60 

60 
65 
70 

6-737 
6-043 
5-081 

6-351 
5-730 

4858 

6-001 
5-444 
4-653 

65 

65 

70 

5-547 

4-773 

5-277 
4571 

5  031 

4-385 

70     70 

4-270         4-104 

3952 

607 


TABLE    LI. 

Showing  the  value  of  an  Assurance  of  ^100  on  a 
Single  Life,  (either  in  Single  or  Annual  Payments) 
deduced  from  the  observations  made  at  Northamp- 
ton, and  at  S  per  cent  interest. 

This  Table  is  adopted  by  all  the  Assurance  Offices 
in  London, 


Age 

Single 

Annual 

A^e 

Single 

Annual 

Premium 

Premium 

0 

Premium 

Premium 

8  to  14 

.... 

1-879 

41 

54-505 

3-487 

15 

39834 

1-929 

42 

55-172 

3-583 

16 
18 

40-48 1 
41-113 
41-710 

1-983 
2  033 
2  083 

43 
44 
45 

55-839 
56-517 
57-208 

3-683 

3-787 

3-896 

19 

42272 

2- 133 

46 

57-913 

4-008 

20 

42S02 

2- 179 

47 

58-632 

4129 

21 

22 

^3-291 
43-756 

2-225 
2267 

48 

49 
50 

5g-366 
60-117 
60  866 

4-254 
4-392 
4-533 

23 

44229 

2-312 

24 

44-710 

2-354 

51 

61-603 

4-675 

25 

45-202 

2-403 

52 

62-340 

4-821 

26 

2; 
28 

45-703 
46-213 
46  732 

2-450 
2  504 
2-554 

53 
54 
55 

63  086 
63-7S4 
64-612 

4-979 

5-142 
5-317  . 

29 

47-261 

.  2612 

56 

65 -392 

5-504 

30 

47-800 

2671 

57 

66-182 

5-700 

31 
32 

33 

48-353 
48-913 
4y-486 

2-725 
2787 
2-854 

58 

59 
60 

66*980 
67-792 
68'6ll 

5-9O8 
6-133 
6-367 

34 

50072 

2-Q21 

61 

69-438 

6617 

35 

506Q6 

2992 

62 

70-277 

6-887 

36 

37 
38 

5 1-275 
51-898 
52*530 

3067 
3-142 
3  225 

63 
64 
65 

71-136 
72-007 
7-2'90i 

7-179 
7-492 

7-837 

3p 

53-180 

3-308 

66 

73-804 

8  204 

40 

53  841 

3-396 

67 

74-713 

b-604 

60S 


TABLE    LII. 

Showinor  the  value  of  an  assurance  of  ,^100  on  Two 
Joint  Lives,  (either  in  Single  or  Annual  Payments) 
deduced  from  the  observations  made  at  Northamp- 
ton, and  at  S  per  cent  interest. 

This  Table  is  adopted  by  all  the  Assurance  Offices 
in  London. 


Ages 

Single 
Premium 

Annual 
Premium 

Ages 

— 

Single 
Premium 

Annual 
Premium 

10 

49-498 

2-855 

50 

66-438 

5-760 

15 

51-177 

3053 

20 

55 

69077 

6506 

20 

52-958 

3-279 

00 

72-049 

7-508 

25 

54-319 

3-463 

G5 

75-400 

8-930 

30 

55-873 

3-688 

10 

35 

57-693 

3-972 

15 

58-106 

4  040 

40 

5rrS32 

4339 

30 

593-22 

4-248 

45 

62-206 

4-794 

35 

60-786 

4-515 

50 

64-919 

5-390 

40 

62-55g 

4-867 

55 

67-801 

6-133 

25 

45 

04-571 

5308 

GO 

71-012 

7-135 

50 

00  923 

5-893 

G5 

74-600 

8-557 

55 

oo 

09-40I 
72-343 
75-621 

6-625 
7-619 
9035 

15 
20 
25 

52731 
54-338 
55-641 

3-249 
3-473 
3-O53 

Q5 

30 

60418 

4-446 

30 

57-O83 

3-874 

35 

61  754 

4703 

35 

58-783 

4-154 

40 

63-392 

5-044 

15 

40 

60-799 

4-517 

30 

45 

65-271 

5-474 

45 

63  047 

4-909 

50 

67-495 

6-048 

50 

65Q3A 

5-^5Q3 

55 

69-915 

6-769 

55 

68-395 

6-303 

60 

72-685 

7/51 

60 

71-485 

7-302 

Q5 

75-86Q 

9156 

(55 

74-960 

8-719 

35 

62-944 

4-947 

20 

55-923 

3-095 

40 

64-428 

5275 

25 

5  7 -005 

3-871 

45 

66  149 

5-692 

20 

30 

58-390 

4-087 

35 

50 

68-217 

6-253 

35 

59968 

4-303 

55 

70-492 

6-958 

40 

61-856 

4-723 

60 

73-125 

7-925 

45 

63-979 

5173 

65 

76-181 

9-316 

609 


TABLE  LII    Continued. 


Ages 

Single 
Premium 

Annual 
Premium 

Ages 

Single 
Premium 

Annual 
Premium 

40 

40 
45 
50 
55 
00 
65 

65-736 
67-274 
69- J  54 
71-250 
7^713 
76-612 

5-588 
5-988 
6-530 
7-2 18 
8-168 
0541 

50 

50 

55 

6y 

05 

71-705 
73-344 
75357 

77-831 

7-381 

8014 

8-907 

10-226 

55 
60 

53 

60 

65 

74-713 
76-443 
78-037 

8-606 

9-451 

10721 

45 

45 
50 
55 
60 
65 

6S-6I 1 
70278 
72- 164 
74-424 

77-134 

6  367 
6-8S7 

7-551 
8  476 
9-825 

60 
65 

77-846 

79-699 

10-235 
11-434 

65 

65 

81-152 

12-541 

2r 


610 


TABLE    LIIL 

Showing  the  value  of  an  Assurance  of  j^lOO  to  be 
received  on  the  decease  of  A,  provided  he  dies 
before  B ;  deduced  (according  to  Mr.  Simpson's 
rule)  from  the  observations  made  at  Northoniplon, 
and  at  3  per  cent,  interest. 

This  Table  is  adopted  by  all  the  Assurance  Offices 
in  London ;  although  it  is  one  of  the  most  inaccii' 
rate  that  ever  was  published.    See  page  511. 


Age    Age 
of        of 
A        B 

Single 
Premium 

Anniip.l 
Premium 

Age 
of 

A 

Age 
of 
B 

Single 
Premium 

Annual 
Premium 

10 

24-749 

1-427 

10 

29461 

1-824 

15 

24- 198 

1  444 

15 

28-786 

1-838 

20 

23-498 

1-455 

20 

27-961 

1-848 

25 

22-531 

1-437 

25 

26-811 

1-819 

30 

21-468 

1-417 

30 

25-546 

1-788 

35 

20-317 

1-309 

35 

24-176 

1759 

10 

40 

19070 

1-383 

20 

40 

22692 

1-733 

45 

\7-QqQ 

1  364 

45 

21058 

1-703 

50 

16214 

1  -346 

50 

19294 

1-674 

55 

14-631 

1-324 

55 

17-410 

1  640 

60 

12-925 

1-299 

00 

15-381 

1-603 

65 

1 1 -0Q8 

1273 

65 

13-206 

1-564 

70 

9-153 

1-246 

70 

10-892 

1-523 

10 

26979 

1-609 

10 

31-789 

2-027 

15 

26  365 

1-625 

15 

3 1  -093 

2-042 

20 

25-602 

1-635 

20 

30-254 

2052 

25 

24-549 

r6i2 

25 

29-053 

2020 

30 

23-391 

J -588 

30 

27-683 

1-982 

35 

22-136 

1-564 

35 

26- 198 

1-946 

15 

40 

20-778 

1-544 

25 

40 

24-590 

1-913 

45 

J9-28I 

1-520 

45 

22-8I9 

1-876 

50 

17 -cm 

1-497 

50 

20-907 

1-841 

55 

15-941 

1-469 

55 

18-866 

1-799 

60 

14083 

1-439 

60 

]6-667 

1  755 

Q5 

12092 

1-407 

65 

14-310 

1-710 

70 

9973 

1-373 

70 

11-803 

1  -662 

611 


TABLE  LIII     Continued. 


Age 
of 
A 

Age 
of 
B 

Single 
Premium 

Annual 
Premium 

Age    Age 

of         vi 
A         B 

Single 
Premium 

Annual 
Premium 

10 

34404 

2-271 

10 

44-511 

3-430 

15 

33  694 

2-287 

15 

43-766 

3-450 

20 

32  84:i 

2-299 

20 

42-921 

3-471 

25 

31-640 

2-266 

25 

41-753 

3-433 

30 

30209 

2  223 

30 

40-369 

3-386 

35 

28  589 

2-177 

35 

38-735 

3333 

30 

40 

26-834 

2- J  35 

45   1  40 

36-;;5 

3-273 

45 

24901 

2  088 

45 

34-306 

3-183 

50 

22-815 

2  044 

50 

31-432 

3  080 

55 

20-588 

1  993 

55 

28-364 

2968 

60 

18-188 

1-939 

60 

25  057 

2-854 

05 

15-6l6 

1-885 

65 

21-514 

2-740 

70 

12  880 

1-829 

70 

17-744 

2-629 

10 

37375 

2-573 

10 

48-705 

4044 

15 

36-647 

2590 

15 

47-968 

4066 

20 

35-794 

2-604 

20 

47144 

4-091 

25 

34-588 

2-569 

25 

46017 

4  052 

30 

33-166 

2-526 

30 

44-680 

4004 

35 

31-472 

2-474 

35 

43-101 

3950 

35 

40 

29540 

2-419 

50 

40 

41-208 

3-891 

45 

27-413 

2-359 

45 

38-846 

3-807 

50 

25116 

2-302 

50 

35-853 

3-691 

55 

22-664 

2-237 

55 

32-353 

3-535 

60 

20022 

2  170 

60 

28-581 

3-378 

65 

17-191 

2-102 

' 

65 

24-540 

3-224 

70 

14-179 

2034 

70 

20-239 

3-075 

10 

40  763 

2956 

1 

10 

53  170 

4-810 

15 

40  023 

2-974 

15 

52-454 

4-834 

20 

39- 1 64 

2-991 

20 

51-668 

4-867 

25 

37-969 

2954 

25 

50-596 

4-826 

30 

36-500 

2-909 

30 

49-329 

4-776 

35 

34-888 

2-857 

35 

47-829 

4721 

40 

40 

32-868 

2794 

55 

40 

46-034 

4-664 

45 

30-501 

2-715 

45 

43  800 

4-583 

50 

27-946 

2-639 

50 

40-993 

4479 

55 

25-218 

2555 

55 

37-357 

4-303 

60 

22278 

2-468 

60 

33  002 

4-080 

65 

10- 128 

2-382 

65 

28-336 

3-863 

70 

15-776 

2296 

70 

23-370 

3-656 

2  Y  2 


612 


TABLE  LIII     Continued. 


Age 
of 

A 

Age 
of 
B 

Single 
Premium 

Annual 
Premium 

Age 
of 
A 

Age 
of 
B 

Single 
Premium 

'     ' ■* 

Annual 
Pre.Tiium 

10 

58-087 

5-836 

10 

63-510 

7-285 

15 

57-403 

5-863 

15 

62670 

7-313 

20 

56-66Q 

5905 

20 

62-203 

7-367 

25 

55-675 

5-863 

25 

61-311 

7-325 

30 

54-499 

•5-811 

30 

60251 

7-271 

35 

53-103 

5755 

35 

58-990 

7-213 

60 

40 

51-437 

5-699 

65 

40 

57-434 

7-159 

45 

4Q-367 

5  622 

45 

55620 

7085 

50 

46-777 

5-529 

50 

53293 

7002 

55 

43-439 

5-371 

55 

50-302 

6-858 

60 

38-923 

5-117 

60 

46-279 

6-640 

65 

33-439 

4-795 

65 

40-576 

6-270 

70 

27-563 

4-490 

70 

33-466 

5-7S7 

61^ 


TABLE    LIV. 


Showing  the  value  of  an  Assurance  of  j^IOO  on  a 
Single  Life,  according  to  the  probabilities  of  living 
as  observed  by  M.  De  Farcieux. 


Age 

4 

5 

Age         4-             5 

Age 

4 

5 

per  Cent 

,jer  Cent 

per  Cent 

^er  Cent 

per  Cent 

^ier  Cent 

6 

23-550 

18-843 

36    34915 

28-300 

66  ''66-573 

60-838 

-     7 

23-258 

I8-471 

37 

i5  558 

28-886 

67    67 -885 

62-295 

8 

23  092 

18-233 

38 

36  323 

29605 

68   I69-158 

63-7*'l4 

9 

22  992 

18052 

39 

37-119 

30-357 

69    70388 

65-090 

10 

23-046 

18033 

40 

37-950 

31-^43 

70  ;7 1-562 

66-405 

11 

23-273 

18-195 

41 

38-819 

31981 

71     72754 

67-748 

12 

23-0>7 

18-543 

42   '39  719 

32-857 

72  173-869 

69-024 

13 

24  1  a) 

18-910 

43    40-665 

33-781 

73  74-977 

70-257 

14 

24-538 

19-290 

44    41-650 

34-743 

74  '76-069 

71-500 

15 

24-992 

19-690 

45    42-677 

35-/70 

75    77135 

72-714 

IG 

25-462 

20-1  10 

46   43-750 

36  852 

76  78-262 

74-010 

17 

25-481 

■i()-452 

47    44-781 

37-886 

77  :79-346 

75-262 

IS 

26-281 

20-814 

48   45  862 

38- 976 

78   !80-365 

76-438 

1.0 

26-715 

21-186 

49   '46-^96 

40-024 

79    81-408 

77-C48 

20 

27- J  62 

21-576 

50    47977 

41-129 

80  '.82-323 

78-710 

21 

27-534 

21-890 

51    49-019 

42-190 

81    ,83-192 

79724 

22 

27-923 

22-210 

52    50019 

43-205 

82    83-985 

80  643 

23 

28-319 

22- 548 

53    51058 

44271 

S3   ^84-850 

81-652 

24 

28-731 

22  890 

54    52142 

45-390 

84  185-846 

82-838 

25 

29-154 

23-252 

53    53-181 

46-467 

85   186-830 

(     ■ 

83-995 

26 

29592 

23-624 

5Q  54-265 

47-590 

S6  m^O 

85-086 

27 

30046 

24010 

57    55-396 

48-776 

87    88-550 

86033 

28 

30515 

24-414 

58 

56-484 

49  9' 9 

88   189573 

87-262' 

29 

31000 

24-833 

59 

57615 

51121 

89  '90-592 

88-486 

30 

31500 

25-271 

60 

58-796 

52-367 

90    91-588 

89-686 

31 

32019 

25-724 

61 

60-027 

53-686 

91    92-535 

90-838 

32 

32-558 

26- 195 

62 

61-308 

55071 

92    93-415 

9I-S9O 

33 

33- 115 

26-690 

63 

62-562 

56429 

93    94-304 

92-971 

34 

33692 

27 -205 

64 

63-869 

57-857 

35 

34-292 

27-738 

(55 

05-235 

59-357 

614 


TABLE    LV. 

Showing  the  value  of  an  Assurance  of  .^iOO  on  Two 
Joint  Lives,  according  to  the  probabihties  of  livhig 
as  observed  by  M.  De  Parcleux. 


A-es 

per  Cent 

4J- 

2 

per  Cent 

Ages 

per  Cent 

'4 

per  Cent 

10 

37784 

30-937 

30 

60 

65-446 

53-828 

15 

3S-p0'3 

3'.im5 

70 

75707 

70-524 

20 
30 

40-365 
43  243 

33-344 

35-015 

35 

49  248 

41711 

10 

40 

47-977 

40389 

40 

51-183 

43-636 

50 

55-S7() 

48-523 

35   J  45 

54  JOS 

46-667 

GO 

64-665 

57-94! 

\55 

61 -388 

54  401 

70 

75-:\7S 

70067 

(55 
40 

70  654 

64  658 

15 

40040 

33-051 

52-799 

45-268 

20 

41-325 

34-270 

45 

55  383 

47-973 

25 

43-499 

35  321 

40 

50 

58  643 

5 1  452 

15 

35 

45-bbO 

3S4I7 

60 

06  023 

59448 

45 

52-123 

44  622 

70 

75  899 

70070 

00-384 
70-201 

53-308 

64  138 

05 

45 

57-547 

50-267 

50 
55 

60-374 

63  394 

53-316 
56-580 

20 

42-473 

35-369 

45 

25 

43-523 

36-337 

(J5 

71-554 

65671 

30 

44-8b3. 

::i7-577 

20 

40 

40  I8i 

41 '672 

50 

62714 

55-878 

50 

5-O'Jll 

49449 

50 

55 

05  257 

58  652 

00 

65  2  J  3 

58-570    1 

60 

u8-40(_> 

62-435 

70 

75&62 

70-403  ! 

70 

55 

76-98 1 

71-936 

25 

44-423 

37-168 

67  303 

60912 

30 

45627 

38-279 

55       60 

69-941 

63-854 

25 

35 

47-243 

39-790    ' 

63 

73-593 

68  013 

45 
55 

'■J'i'ORS 

45-548     ! 
50-915 

60-9 18 

60 

71-990 

66-\66 

65 

70522 

64-512 

60 

(-)5 
70 

75  V,33 

7S-57\ 

6g-663 
72-341 

30 
35 
40 

46651 

39-240 
40-578 
42-736 

30 

48-065 
50-256 

Q5 

65 

70 

77-2A6 

80- 190 

73-784 
75  6S3 

50 

57239 

50000    , 

i 

615 


TABLE    LVL 


Showing  the  value  of  an  Assurance  of  d^lOO  on  a 
Single  Liie,  according  to  the  probabilities  of  living 
as  observed  in  Siueden. 


Age 

Males 

I'eiiinles 

Age 

Mvles 

Females 

4 

5 

4 

per  Ccn;< 

4 

■> 

4 

5 

per  Cen; 

per  Cen 

,>er  Cen 

36 

per  Cent 

per  Cent 

per  Cent 

perC< 

(5 

24-5:;  1 

19-519 

22-904 

18081 

39-996' 

33-305 

37-392 

30-7; 

7 

24-258 

19  157 

22  573 

J  7-662 

37 

40-838 

34-129 

33-192 

31-51 

8 

24- 134 

18  94t> 

22  454 

17452 

■6ii 

41-715 

3  4  U;,*6 

39023 

32-31 

9 

24-173 

18  9(!5 

22406 

17-4  J  4 

39 

42-631 

■^5-^i}5 

39-888 

33-K 

10 

24-32/ 

18981 

22  658 

17  500 

40 

43-585 

Zi^-^52 

40765 

340] 

11 

24-()15 

f9  190 

22919 

17-686 

41 

44-515 

37-7S6 

41-596 

34-S'J 

12 

25  034 

19-513 

23  261 

17-957 

42 

45-400 

2,'^Qii7 

42-33  1 

■i5-5Z 

13    23-\i:kj 

19-910 

23-692 

18-3  10 

43 

46-215 

■M)A7(^j 

4r077 

36-25 

14 

^5  i)77 

20  362 

24-204 

}S7(>7 

44 

47005 

40-324 

43  861 

370c 

\5 

26  519 

20  838 

2-1-738 

l9-2i8 

45 

47-942 

41205 

44-63 1 

37-8C 

16 

2/084 

21-348 

25-292 

19-733 

46 

48-858 

42- 1 29 

45-573 

38-6S 

17 

27  081 

21  886  i5  808 

20-186 

-47 

49  804 

43  090 

46  561 

39-6/ 

IS 

2M'2y6 

22-452  263-12 

20  i)57 

48 

50788 

44  105 

47-615 

40-74 

19 

2S- 877 

22-976  26  873 

21-129 

49 

51  815 

45-10] 

48  719 

41-88 

20 

29481 

23-529   ^/-ilS 

21-618 

50 

528 1 9  I46-2CO 

49  812    13  OC 

21 

30-03  1 

24  024 

27-981 

22  114 

51 

53731  [47- 143 

50SS8  44-11 

22 

30-608 

24-550  28-565 

22-643 

52 

54-673  |4«-119 

51-954  J45-2C 

23 

31-204  25  086  129-177 

23-195 

53 

55-650  149- 133 

53-0';(;  146-28 

24 

il  7 in 

25-586  29-800 

23767 

54 

bKyi')5'6  150-100 

54  0-8  147-41 

25 

32338 

26110  30  434 

24-352 

55 

57-700  51-290 

55-223  48-61 

25 

32-933 

2Q-657  -5 1-096 

24-967 

r>{5 

58-731 

52-438 

56-403 

49  86 

27 

33-562 

27-220 

31-727 

25  543 

^7 

5.()-904 

53-638 

57-t5\Q 

51-17 

2S 

34-211 

27-829 

32-351 

26-119 

58 

61  000 

54-814 

3^-^77 

52-49 

29 

34-885 

28-457 

52-973 

20-686 

59 

62- 134 

56-038 

60102 

53-88 

30 

■  ^5  573 

29-100 

33-611 

27-170 

60 

63-308 

57-319 

61-388 

55  21 

31 

36-250 

2C)-7:v6 

34  215 

27329 

61 

i4-458 

5^-571 

62-542 

56-45 

32 

36942 

30-386 

34-8  12 

28  405 

62 

'03577  59-8OO 

63-642 

57-64 

33 

37662 

3 1  0()2 

35  435 

28  938 

ii^ 

66058  160-986 

64  746  i58-84 

34 

38-^08 

31-776 

36-012 

29-495 

64 

^7'7^2  62-200  65-885  ^00  08 

35 

39185 

32-524 

)Q(i7^i  1 

30  076  1 

(^5 

63-885  ^03-448  67-054  Hi  '-,7 

616 


TABLE  LVi     Continued. 


Males 

Females 

Males 

Females 

Age 

4 

5 

4 

5     j 

Age 

4 

5 

4 

.5 

per  Cent 

per  Cent 

per  Cent 

per  Cent' 

per  Cent 

per  Cent 

per  Cent 

per  Ceni 

66 

7003 1 

64-724 

68-262 

62-710 

86 

87-380 

84-657 

86-469 

83-590 

67 

jyigo 

66029 

69-500 

64-090 

87 

87-869 

85-224 

86-804 

83-976 

6s 

72-304 

67-276 

70-785 

65-524 

88 

88-635 

86-133 

87-331 

84-590 

09 

73-335 

68-438 

72-104 

67-019 

89 

S9-623  '87-314 

88046 

85  433 

70 

74-538 

6g-576 

73-473 

68-576 

90 

90-704 

88-610 

88-950 

86-510 

71 

75-315 

70676 

74-754 

70-033 

91 

91715 

89-829 

^9-892 

87-638 

.72 

70-231 

71-714 

75-9^9 

71-367 

92 

92-942 

91-314 

90965 

88-929 

73 

77-154 

72-767 

76-931 

72-524 

93  194-319 

9'^-99Q 

92034 

90-219 

74 

77'9^5 

73710 

77-7-i'2> 

73-424 

94  95-231194-105 

93 -081 

91-486 

75 

78-800 

74-752 

78-531 

74-343 

95 

94062 

92-68I 

76 

79790 

75790 

79-358 

75 -2Q0 

96 

94-923 

93729 

77 

80-077 

76  805 

80-212 

16-271 

78 

81-662 

77-9^iS 

81-104 

77-300 

79 

82-646 

79-095 

82-046 

78-400 

60 

83-615 

8O-229 

S3 -069 

79-596 

81 

84-550 

81-329 

84-058 

8O757 

82 

85-415 

82-352 

84-981 

81-848 

83 

86-154 

83-224 

85773 

82-786 

84 

86-642 

83-795 

86-311 

83-429 

85  187-034 
I 

84-257  J86-338 

83-448 

~^ 

617 


TABLE    LVII. 

Showing  the  value  of  an  Assurance  of  ^100  an 
Two  Joint  Lives,  according  to  the  probabilities  o 
living  as  observed  in  Sweden, 


4 

4 

4 

Ages 

per  Cent 

Ages 

per  Cent 

Ages 

per  Cent 

10 

34073 

, 

54 

59  950  [ 

55 

67327 

!0 

35-058 

30 

60 

05-512; 

61 

70942 

22 

57-888 

ijij 

71-227; 

<^7 

75100 

10 

28 
34 

•40-44') 
43-304 
47l4i 

n 

77-381  \ 

55 

73 
79 
85 

79S31 
84  038 
87-569 

40 

35 

■19-581  1 

40 

->i-i77 

41 

52-458; 

91  :9i-008 

52 

563 10 

47 

55  550' 

j 

35 

5-^ 

59-800  , 

60  [72  677 

]5 

36-404 

^g 

64-946 

66  J75-065 

21 

38-458 

65    70  465  1 

60 

72  |80  196 

27 

40  800 

71    76-5Q5  \ 

78    83-808 

15 

33 

43  •462 

77   81-412; 

84  '87500 

^9 

46923 

00  '91  027 

1 

45 

50  81 9 
55715 

40  [53-985 
46    56  592 

"      1 

, 

51 

65  '77-381 

5/ 

61-204 

52    60  35  J 

71    i&0-83S 

40 

58    64-9O8 

65 

77  'S3 -923 

20 

39-684 

64  70-"m2 

83  : 87 -492 

20 

41754 

70 

7594^' 

8Q  !9'>05.S 

32 
38 
44 

44- 185 
47-231 
50-953 

7^ 

80-865  ; 

gS   '04-400 

20 

1 

70  '82  334 

1           ■  ■ 

50 

55-512 

45    57-869 

76    84-823 

56 

6()60'2 

51    61-0421 

70 

82   ;87-865 

1  62 

66-700 

57    64996: 

88  8g-765 

1 

1   (53   J69-862  ■ 
^^  j  dg  75-285  ' 

94    94-177 

25 

42-888 

75    85-969 

31    45-062 

75  ,80-277' 

81    I8S-396 

3/    47-696 

81    j85-i77 

75 

87   89-98! 

25 

43 
55 

51-219 
55  338 
60-20-1 

87   188  142 

1 

93    93  942 

50  '62-665 

80    89-392 

[ 

61 

o'6  065 

5Q  65-8G9 

BO- 

86 9<J-70'8 

1 

1 

^7 

72019 

62    70196 

92  93700 

\ 

68    75  050 
74    79-98 1 
80    84-654 

85    91-492 
91    93-365 

30 

30 
36 

46  288 
48-500 

50 

SS 
90 

go  93  392 

42 

48 

51-758 
55 -J  62 

86    87  804 
92    93  008 

95 

95   96062 

3  z 


618 


TABLE    LVIII. 


Showing  the  present  value  of  j£'1  ro  be  received  at 
the  end  of  any  number  of  years. 


Years 

4 

H 

5 

Yea  rs 

4 

H 

5 

1 

nei'  Cent 

per   Ccni 

pet  Cent 

per  Cent 

per  Cent 

pci-  Cent 

•90154 

•95694 

■95238 

31 

■29646 

•25550 

•22036 

2 

•92456 

•91573 

•90703 

32 

•28506 

•24450 

•20987 

3 

•&&(iCO 

•87630 

•86384 

33 

•27409 

•23397 

•19967 

4 

•85^80 

•83856 

/^2270 

34 

•26355 

•22390 

■19035 

5 

•82Ut3 

•80245 

•/  8353 

35 

•25342 

■21425 

■I8I29 

6 

79031 

76790 

■74622 

36 

•24367 

20503 

•17266 

7 

■75992 

•73483 

■7  J  068 

37 

•23430 

■19620 

•16444 

8 

•/SOO'O 

70319 

■6/684 

38 

•22529 

•18775 

•15661 

9 

70259 

•67290 

■64461 

39 

•21662 

179^7 

•14915 

10 

•67556 

•64393 

•61391 

40 

•20829 

•17193 

•14205 

n 

•64958 

•61620 

•56468 

41 

•20028 

•16453 

•13528 

12 

•62460 

■58g6G 

■55684 

42 

•19257 

•15744 

•12884 

13 

•60057 

■56427 

•53032 

43 

•18517 

■15066 

•12270 

14 

•5774s 

•53r97 

■50507 

44 

■I76O5 

■14417 

•11086 

15 

•55526 

•51672 

■48102 

45 

17120 

•13796 

11130 

16 

•53391 

•49447 

■45811 

!   46 

•16461 

•13202 

■10600 

17 

•51337 

•473  1  8 

■43630 

47 

•15828 

•12634 

•  1 0095 

18 

•4  9;:  63 

■45280 

■41552 

48 

•15219 

•120(0 

•O964  4 

19 

•47464 

■43o30 

•39573 

•^9 

14634 

•  1 ) 569 

09156 

20 

•45639 

■41464 

•37689 

50 

■14(71 

•11071 

08720 

21 

•43S83 

•39679 

■35894 

51 

■13530 

•10594 

•08305 

22 

•42196 

■37970 

■34  3  85 

52 

•J  3010 

•10138 

■07910 

23 

•40573 

■30335 

■32557 

53 

■  1 2509 

•09701 

■07533 

24 

•39012 

•34770 

■31007 

54 

1202*8 

•09284 

•07174 

25 

•375 1  2 

■33273 

■29530 

55 

■11566 

•08884 

•06833 

26 

•36069 

■318-10 

■28124 

56 

11121 

•08501 

06507 

27 

•34682 

■30469 

•26785 

57 

•10693 

■08135 

•06197 

28 

•3  3:4  8 

■29157 

•25500 

58 

•102S2 

■07785 

•05902 

29 

•32065 

•27902 

■24295 

50 

■09886 

07450 

•05621 

30 

•30632 

•26/00 

•23138 

60 

09506 

■07129 

05354 

619 


TABLE    LVni     Coiitiiuied. 


Years 

4 

^ 

5       ' 

Years 

4 

H 

5 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

61 

•0()I40 

•06822 

•050p9 

81 

04172 

•0282Q 

■01922 

63 

■o^/bg 

•06528 

•04856 

82 

04011 

•02707 

01830 

63 

•08^.51 

•06247 

•04(J25 

83 

•03857 

02590 

•01743 

64 

OS  1 20" 

•05978 

•044fJ4 

84 

03709 

•O2479 

•01660 

65 

07813 

•05721 

0-1 195 

85 

■03566 

02372 

01581 

66 

■07.^13 

•05474 

03995 

86 

•034'29 

02270 

01506 

67 

■07224 

•05239 

•03605 

87 

•03297 

■02172 

01434 

OS 

■00(^16 

05013 

■C.>3623 

88 

•03170 

•02079 

•01366 

69 

■0607() 

04797 

•0345 1 

S9 

•030-JS 

•OI9S9 

•01301 

70 

•06422 

•04590 

03287 

90 

0293 1 

•01903 

01239 

71 

■06175 

•043()3 

•03130 

91 

•02818 

•01821 

01180 

72 

'05()37 

•04204 

■029s 1  ' 

92 

•02710 

•01743 

01124 

73 

•05700 

•0-1023 

•02839  . 

03 

02606 

•01068 

■01070 

74 

■O54(j0 

•03S-19 

02704  , 

Q-i 

•02505 

01596 

•OIOJ9 

75 

■05278 

•03084 

02575  1 

95 

02409 

•01527 

•00971 

76 

•05075 

•03525 

•02453 

96 

•02316 

•01462 

•00924 

77 

•048SO 

03373 

•02336  1 

97 

■02227 

•01399 

•00880 

7S 

04^92 

03228 

•02225 ■ 

98 

•02142 

•01338 

■OOS38 

79 

•04512 

03089 

02119  1 

99 

02059 

•01281 

•00798 

80 

•04338 

•02056 

•02018  ■ 

100 

•01960 

01226 

•00760 

7,  •/.  2 


620 


TABLE    LIX. 


Shov/ing  the  present  value  of  ^1  per  annum  for  any 
number  of  years. 


Yfdr* 

4 

^i 

5 

Years 

4 

44 

5 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

•9()2 

•^^7 

•952 

31 

17-588 

16-544 

15593 

2 

1-886 

1-873 

1-859 

32 

17-874 

16  789 

15-603 

3 

27/5 

2-749 

2-723 

33 

18-148 

17023 

16  003 

4 

3  630 

3-588 

3-546 

34 

18-411 

17-247 

16-193 

5 

4-452 

4-390 

4329 

35 

18-665 

17-461 

16-374 

6 

5-242 

5158 

5-076 

36 

18-008 

17-666 

16-547 

7 

6-002 

5-893 

5786 

37 

19-143 

17-S62 

16-711 

8 

6/33 

6-50^6 

6-463 

38 

19-368 

18  050 

16-868 

9 

7-435 

7-269 

7-108 

39 

19-584 

18230 

17-017 

10 

8-Ul 

7-913 

7-722 

40 

19793 

18  402 

17-159 

11 

8-760 

8-529 

8-306 

41 

19993 

18-566 

17-294 

12 

p-385 

9-119 

8-803 

42 

20186 

1  8-724 

17-423 

13 

9-986 

9-683 

'^-^'^'^ 

43 

20-371 

18-874 

17-546 

14 

10-563 

10-223 

^■^m 

44 

20-549 

I9-OI8 

17-663 

15 

11118 

10-740 

10-380 

45 

20720 

19-156 

17774 

16 

11-652 

11-234 

10838 

AQ 

20-885 

I9-2S8 

I7-88O 

17 

12-166 

11-707 

11-274 

47 

21043 

19-415 

17-981 

18 

12-659 

12160 

1 1  -690 

48 

21-195 

19-536 

18-077 

19 

13-134 

12-593 

12085 

49 

21-341 

19-651 

18- 169 

20 

13590 

13 -008 

12-462 

50 

21-482 

19-762 

18-256 

21 

14-029 

13-405 

12-821 

51 

21-617 

19-868 

1 8-339 

22 

14451 

13-784 

13- 163 

52 

21-748 

19969 

18418 

23 

14-857 

14148 

13-489 

53 

21-873 

20-066 

18-493 

'M 

15  247 

14-495 

13-799 

54 

21-993 

20-159 

18-565 

25 

15-622 

14-828 

14094 

55 

22-109 

20-248 

18-633 

26 

15-933  : 

15-147 

14-375 

56 

22-220 

20-333 

1 8-699 

27 

16-330 

15-451 

14-643 

57 

22-327 

20-414 

1 8-761 

28 

16-663  ! 

15-743 

14-898 

58 

22-430 

20-492 

18820 

29 

16-984,' 

16-022 

\5  1A\ 

59 

22-528 

20-567 

18-876 

30 

17292 

16-289 

15-372 

60 

22-623 

20-638 

1 6-929 

621 


TABLE  LIX    Continued. 


Years 

4 

4^i 

«5          Years 

4 

^ 

5 

per  Cent 

per  Coin 

per  Cent 

1 

per  Cent 

niT  Ceni 

per  Ceut 

61 

22715 

20706 

I8-9SO; 

86 

24-143 

21-718 

19-699 

62 

22-803 

20-772 

19-029  1 

87 

24-170 

21740 

19-713 

6'6 

22-887 

20834 

19075  1 

88 

24-207 

21-760 

19727 

64 

22-909 

2OS94 

19119 

S9  1 

24-238 

21-780 

19-740 

65 

23  047 

20-051 

19-161 

90  j 

24-267 

21  799 

19752 

66 

23-122 

21-1)061 

19201  i 

91  1 

24295 

21  8I7 

19-764 

67 

23-|()4 

2]  058 

]  9-239 ! 

9'-i  i 

24323 

21-835 

ig-77-'i 

68 

23  ■204 

21  108  1 

iq-'iyrj : 

93 

24349 

21-852 

19-786' 

6() 

23-330 

21-156     ]9-3]0 

94 

24  .^74 

21-868      19-796! 

70 

23-3C)5 

21-202 

19343 

9^ 

24-3y8 

21-883      19806  j 

71 

23-456 

21-246 

19374 

96 

24-421 

2r897 

19-8I5  ; 

72 

23  516 

2 1-2  58 

19--!  Oi 

97 

24  443 

21-911 

19-824 

73 

23-573 

21-328 

19432 

93 

24-465 

21-925 

19-832 

74 

23-62S 

2r367 

1 9^459 

99 

24-485 

21-938 

19-840 

75 

23  080 

21-404 

r9^485 

100 

24-505 

21-950 

19-848 

76 

23-731 

21-439 

19-509 

t'eip. 

25000 

22-222 

20000 

77 

23  7  SO 

21  473 

19-533 

7S 

■23 -827 

21-505 

19555 

79 

23-872 

2J  536 

19-576 

80 

23-915 

21  505 

19-596 

81 

23-957 

21-594 

19-616 

8'i 

23 -907 

21-621 

19634 

83 

24'0:jS 

21-647 

19651 

84 

24073 

21-071 

I9668 

85 

24109    21  c>y5 

l9-6b4 

. 

THE    tVD. 


ERRATA. 

Pagt  line     for  "Tfod 

6   last,     §2 S27 

41     17,     last,... twelfth 

131     11,     (l-<p-;^)x(^/-(l-Aj)x(-4B)*^--  (!-<?)  ><iAf-{AB)^ 

144   last,    §  197 §  900. 

153     19,     that  sum the  n».  of  years  purchase 

168     10,    [(^  +  B(l-«^)]    [A  +  B{l-.A)} 

»'5  11,  4- ••• 4 

A  A 

^.^    .  \+ABC  \-zABC 

240    last,    -I — ' ,/     , 

0+2)  (1  +  ?) 

2T8     13,     (1+?)-"-^' (H-?)-^"-''^ 

329      5,    A  A AA 

S45     19,     -05 -5 

352     18,    formula formula 

355     17,    §23 §23  and  24 

380     14,    first second 

431       7,     22-234 24107 

449      7  from  bottom dele    by  Table  LVIII 

Sl4  m  the  first  Table,  22-78 oughL  ta  be  22-28 


In  my  Doctrine  of  Interest  and  Annuities, ^zgG  134,  line  5, 1  have  stated  that 
the  formula  there  deduced  "  is  the  very  formula  given  by  Dr.  Halley." 

But  this  is  not  exactly  the  case,  since  Dr.  Halley  makes  y—    ■""*"'''"'"    ''^  .  ; 

and  I  am  not  aware  how  the  difference  arises.    Both  the  formulse,  however, 
give  the  value  sufficiently  near  for  general  use. 
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^^ 
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